INTRODUCTORY
TIME SERIES

BY TANUJIT CHAKRABORTY, ISI KOLKATA



Content

Introduction

Components of Time Series
Methods of Trend Determination
Measurements of Seasonality
Autocorrelation

Residual Series

Stochastic Time Series

Models

Forecasting Methods

Practical Problems & Guidelines

Page No

13
37
45
50
55
63
929
After 110



T Anom T CrAKRAB ORTY
‘ —_\



|

T2 SERES ANANYSIR @Z.
—_— .t Ahoknabo $

L
N ¢ Qevhea  ANAKSIS
, Ve Q s

\l/ .
Classicol obbnoadn fr omki—»a mo&\\ir%

¢ hok is O Yime semes? |
Ang:- A -twme sernd 18 Q cslloction «g obganvationy mode samuﬂ\ﬂﬁ\\‘a
Fowughn wme.
Exomble s —

4. Eognomia and %ncmqiq\ Hme semes |
—hese ore the Alme_ el yecondsd W

e_oxmam'iee Cmel -g\‘nano_m 5

4 Yeon,  W.PT.

2070 s
3 2001 F|
£3 2609 Pa
[ : :
-
o
: -
K¢ 2010 10

>

\ ¥ T U

- 266 ol ' 02 872 e

‘{a_od.‘-\ — -
0. Physicol Hime - series ’
Thage ovw L Kme gares 0cawit
m&\ﬁﬁo\oﬂu "
2%, Mosnime science. ond

29 F\’a‘mﬂou on Succazsive cloud

I | ey Temb.(o0)

Ton =191 4,
Jon - 1992 L

%ha&'\eo\\ Seience %oh-\*‘\m\oh\as T

aphyeies,
8, ain limp reeonded in Ruceantva &O\th ) ete,,

Jan-201y  “ta

Temberatuse (°0)




3. Monketing Hma sauries g - 7 T @
"m@o_ e Bme Seriae oS in monkening -

b ﬁ ,a-—a\e% unes N SuCeessive mentAs ov welMe, mm\'e\ﬁ
:Lm“i\”"s ) O\vaﬁs{r\a ’ ete .

4. Damograbhic —Hime sermes:t

These are-tHme ~Sepies  oceust m e Q’\x&.dt} crg \’fﬂb“\cﬁ*\b"’\“ Q\\av\amg_

jL_'%‘: Popin, cf Thdla measused ahhun\\a, 'mon%a Ll tetals tn .\\'\quq

5 » v I ]
Shore brilaes on Sueccoesgwe daus exbont Aotds ) L0 Suceniwve dogg
A - ' [} LY . 4
ouewc:\ae_ iNcaMe_ AN Juece stve mmon C‘““b““d"mg&“‘ I Buees e Mot

° Wha e nead sebherde on\oi\ag\g ‘go‘n Hme semas do&?\')
Ans:— The shesie: .
—  ObSenyariony o QA BEhenomensn eohien 1§ ™M
eremade o ondined  Rek Wnwom og a‘time sames ,
g e, sheaial fookume of “Hiwne - sames AN At 15 e Jack
quacessive  olofenyahions orne veual\y Mot \ndzlendant ond “hok
+oe onmalysig musk  -teke o ohdan ot ewnt AR me ovdsn o{ i
abstevahnions Mhen succegtive. Aogawvalisng O Aapendant , %U\'\NL
volets wosp b prudiched Loara povd olosenvabions « T atime -seriy,
aon b pgﬂ_\ cted ex&e\\d , Wb saidHo be ddenmimighie , staanediae
oplled Stechaghie, |
® \"\'m‘” oL —~hae U\“(\.\.;\EK o Q&VQY\’:‘G—&Q&OQ Ame. SrAQS O‘“QN“S‘\S 9
ANS: = _ P o : -
=% il helps  in the analusiy ot behaviun °’*€ o vostable , \.e. Yo
dotenming W ‘\"Q%’Q ond moatune of —e vosaRony "N daka
1#? t Jalbs in -ane.eou%"r'\ . T ondbles L8 to pedicd on evhimeda
ove Toweoagt e badonisis of *‘}\L?\\l\'\nm&r\m\ R el ‘e
e 253enio\ %B’n Lusiness planning .
oy w Ka_\\:»s N o valuahon OQ vk achiavament §. Pt Rf‘-“-??& 0

——

cw\v\a %&%&*\Rw\

apypone Ao actua) ek \akﬂ%tmmomox crg Qamm\q\inpnmm’cs
e expeoted onag (on AR loasls of e bark bardsamanay)
ond  Gnolyse Ahe dauges of Such voraKiow, ¥ oony .

3? mﬂ\%@ﬁﬁa\\vtlgkum. = »9\11\1?,S wy 4o Q&Vﬁ'\:o&\l
ARt dr\m\%m n Vol “f d“g& punk  prndmenon ak di?&mnk

Ames on blaces, &e. ‘




il Ay (VY algjectives 0{{ fime sones ﬁﬂq\\éd\g ™oy e o_hss‘\%a& as

@)__I_)iacmb’no:'n .':—_: When bresertod ot a timeo aeriog, e »Q'w:s\- kel '
~“the analysig s ugun\ksd ‘o blst e absovnyations orgal +ime_ o ﬁ'\w_
ednak gV callad a N -4Hml, plot , ond tRen, o olAdin simple.

datenbliive measuwes af 46 wnoln e>weventiog og e semes . Fon Some.
gum 28 the vamlabion 18" dommated b suc‘«\'n‘ovlou.g'gm\uma,qnd o

-g—a:lh\ &\\mb\& madal , wohnieh en aM oy ~o (\n,goa{\bl_’\‘no_ne\ ond ‘
seasenal vaniaten , may ‘e be RMHG adeguote -t dagenibo. A vaniakiow, |
in e fime sames, fon of®an  godely , More Aohhist aatod Aokbiipms |
i\l be Yeqgedad 4o \Q-K\bvitdj_ an  adequate anal S and o ™M oaYLe
Complex  model i\ ke eavibructaed | \d N

A Hime-blak il not o'nld Show uh tnend and teasane
vomiahon louk el slsy sutel any ' wild’ Volodtevakiony  gve sutiton
—+hat dont abpeanite be econslPlont R AR Yook n% A dote e
~ eckment owdhiang 59 @ eamblex objeet  and wobust melRoady
A m\%“o_& Yo be Meengthive o ouk\ers,

Oan gmhmﬁs Ao ‘e %'oh ' A e femes Plsk ‘meludg
suddm ov %h(}&uﬂ\ QY\OY\HIO_& n We  lerwepasrieg o«.f ‘“\-M semaey Tihe
analyst should a\so  look ™ ouk '-Eo'n & Mep dnange AR levd of
qories » th dhanges " Tae teagonal bodtenrn , i Possie primenge

Ausmning | ponts) ete 33 AR 'S some. Sont dig tﬂmfr\ﬁ A0 e
geptug |, ~tain Allonant- modds oy Mead 4o be Lilled o dillenank panis
e QQMMES, |
() Explonation t —— When sbgnvaligng aradeken oy oo o mere.
Vomaldes , k ey 22 Pottiblade  Une tea varalion ' one “ime Arrdoqg
. evblcin T vestoKomin, ot Sertes . “TWis may land s @ decken
B &*(.m&ma of 4t achanigm ok quuenaked a Avantime. sehey,
Atfough multiple Yleg rendion medat arie secadiondl
Sa\lba Sane [ ey are not really destoned o and\etime ~eyrog ES‘
doto , tthalltae § covalationy ~ 'mhaviend thane ', and aWennefiive
a\0aees “‘g modely MWW congdsmed , Fon exambple , W ig of iNerggk Ay
st how 220 - fvil g allacked by Aempenatuse ond breanune. v
(1S »Q\QLL\ Qale e v a&-q{:p_{-q({ o ordeo and Leonemic. %ﬁdiHBY:f\. A
o\ass o’f modalg oa\}o.& "‘mn‘mgen —-gw\c\-'\m\ modaly on Vintay Algehastie
TS modelg rLL\:mmnHv\ﬂ a. \\neost — %*@S’tm F eNAS\E Us to medyl
TS daka 'nan abbrobsiche wos s A \intost WHem Convents an
‘w\\eu\ sameg 4o an QL»'H?LL\- serdaey ‘Q"G a linton ™ phasiaon |,

ane ‘ -
8 hot oo Ao 0\‘23“\‘“3 C“'-Y fime sevdes omolysis 9 @




" 4
Ghiven alosers vanens JECN A ‘mpuk  and QU.W,U'.\. Ao A \\M{.\:'L ,;}a@tﬂ%\)"
L Q'(\O&QS\‘ worts o agaesy e propedies o% s Wnaon md“h‘fh

=oAr T OUTPLT
N LINEAR SYSTEM S
(¢) M:f Given an obgwnved —t—'v;w_ ceyh@s , 0Me Moy toant 4y

bscedick —the -?-u-‘cus-t.e_ VZATTTES cr,f o somdes . tels 18 an '\m}qmn-%ah\
deak in 30\2S %wn ac C\&Hr\mah:\ iy AL cun&\a&\& Og economia and
'1r\c\1Lg&fﬁa\ +Hme Leres

@) 0 pvdeolt — TS one sorncfimes  collecked on C\T\t\\ sed R0 asto
wopreove | aantol avee  2ome Pagsieal 6w eensmic A*dh*am. For
oxavmple, tohan aTS 18 fen ~ok meadunes Hac ooty !
c{ mqnug-am‘\ Procesy, the aim crg Ana Qﬂr\o,\d.g'\& ey oo o Wea,
Ha priocest spanating ot o Iigh-teval . Contrl” preblams  ove
ologely wladed do - predidhen W o] Yrhuakiom . For axamyle,
| m,é can predick ook o mcxmgra&m\\w\n bricenn \ g a:-“a Ao mave

\ c&t\r ""ﬁu_\\ abbropniche.  Coyvwekve aeion  Gan be toMen,

Contrsl priseadanes vosy - eeondidanably  morle. and

LephisHeation. tn S Qa, e do&mvm:w 3 one bloted o vt
clords and “tas eardenller foakeg ackion 08 a yesult of Fhudyire

Yha ahomts., A wmont tomblicadsd '\"6‘?"0? AYprvach ig oased an
eedellivg e doca and ug\v\%\:&m raodd T Llovle opuk an ' 0%l
ontwol - Stackayy . NS O Prooeh - @ stochasRe  modal g Rited
Ao A REAE .%.Am:u_ NZAVEXEN O'g Tl sumias 03 brodieked and
e AR b bwocess  Vaniablas o Q&Q‘u.g%%\ 3o oa4n

Kegh A brocess on —\-emaﬁ.




."T\W\Q 30.\'\’\%3 : @

B\SQWQ‘:Q_ { Xh}

ATS 18 200d Yo be d\2oreke tonen
dlosanvotiony one telken amly ok

Comtinuous Y XWY
A TS ‘3 sadd ‘o be AT |
canin Sogowvatisr OW dalken, |

S”QWQ.?-%{Q‘\'\W\Q&, uauall 20mal) oﬂ\\{“ubuﬁ‘\n “ayion Y\Jnma oven ;
Shated , evon uahen 4, coan e *moa&uxu&vmx\n\o\e -
\tc\::h‘m\c\"a is of "t g con fake only A digonate ack of |
i *a\?’“ VoS , ‘
“Time Sewies !
]
v 1
Deternministic Non- detenministie, / &*00}'\&&.\-\1/
ATS \s sadd 4o be ddesminishie Bhoi i)

: TS S o Yoo, i) 3
'\g ‘%t canve ddenmined dvn A s sawd 2, Staenaste |

e %\&ML‘\S onl '?C\S\"\-\ dok o_h“{\m
b edicted e_xac_\c\a_. by the basgk muﬁ Ihg%?g} ex ack
_a Y = Co8 (21‘\’-@&) edieliom ane tmbestible. and wupt
Yo = ot RSin (et 95) ‘oo yeplaead by W idea ot Rias

v aljaan R(\O.VO_ a ?J’LD‘OC\\Q'\T\ A\ W’EI\‘C)\I'("\QT\
coWan 1t earnditiansd "Dq A" Kndwledae
of bagt volues, A

| ra=% Yy =o€y :{egﬁ ~ d (s, 02
Yt: dﬁﬁethl*ﬁ‘h: Rét}f\_/'l'tli(’o,r’“

Time Ser2el ""{t—:o(-k(%‘{bq-# et:‘Yeth\-“d(ﬂfﬁj

& )
ek ooy

~ .
N0h~s-lrahmrm\ﬂf ov
A TS i3 soid *o be  Stedionos Evaluative.

s o S skematie. Q—"'\Q 2 v f\(’f\o-'mm&) A T2 1S sadd o ¥ Non-shetiorm
‘|E Ahane 18 WO sK&J‘u‘r\n\#Q_ o ov evaluakiva W 12 meta

e'n vm—uqneg_

~

\
semaved . T oRon LooAe, AR prooharMag “g dota \s difterent

ove. seetiom @f e data 0dw muah 1K 4ay, ten Seokon
av\a ottan_ teellon, 1

ey ol oo hotn 0 SRTTRT L

‘%"0‘"\ Omd




® The brmblems og e gevies onalysiss — T ciimaka objlﬂ‘f "? naie
o Hme - Sevrries —as og Stoistieal omoySiS @8 o “‘3“‘“\0*; Q(‘\a o ansityy
ot a deebur Lmdmg%emd‘“-% of i cawal mechanisms R ﬁ‘“ma'\m
ik , oteawse we whghito | Qx\-no\bb\cﬁo-_ i AR %\LMG\L o otk G‘gﬂv U
auwiiotry . T doasmek follows, Aowevars , ~thak such t\hﬁms\ﬂh&ﬁ Qan,
be ochidved by Considesring ove harmaes olene , Coys AL Prenenk tor
Ak oun Gynlorion Aa sSomae tenk b QB"V‘O\J\Y\‘\ awaves o thae
S*xndu 0? “the ‘piof Lahavieur of a a‘xr\a\o_ sardesy Gnd e Ackinguy
ynodely talWek, can &QYLW.Q‘VQ_ '\’c") :\_m%“\g:\ Aot sSuch ™oda\y
—humadves '\"\"\a b 0"\\*& Portion Og A maye.. basia Asfeuckunal A‘Gvs\m,
W The man cojeehive i analys M o L{“jgg?*_ﬂj\gl_,
e vk and  2xaluoke Q\r\cw\%m n Leonsmic phanameng ™M AR Q\i\a_\
‘O‘g dy AN L m&o-ns_o_*c\a Q\"\‘\"\Q-‘l\b(ﬁr'\r\a TTAL oS 0”? Fduse ety

Howevern, uskmua muﬁmu
Qome 6teynst Myne saries Adous continual eﬂ\m\%% : OVQW\-\W\%
G‘w‘w\& LUy an avenall  imptomion :ﬁ harhaz oxd 'ﬂ\b\{p,mcm’c A
2unvey og e brocheol examples W Jaave givan , oW\l sy eal that
Al ehange S not totrall hC\\:\*\D&cU-td ond o\\:o.n\— 0"?1%') ot Q‘LQ'\M
con b @ ecounked ~qm'=- e bosd eshidh aan b2 Qaasurried %mn S the

%a skomadh a. \so:n’: ond tRha_ Jk%W\OI\Y\'\Nh bosth 18 e kk“!\\éf\’t ematie on

‘.hha&m\ﬁ-"‘\- ‘
Qnm\wmz\%g o:? Tz Samiesg
| ; |
\ ' I A
Smekemz\-‘ue. - Rondgm ovn 'mho_%u\o:n
| (e Ty)
deotar i, v
“Twend c Pormodic
(R): o I
L 2homlt Yanrm Lions '\-Q:I;n
C'{:m:n\od(\ Ya\) ‘tod
i (et e

Leasonal CS\:)
_Y{-, = g) (T‘-_: Sty QJ; EI"‘:)
= b Q"T‘b.; 2% & fr‘tb) ® (%"'QS)

\:_—Qb(h.,.----")-'re ,
We ohoose @ tuch ok @ el o mmaivmum ) esasg.

e - 220V Q? &\803{\\00'\0_1.6 .

Qnu\\m\ Qc_b)



._‘_5_\_____ \aal tme semes ma \oo_ uw\\eosa& °£'B°“’1 b_m&-.s:-—- @
o

(@) atrend, on long —term mevement (0) o seasonol ellest,
(@ Qﬁc\\eg\ w\we_mgnlc , @) a wandem On whegulon cempsrunt |
Tn o bordieulan tme SIS T ONZ O YNOTWL %0 R
sustematie comberants may ‘e absdhk . Howeven , e ' wandom”
Qbmvmm“\ 13 almast always b“ﬂ'\m\‘ . ebenakion “+o &W
a Hme Sewds 18 of ‘mbortanel , because it ™A oz

Combevnendts ‘
“thak we e intentshed 0 o pordeulon  Qamponant on et w0t sant
45 Shkda - ARe S2Mey a,gh:n olirr\'mcr\-‘ma L p_K,,_Q\ og‘ a banhesdan
Qombanant .

dorm  upwand and dotentsang
ne ot \V\%J\um\& “‘%h mmean og
eynaln  MeNE oy \est at a cowrtant
e “mcb""\\PC(Hbla, eoith the
o dadined as o s\om’\\d thw&ﬂszg

Umas ,

@) Seavlon treend § — This e e lo

™Mo vement ARe sames daue o
Aho Sermes. Seme 2y es ™M
Javel. Sudden o> %M_Mﬂr\ﬁi— ana

deq n{ the Arnend. s teand ™A
o - vandom eovmpsrant o} atme

A A
o8
5%
- 0—
-em T'j
z @
@-
2 Eé
2" 7
£ bt 5‘5 i
g </
= @4 “* a-
éso + % 30 L.
6o + a 20 -
40 4 10
28 4+,
ol “L t —+—+ —t—t 1 + +—t +—% :A, Y T T T T i t }
788 " 30 EYL 193 TS 60 w0 B8 S0 Gn OY o

Cia.() U 2. bopulation at ten gecn intenvals. '
? )(_ sm.ﬁie . Rpoekeall , davis’] p‘ﬁ@ eDR ak ten yeon wwhervals.
“tha Pok'u\a-h'o'r\ dotx \n Fi () show s an  ubesond 4nind , Net all

ime famas Miowy  ubwasd Anend, Seme , ke artude. doatth nake , . Ahown
"\ %‘%USUL (2) , bty @ dowmgeand tnend ,



|
& Seasamal vomialions '~ s (a4 smenausi of 4hi chanacteniohtd®
behaviowsyg Ggm:l-“t:( gevies  dusy gach geagom CQ\"’LQL‘F"G- irenyal
%{mn_) W the  peniad, tohieh Vmay boe ona yean. Mqhﬂ S
buatness and indecgin nQngLo vaniatom \n aleos @mm ona_
teasem M e ottan , due Ao et anndibovs, predsice Vﬁhiqﬁmj

hieh  Ycbeat- ‘du:o.\g Q&_&q%ﬁ CLLLC\'\lh\la; mar\%’.\&,annun\\ .
“This .umtn variaton  due  Aeasenal Q@Qoﬂ.‘c

vaniaien .,

ie Wnowon A3 3Seatynal
We ma ‘nlenesied 'wm Aeodomal Ym{"q\'l‘g"\
toe. Lehah Heally o elimnake rasqna)
™M e fime demes ovn  loecow wae aous indon {7

W the Seasonal vaniabon s c_\g. ¢

A sSeasonal  Steuchuesw. e

Ol ‘ereaus e f"g
vaxiation

b, ctonghant ‘g*rv‘w\ ‘Q'mn"m ‘;chﬁ\
[ F\(&\ \QC\)J Ay "“"“& 5/\'\0&0 A\ 8\\{ dev'iahiomy ‘?’ﬁb‘m one ean 4y e
next | F‘i&. \(b) —@)J

VA AN ” Hptli=a)

M :
- — (9
- Bk
A
R Al
e
e i
R
° T
£
~ av 4
\
T s o Q. (2
; - o Freauanas ,9-\ A ohda
2o T e
A G soms,
(] : t t Y i ¥
V6D Gy Yo Ay éo Y A8 qp- 20‘0.0 - T‘t
cafien Aend  to stepead -éct:ﬂ.\g- ak bgaulog\:\ wherval Rme g .

deonly Watble in Y dofm on eanadlom  animey '(fiq.03) . Dot an
crop-preduction, noirkell, tnade an 2odacted 45 Moo \:\éﬂxhkt)& HRAasIha\
Qowmpenends



| e &
e ow | :
Vool - luctuotion o eotllation,

&) Qyalical mavements i — “the o
L -':EQ‘ Q, \G e 2 Ao \:o‘n'\OA
soine. 3TN 3 calpd o m!Q\Q ;

[} k \ &
0 soitllatorny movemen g(_ﬁ one o ampiete \”"‘“A i .
. na , e nloty sgeall ‘na

bl moxa than A onm | A
B\ﬁ o_hc\\m\ Compenark 90 Pk ;kzm‘rt ‘weald I 2ach o;qa\e?;:m
a T OMa_

movernut of o Hma MMES My of Yuetaation may ven
Q\Q pw\r_\ ‘= \“I'\"('Y\ﬂ
ouo_'\qg avown.chv., absut 3 to AYwn

Lm crf Ha e—‘d
The  fength a
ayole to the otan, L dany "Q T:& M gyaoV e » YA qw_nai:h_ @&*\T@\og
' and tha madnmttude

Ahon S
augh Some oy \ovnwgew .
iy s wiuwal\ \;&\x po Yhon thert w? Leaemo, t*é :

o\ \ a an That ﬂg 2 qsnr\q\r\a .

O Y V‘O&'\'\C\b\L A

A QM
Crg QQ'GQ\Q- ' el ! q\-'\bm(\'g ~tl }Mﬁ_m.;\.‘w’ \PQ\‘\Q“M.
qota Yemead . \na\ads covnI N ‘ { fch
AN I\o\a_ 'Fiaxmp 1.8) shows trend rMﬂSOT\Q\\\“dJQT\ e 00
As om EoLaYn t -
bahavigwr .
YEEID ]
150 |
2o P
QOoETe
(S¥ss T
6 — . : ‘ _ T
L) L] T Al ¥ 2 | ¢ t . t 3
e 20 306 A0 SM &Y Fo I8 qy (&

Aourigh asrivale 4% Ir-lanka

\
Bige1aa) 1 = Moy
ond QQQ_\'\QA\ Pokbenm—> Tha mcxiw d'iehnchion

® Distinction bekoesn seatanal |
bQ?t'LG-éL’I’\ Q‘SLC\&QT\Q\ m\d e Q-d'Q\'\QOg\ %Cﬁt&hh A‘g P\'%\-Qk "H\Q- '&Qhw\% 18_ Qg 5
ulon berilsdle bogle , eohile, ths

an&’mr\\: ltv\?q\f\ and swcrsw an A v
fodten vonids n Le . Morasvaw, T overoge. A“%&ag\ ~ ayol e “&“q\\a

Jongars thon that seasomaliy and e moagntule. o’f acyc\e™iy
wywally  mane vaniable thal m‘“‘ ag senaeféa\\ﬁn. A
@) Trpeglan on wondom %‘“ﬂm"‘m U — Apont frav o maqulay,
bl r contein ansttas <tovs aalled TRe vaomdle

yo'lchions, A\l e samas relem
on mwegulon sdrich Oxa. Nk, Ascounted %Dn oY Arcsdan dwend
2e0S o:cﬁ ond ayelieal  vesiohions , Tt -&l&m&m‘n ave. Yy ——
oo & !m\zﬁu_dldub\ﬂ_;““d oy daate nunanyw NN ~3ecedoing o
> bayond TR e O_Q r\a




® Mat®amoleol medals %m e semes { == T mathematieal

maddel OV 3"““)\6 o mmodel e “He rapesenishion o ”’ft"“ E‘Q""‘“‘\
i QN wnknon %\w\"é_%“‘m Aernms ogp a Wnawen urekiow on

\ables,
PR Classical Moda\s
A% -
Addthve. Muthpieatve
(\(t :Tt'\-St-‘er—ﬁ-It) (Y\: P XS&:XQtYKt)

oo, Y\: 18 Yhe ovr\ginal semas y T, St T R

-‘-‘Lt‘a\g.m_\-'we_\d. “Mmend, seasona), Qaq\'\aa.\ and  Nandwm combponanys
® Assumbhiom { AddWive and  muliplicative mode\gy —-
In addifive. medd, W wil hove Hestve on nq&c\-\-‘wm valtay ana
m \Ov\ﬁ\rau'n z T, eoill be Rewd, Actonding o fnudtplieative modd
Ty neead B ossuring bostive and megalvae volum, Qletatey

abive v balow \&T\'\’ﬂa ond Cmmmchﬁe_ nmn_cmof T \n R &o»\a_h.,%
tg  unt B

Tk s nobed thob enutipliealive  mode con b2 S-omvemed inty an
addifive medel ‘O*G *ﬁ\é‘w\r& %acm‘r\%ms 1ina

-

» \o Nt -:\ua'l'.;c HQE\S”“’&Q* .Hoca'I,L_ .
Here ‘b 18 noked that n muthblicative fmods, >0 . trenao log Ty
\s bosikve ov mao&'\w\' st ar 0T <l on T A, waiehiy
detimalole, et bae ks R
® A auliblieative modd ‘s Mow abbrybnicde Yon  exblaining tha
voslations  of a business ard  econemic doye — Exploin .
—he assumbHons ““d"““\\d‘““ TR add™ve vmodsl (8 ~thet R s
no_inkevaatiom  awmongd R different Covbornants  ashen ot
mulkblicafion schame. 0 Cssumes e priomne “’i Jueh “hen achion,
So et e sudcldiy § one sehame comporad An e ot
clsz\m\ ds on e “Q.sﬁmc'vg"ﬁxo_ ‘ome semes . Fan \“g&nn& ,’\éru;.
puddiblieative Mo do\ may ve m?m abbrobiate. I tha gtueds
S Aime tewries on %m’xu, ; "g | W 8 Tthe castthet n Qh'mg\q‘mnos\a
arrwaiion [ thae easonal eomborant @ m”‘“@““%& ‘oa"ﬂ&k)’\{q\-
dvend n prices . Whow-ag, 'm o dflakiv Stuation W%l\iv\%{k
Anond M prices dampensg Fene combonants

I




@

Adennalive anstoen ! —

“The conach °£ A mod® Y = TeXSeX e X Ty e mone
us@m\ TRon  Fak of e wnodal Yp =Te ASe 40 T YRS NS beeause

8,0 ATy Vv As \weviedn  sonins. oo Canstant ™ m"%’““*"‘&l
ydotive to Anend , iotian HRan Sn absolute denms |

Purd&eimone ;) e movermnents one. 0xdimany

mone meonngAul o
camgidaned Nelative o 2ach gthen “than

. conndsud't, aloss\uled aemy,

Tk s posslble v combute A seasona) ndax tohiey, YUMo Cavitent-
‘' Alotolte Aenmg bub A seanonal ndex lebive foAnend 8 Q\m\@“ﬂ
becamre of akuwation in rdative ‘mpoddanes en nteand valus of
e monifiy, Fov example ,

Q.) Te = 1650 unds , S¢=ASY Ung , (1) T = 2650 unthrs, St = \6% unds
in tRe ton eagey T seasona) aamyenands are. equal in abisiule Aerm
but the seatonal merwemen) welafive o “tvwend ona

i < - 3 va . -
e @ "T“":xm fo =107 omd By, () 35 x w7 =STe s

; - . Te
e RO e o} AMenation m-mend valtaa

OQ_(‘_QS"LOT\Q'\\G SUMes , One enesundeysed. ‘?“‘ Wivd beMan Vesutts are
obicinad  h] e seaserel movement: 18 consideved agnrtent in
ALt waifun TRan Tulative. Aravmg, TS 18 “‘?m“\\q\ ﬁkﬂ‘d*"‘“"—

the oozt lohan  the Qeasshal  mavement *\d‘?\m\\a S

g altmostt at
9oy OF oNa. 6Vt ™AL MartRl,

A

17} %‘mcmd Processi— T redors 4y @ INTISC\ NI
\:uuvg +time el OMi§es eohan sbsenvationk
aon Ak ow asgume Only ove Of too
volues, | usuq\\n danoked loa HO ond " A,
22" Tn eomburen selenas, ﬂtbo&'\—ﬁo’f\ﬂga

awieh tg dtRe ‘om’ or ‘Q\Q&.‘ could Lo
Swognded al ‘A’ ow ‘o,

f—

0 \
A +me
flat- The Yaak:ﬁ\ 0?3“\03\ Pryeany
=1 cot\\ Ee_ ke YRhig, N\
A Lot Phocess L — Pont  pruscon T&%Q‘ﬁs 1o Q'*‘.“\& samey uwanidy  @ccung
van, oL congiden & saries of evants NQUJ\\‘\d “‘mﬂmw\\a %%w\\%\\
) _ o)
Q_+iamq_%m d atag o? "a’i\&jﬁh no&\mc\& disasting,




e Distirquigh belweon  Swaaemal

&

and  aya\l col -QQ-MC\‘“Q"\T\QM__%;\_Y‘I‘\Q-

e

dota wv® o >uwal Wfe gxamb\@ﬁf\_g\

Seasena) Yaniahon

L., “This 13 shanky  ‘evrn '\m\'\o&‘\o_
""’\Q‘“\Q"\\‘S conene hm:\\od 8 ok
lﬁ’i’%m “han ome

2. —these .?hxo&uc&\mm A
o d.:ﬂim\\q_ heslodl e
Y zabbeari almesk ak -
wmianvol o Yirme ,

%o wnad
and
e_%ui\c»n,

3. TThiz vosiaXen 1S wos - Talaed
—%o. o_‘r\mf%u\a Aeasons av nallaloun
o Seo\al auskamg,

T Has mo dighnet  bhoses Like
~“hat O'g Qdo_\\eo(\ vorioMon,,

4!

5. Fn no&cxa-\-\
Seosanal vcmm’c:ﬁ\

C”_g{—q_z\-\

Qs Mov! 2 metRed aan

v>ednao intensg O;f nzosenal\

i e omp\ek O_\d i

\Jm@so\,
8 mostt—

Ol

7. Exomble:—

s exAd2] L %Mm‘kéj
‘Uj\\: reod

me’:’?\nc\ Og %’c\’\

s metRo -

\1s
whay Qe TRe

Diseuss Re
leosk SRS

Qae\ieo& %\u&mﬂ on
AL ARe s omn o \Ren ""‘@?‘LW& \m\'\o&\{

yaveraent telere.  beriod gy (QM\Q‘
“han one \KL‘”‘

Qyalieal Jhustuakiove
\on a8 Mﬁ\&b‘hﬁ\
=

bs_\\\oc\

niangh
DN 0_\6

axe nat

‘%"q"“"“'—*‘“\*\avh
Qde.\tL cxa wel\ Qg

Ao onoYhun,

Q.&Q_\\Q_Q.\. %Mck\mt\nona O toMneq
by e 40'nk  Inderactiom cxg
%0« tharg and One %mmck To it na
in odmost o\l businesg and Q_Q_b“%,m\e
activy

4, Ix has %ws\ Phases \‘\\&L.\m“wc\\a
dealine ; dehumiion ond Neegyeny ,
"rmﬁ consiytte. o QQQ\Q*' 4
S. Wana "W\L Q\d‘q\o_ 18 mhn.au\or\ Qand
un ey en dusiadion . Wanes thig

8 uno_osﬂse_a\wﬂ- ’30 fﬂo\«at&o&‘nﬂ&.

@, 'lg e \QQJ‘\\QN\ '”“\M - Owar

is o mulrh‘p’\z_ ‘iwuoe\ of
aye\leal ﬁrr\ovm\ar\%g "W\ILY\‘W\LW\NI\
avenage mfagd Qh’“\b\ﬁﬂa

o_“ Aleal  vomictivn |

o

4. Exomble & —

S %Qh W‘f\e.msmxux\ ?__‘f\)(» ‘h;ana

ol
r\a o Steau e u-s:w%




AR

@ Ma’r%e.do&) trend enumenation / Detenmination og) tnaend mm‘p@n'{:

TTheree oo deon 7a036m fun aemitiig o dxseive. e e of o
—h’m": 8 + Blogt , 3% ™A ke desin m§ -tor imimate. “te Anend from the
SIMES ; seeend; (b may be disined o stady e Avaend "’tﬂ\g gw *

Q\'\Qm.b% 4o '?-ohc_o_a&'b e ‘?\L'\-L\\{Q_ ‘OE}\C\V'\D\IFKG& 'J('e\!_'_"\rl(’_‘n& y Mﬂ%‘%@d& d\-lt:__.

1. Free homd cwwe E&-Ur?na )
2. dami-avenofe. wmethoed ,

2 \:'\\-Hf\a C'g mathamaleal euwswveg,
4, Mtw'w\a ow:znr\%(z vaethed ,

i, MetRod c’.g) —?vao_n_-g\ar\d QKU\\!Q;-?'WHY\% L= .[CU-‘;QL’\ a““\\:'h e stimoken mo}c'amﬂ
“Tthe Simplest method Gﬁ degarh ot o teand a-ra q\Pmo_a'\\Q 8 \od \nsbedtiv,
Hewe , W %\né\: dnaws the ling - c\’\&an&m ‘{-cm . data , “than cad dnaw
o %wmp hond  smootR auswve_ eohieh  saams to %—'& e data best T metRed ,
Aowaver. 18 aite dulfadtive oand ks wse %ma-@wL Colls @oy. found.
'é\udamn\— . When a cuwwe 18 "E"\'Hr?_d 4o a ek of dota, o Crakerisn Qg %E
s \nvolved . ' '

A %nen_-\r\cw\& sSmooth  cuswve olbteimed om blotting ‘e valuay Y 090dn)
‘Lt emables Wes o go'nm an o aboult e %vaﬂq\t—'qhq_ndr ng “Yra A0S |

Smotr\-wna Fae Q‘UJ‘N'Q._ eliminadey 0%y eombwnants Vikae mﬁu\m ana
n vae_ﬁu\m\ _‘MC\'N‘C\" o, ‘

s wmethed dnos not Mmvalye any eorablex metfumdrieal technioied and
aan be used o desemboe all pas Of twend ; fivean and nm-Vineasy .
Taus  stmblt d*ﬁ any Rﬁm&‘o'\\i—\ﬂq - !\’W‘rm‘\% bd’w&g o? fhis madfod,
Tk ¢ maun dnowbocks R ' |
?.) This methed 18 'w_wg subj&c%'\\m_ 3 #
Yo e blas of e panden hondling
e dota. Ploy s a vew 'mm\pow%em’c
wo\e and 01 suak Vdiffosantoand a(ﬁ)
aurivey L\ oo ootelined b di%—gmm%
kersans »Slow'ﬁu_ 3ame EL\-O% data ,
A s such ' Awend oy MSkection’ should
bz aflempred om\ ‘0\6 sK\Wed and

7

2xkax\ -ene 2d ishalan ,
“trend .

i 2‘- ‘3‘4 ]S--l“hq-e.v‘..l:'\rt
£gi- TTeend cwnve




+ gx !f
4 %\ |
2
F B
s e e
M 'am«\-l L J z il S
. " TR TR SRS e . .
: C T Assumbton; —The undeljing eend S \ivaosts
neam| gimf | Ter PO ose i (ma omd (30 )
Eausbion QQ HRa s\-nnia\?\\-\\m paleta i WA -
-\ _ 3mal : PR 0.5 o8 PRI
e I T Dte Sy DRt
'-&z*t]u 3myl el

2 2 X
Ththis meiRed, “the cdhole datel’ 18 dvided irhs o0 \3:;*\3‘1 \;:ﬁ?\
¢ meapeek - ma. 203 ‘\g we mc&we:n Yo tov "c_%nﬂe:w\l 3 2,
V. over o bated ,% 12 oo , Ao eaual ports ol oo e
dokn Yo 19714 1998 and 1837 Ay A9 TN cose o odd Mumboe
of yees e oo bosts ose oltednad Sy omrHing 4B voltte esawbsnd
4y the middle &e_cm., 2,9, .?‘m '*eu; dote '%an ISEARA LAY ‘.)"m—kmo, \)mq\g
peodd e e vales Ly A\ T8 and 137 -3 , e o
cnwm\?‘oneu 4o ™iddle aeosk , N2, \AQ (5 omnrtred . Next we %m\?m

‘oo omrfRmahe meom "E""‘ caehn bamk  and Plot Hhane e CW%O%M

%Cﬁm* e o - voliass o;f e - Sunheative baiods cavened b
each bost. e ine obtedvad  on )éﬁ'm'wa e Yoo kno'm%s .1§‘q‘€m
Steqrurad Aeend \ine_ and My e e

QY\& ad \oﬁs‘\-e\ o aMA 'bto Q-S.'\"\ :
mod ('}
‘riten mediake oY g"“é“"‘“h\’@k’*% i : \& .

NRemonk!— “Fown =ven numben 0?,\(&@0‘\3 {i_l\&qﬁ ?.,12,16, ete Ao
_centering of ovenoge of pach posk boowld eneate \‘zmto\q_wjg,%.
..\J?D;n 4l ddka 1@FP- g2 (n=12), 53:13( AL oo OVZnoges ‘oo
s o pind 1a11- TG e, G oy
e _\192. Ho.mf— x“ el ke blstied ol AR ‘“\_Q%oéfmg
S Y.ﬁi' \:‘:8 még‘qm for e poiog \o31 1an q,
¢ ’ ul did <
LO__,ﬁ (\acum\— is%_ﬁ ‘G 9. \m\\w\\\é; 'ftm T bestigg \93 7 - 1932.



ﬁ_ﬁ\_"lﬁ'\__w&es of u Meod of Sam AW“Q%QS ‘o o | )

Q) 1\‘. '\& Q B.\‘N\k;\‘l 'n\QJ!%(\d G.Y\& ’TKQ.QA.‘L\ QﬁTﬂ\DSkL‘ﬂth.\b‘Q o8 @,(_\m'%(\yw\a 4a

R Cmethed rrf leost sapases ! apthe ' meving AVenage metlsd /.

(“) TN Sl effpeay o OileeVL i the  senge ’\‘?\:\aa'r\ 4o
bl\\&a’n‘k' el ag_\c A s0me “tmend  \iv ,g.,nm Q sat n,_f d’?‘a‘”\&ﬁ

bi&ae\yah-}a%Qs 0{ Ahe MetRod og S ol P\Yehdgqat—u
Q) “This metted assumes \imeor nL\O&‘\W»Q«'\\p ‘ocz:gmmn A bloMed bovrts —
coWich, may Metradsk . Monewen , e \imiterhonw of orMAmatie mean

ag an averoge also shand ‘i i ma\q.,“.q. AR weRed Avwend g
Oag«fao"mo\ q\abncokq\»\\a \oa er\'ta\'\m on NV extneme VoMan,

3, l‘je__%e\bcg V? -%—H%r\& matfumahieal Quswes | — —f, branaip\e. of Wask
squosen 'S ARe meagk eblon and m\t&x\gﬂ uld MR o} -wma
mathamatical duneliony 4o o @VQ\ 3% of doRel,

As e least Soweres mMmefed eoonks m-{\a tnden  seme pertiean
assumblion, So Aume oo assume Ahak,

9 'at: Te + Ty

.\‘\ — Q'\‘ bt
) T oAbt + ok’

Q.\L\;— A e.h'\'-k .- 4 At ®
th . . \ .
Ques:- - ‘o rous onecan detenmive. the ~taend by g“’t‘nﬂﬁ abolynomial apyp. dnasu

e 7 R T
> Fo\a nevnial _Quswve 7{“""1“% =4 e refed off Heost aduone

o subbose  that we one S gvan 0dR a Alme semes dabe.
et ui \ L2 n  Such thak it consists 0;? oMy treand and Randem

A = PR A
z:mva Qi ¢ . TR '8 Mo roxsidistenes @f resenes G‘g Q“G besiiodia,
voniatiom ond ‘\f Aoy ‘o\q 'G’“‘a( ey peiodie vomation ,4hat  can o
mewnged .+o onrer Gorthsub oth \083)- Fun‘\'Rm,'kan-QT{.)Qqn Lo,
yepriesorted a8 a bob namial ovg degree bt ,

T P_— \:§ Sk, 554 ,:gp.cf’ Cm\v\‘\q\\ 18 \ireon 'in benameten,
v E Ko \

e, Ao - fQ?) E
Thun oun \auo\o\un & A AdreeTiae. T sl o dkeeminme. ooy - - ap

is lireen 'y postamelang |

ba i misy " A
—a-ﬁt-~-~~—at) X,
sCas/ay - 2®) = L (Yo - as-2 £5%) %eomt, aosay. - B
susjeck ‘o L - = wille =llic % ..o 8 %? =0
2) Z'G\: = Z (\ft o~ A )
t=1 t =

For  WNMUM |, eoo Seauing , ——



G&E‘f‘_d‘“) + e THXPH Hession amorten %

_aamdition il o o e |
5 amEe L . SAaL s P
Y-V YL Sasoar | '8 ¢S q,
Now , a8 SCasy - - p) 18 auadnatie oo 1Al o ,ap-

A Thae C\w\aa%\ an mc*\-m'?t) 3econd Ordan Qo rd'rhom %“’ Minimam g

awtomahcally  sat S%Qé

i giﬂ = _Q‘Z (Y\: a\b“ait 2 —Q\:’\:F)"c 2 a-b v, "
Elg_- =0 > Z (\(JQ -—‘QO.-Q\!:.._-_...C\P&'ED =iy """L'z.‘ﬁt:a
i =)

S Scr‘ns%\ad
B uk An acum:\q\ L woo. dnave %w—.. a‘“ O

}" 9‘3 -~O > Qﬁzta .+ Q.L'Z’_ha s .+C}\:E>Z{‘a+?: Z Ytt:h

i

'_Mai C?-u) QO\}-LC\“\'\UW& WL - C\czq qu; 0:‘“9‘ Qq“@-d AR novmadl
-E,q,uc\-‘n ons , ’bo)ccnmmx e ?’W\ d,n_&m ‘Pb‘\aﬂammé\%.mg

T"t = Ot Xy -\-q?‘te
'_[_P Q:{ih, c?a\ ANy ""P)' ve QSO\UHBﬂWg
n Ak Z'\: 'Zl{h Qyp 2‘\&%
pA* E"L Z‘k'?; SHELETY 2'\'“*\ a.n 2 'Z"c.‘&i—,
| ‘-.
Far TATTE e T 3is zié’at
e Ap Tihan we

(he mowmal :Lw.mr\'\tm &.L’nmmm\m& O gAY
must Aave )

SCC\Q ,;‘-‘;\\1‘ .l---nfg?) i SCO(Q ;Q\;,..;q?i) )



@

Rive an “zavns\e og o VS ashavier a ex'panardial Arend wnedell

toould peo. f'\\..\:w-n-}h\n\o izeunaz haus . oW L s
o 4 s =2 VG A 2 (o) \\ & m X .
;’(w end yandol , ) il QT bonartial

ExameLE 4
o s

[, " The -Qa\\mn“h ’dﬂ’*‘ﬁ >ohronerha AL, produckon  \n Tndia '@h‘n’m
qees a7~ ey s

'.‘1:{'2 ‘q'-?'_?, 1974 tqq_s ¥
T S YR |

\?,S.-Q -
|

T valtees axce Vikely 4o 2o A carplent  watis “{ "J'\o*f\%t
ovan R, 2an s 1971- 95, Hanes ,an  exbsrertial tnand eunmve
Yi =akt  coould ba  Abbnmbsicke |

Herme  “pend guno.h':m e, Ye= 0:5231X (2“1??_’)1—‘
Thend vauus, wouwld bo , '€, 46,138, 4"1,122:3
2. "The pﬁ““““’" TS dote srerenmnis tha "“b"‘-“@\m Qvl'naaaa 0% gt
cvvtval in drdlo '?Qh ~tha dﬁaﬂa 1430 4o 149 S

?
Yq,rm 970 149791 127 2 1973 1924 \a7 s
MentRly ovenoae| o. ... . —
2 250%2 $1a
Jounis mm‘wc;:“ wanh =554 34187 35283  38%99
T, b, mew “ka\d 1o shets @ Constant weahs “f@\c\- 2 aver

Tt daang 14815, T Henen, an 2ypongyial Anend o
enould e m\?’fam}:n‘\n’nz.

Exponentiol atowe  — The Simplest exbomantial eunve mcx& e tambtten ag

Ye —abt ,whsu QY6 , b0,
jﬁ we take \D%ﬂv'r'r’fe\m Lot sidoy e (do‘k

\o%yt = loaa A "c\bab .

Henae, oqYe 13 a Yingan @u“@ag-q of t. Now, a cwwve Ye =abs
‘ndleotes O comstant yaoho crg aham&a sy S\nee Yt/Ythlﬁb‘T:fOCbﬂ
the Y Youws Quodually desays g '~§ >~ Y valay araduq)
ineweases and ubhimately explodes. A fundame nial Vivettie '%\'1.9
A«Gpo_ af awnve g that T it hebraruks A treue A wg salelius

yanicions oaf noting  lpetwoeon mc\@&h'rkual.g, T is e axpovantial
etswve  ohich best Mmeaswy. nates Og @Jr\m\i.o\

Wnwe Yy = qlet




. '_ﬂ‘LL cwwe T may bQ_.QQT\&’tn\LQ’tQ& A &Q;fh\'\--\ﬁ, _OS\\.\'%WT\‘\Q. ?Q\P&.‘\_J
A \soosttkmie NV sedle A Q_'!\c\'\r\a Q\M\& L a,? F\xig and ‘H?\?:
cwwe e\ bL a s,-\-noiaf?\% e,

Tiing G‘Q Ex\:mmrx‘ﬁq\ QuWe t —
=

‘{t '.:('l‘o’C
> lna'\’{: = g g e
=X =-A %8k ; ®
colene Y——\cc&‘(x: ) B = \oglo, A=\ogon . ®

D s a Stralght line '‘n £ omd Y ond thus AR avamol
carakll onsy %mra QS”(\\MQ\“\“& Aeond B o

‘Z'Y:'T\A'\*BZ‘\: /\%

; &)

ZTEY =ATL + )47
ML easan NG ecam oo ‘30\\!@ %‘W‘
ua‘ma (2) y WL aa\t’
O Q\'ﬁt‘\\mt&(ﬁ) 3 bg Qﬁ\oa(&) g

A ond 8 and g’ma\\\d amn

Seeand dz%nu, Quth_%ﬁe_a ‘o \oam\‘e@\m% .
3

Bulbposa the Trend cwwe s Yi = et o™ (%3
‘Tc\\»{w% \ochur{r\-?.ms og both Sdes, we %ﬁ:
toa‘{b = leaQ -’k-'t\oab + {-_\’\caq

S M= Rt Bl @18 - ®
Qom)\(':\o Xe, A“:\O&Q, 8:\0%‘0) Q':‘\Qaq' z
Nots @ s a steord et poyiabolle aunvae \n Y and £ qnd can be_

%&u& ba hae aloove e.x*p\o_(m.ﬂ teahnique, L\Q&_E\ ;WL Mma QMQ{“}
ot A“%\%QA)_ , b = Rm‘\\aoﬁQR) and o = An%r‘m\o&m).

With ese valuen C‘g a, . amd @ the cwwve B beQomaeg ~tha
best Stesnd A.Q-a‘:\.u._ UV -%&\:a& o \O‘Qm‘{ﬁe\ma.



Write the conedptol tha modibiad axbonentiol and {te Gomperdte

cuwne Than ’lo*‘:‘\"—vm '%'f‘ﬁ ﬂ“’-f GQromg g e A
4 mb&i%‘md exponentiol cuawe wole e SR %\&m&‘

—Tho 'mg&l%i ed Expomardial 1 — Quew o {4 \?Q,\'\ock (,g Ame., TS one ek
Wkely 4o showd edRen a comstand a“n\tsm:;ta Ahanag ovr & Conbsrani—
RORO cr%’ chavge » T 1 uch mone \ikely thare  an imeyaaging temes
C""‘r oo %Qm-'\p,g) e\l show an 'mmms‘wﬂ Qo'n , & o\ ng) oomounk
O{ o_hcmao_ wu> ot o c\wmqs'ma 1oty o change . Tk s alto possible ok
a%: '\T\&L&C\S‘\‘rﬁ ILMes mc\K shotd a dedime in. ~thae anm\-\—e-g ‘menea gy,

jbeejuz_cx&'\'r\a alogollte anoko‘& 2 nek og&mm

encounkaned ok wye ahall dilseusy ome_ swah Y eunve , Aha modilisd
exponential,, Sine tb SEnves As Qn exaellank it Lueion 4o e maye,

rostent  Glembotz Qunves .
The eouetism 0;? e modidied exyoruntial iR,
\"t = A +B<!t 5 o L8 a bog‘&\vm numboars ,

i CQuwwes Nt om\ dezoriloes @ “twend \n tolien 4% amoeunt of
%mauc*?\ declineg by o daanstent ‘e*—‘f\c‘-m-\reﬂt bul Re crnve olgg
cpproadies  om U Wk A, @ollad “HRe =4 Mool 7 This @ an,
rmparten. e € ootk €OVES 5 S meng T serias e
o abprvach  an upe, Wmik . -

¥ Va2 .}'h

2
\/

®
mhen B<0, o<t

ot ARat,  AYg = Yea Y& = 85(e- 1), Menee, %L_ -
- :
—this ‘wplies that e %‘mﬂ"t Lelboraneey ca? Y o Hloted  on a
saﬁ\—\aqm{r\’?\ﬂ\'\ej ahc‘b\f\ baben, e on a S’*“O:'-Q‘“& \ine.



_—W\L Gompenta dusvie 125 'TN- .?_..-__ma?{én gﬁn A G‘“.‘“‘\P"‘:"\ét :
s Yy = 0bCT, may be by T logeniimie, finm: 7T
log Yi :‘\ba{\-l—(\na bJQ"-: N
Th e v tohieh 8 "f b_s{‘mm‘ cometnn YO WS, YR
G—mmbm’rz Qunve desamibes a '\‘\np_hq,l N cohien the %ML&Q\
mowmenks o) e \Gaﬂﬁ\'f‘&'\m& ase. eku-_\‘m'w& \:G A consant
bqngo_ﬁ-‘ce ey, Thus , YR mabtaal  valeay (\:? +RaL “rend
wwould SRpw A dxm_\l\'n'\-na nahd aig Ineeas ; louk AR ey

dowy  nak deescase. ‘otf QdRem & esnthenk omount v a
can et pene m‘c&am \

A Y"C

(o, 0) T T N R e T

—

) : P b
¥ Wihen  \ogb <0 and @K\, Lia, 04b <1, 0¢eay,

PA-HN:‘ o£ Gombentz aunve § —

.
Yt =ab® ,

s ks Yt; e e TS valean Q{‘"{_B\.L'Rm@_ % ana A,e,a arg_
bortomekang,

\0%\(‘:_: \ocan. + \D%‘c cav

~—A 4+ B Qt _®
> v VT
o \Wwae Y:\oa‘(b ’ A -:\nﬂﬂ 3 B. ::\Qa'o : @
Now () s —the Pﬂ%ﬁ'\‘\'b‘f\cf’f moc\i%'\'ﬂ exponiniicl aunvg and ‘g
Ovndtants A, 8 and o ean e asiimated oy AR mektod of

e Adecked bolnts . Finally the CawANYS o Ahe Growm porte
Qunve. G iven by

Q= Anﬁ\oa (A) , and b =ankleg Ce) .




M Q"\'P\Q é 5? 'J\'EL"?"«:QQ = Q_\QQ\:Q:& ?0‘\“& " .

We. Aake ~Rywee  ovedinates Y, , Yy ;Yo Caa\d:) correnbondl o ADoes
zq_;.ud‘ls-kan\: yvalean of .y (‘\S,q\&j £, 4o and tg ;Latm_@f‘wdn Suah4Rak

‘gLLba-FT\—\l:“ir\a i v aluay o?\ '\-_':'t”‘t‘_z and ’t3 ’w\, Y = A%P)Qm

Steni c:\%m\a ] %)
‘fi‘: A*BQ{-\ 3Y2':A‘\'8Qt2) YS:A*%Q.CB ___CD
% Y'Z"‘YI ':-%Q-tl CQ*-Z"'tl ___\) @
R ) ®
'watc\ir\a ;W ﬂf-b
¥a—Y2 . G_:ti“h‘ [ v ta-timlkgy -4:9_]
Y2~
W\
Y2 ~Y2 /(’CZ"tD
%’ G £ : ;
Y2 =Y, @

Lif et
Yo =¥ =8| Yo [Fame | o :
e {2 £ , Ya =M
- +
= B = X2 —Y1)™ LY?.‘—Y\ ‘/"Ez—bu
Yg —2Y2 +7, Y3 = Yo : :

=

Stesttrading B ond ¢ n @, we gk,

A=Y\~ =P
T 2
S A=Y, - o) = X1z =N . - ©
Nag —2Xo +Y| N3 — 2% + Y.

Sue irding - v A €8 dem @, ®, ® \n @) 0w gk B
ea e oon “thae ‘\’*\0013%'\91_& 2 rporential auwse, '—%\r\'\'ﬁ.& hmta':wqr\/
Hume ~germes dofa Xy N2 g el ov-dimnakes ofm -gwu_'_ Pamad

Qronve. eon ”&3\?0“&‘*\3 o A Wowe  Adleaked. bonts

-'t-,:-\:\;bz ond tg . _
Remanik'— :Eg ke numbare org eorts meluded  Te Mt A mu\%\ﬂ&«? Jfam\)

inkenvale ot averlap 8\{@\“\& g ki Qm\ﬂmﬁ&' |




&

¢ “The scleahon og a aunve. o Rebsesenk Thend t — Vasious Hbay

i Arend
cunves cohiah, 'imo«:m be —Q{’\-‘(QA ':ko eprwient WMSQ:\?\\DQQ\_
economic dat Over o pasied of Ame Haove been . 4,
bes 18 Yo be selected n QQ Wen

Buk  cohich of Hese mant S to b2 .
) c_a\\rQ__ -—\-E\g_ best -3\-(’1‘(‘\&03'\4-. #jm_‘i

COSL 9 whieh e\l
eoen of e Yeant covaned 9
) 4 4

LW i +o ue &\Qu
The at ateb ' dectdl wshak treend § 18 : N}
. Jém i r\a Ao oosenved dafa |, Examm aon

altvays const sk «g \b‘lbﬁrﬁ ;
blotte data osil\ ’%thc oovide. an adeauate. basiy gﬁb

daclé‘u—a ubon ~the ﬂqd\e_,\c,g Avend Yo s,

? I 40 abproamate Arend | eohon Hlotted on oritmerie
baber |, s a stroel Fline. , use a '3-"“@@’9\‘? Wne v s

.PCﬁ“lC\l::Q\Q 5 uSe Q. arradyatic. |

'11} T e okbrmdmele feand, when bloded  on semi—Vogentiimie,
bober ,is a %’hncﬂﬂ\\\ Vine y wse an 2 xXPonantial Qe ,

“? 'I_g P abprardamate v end reonen PlaMed  on sord-\g NN,
babev , >rem¥les q "moc:u%igql 2rbynental , waea Govmbande
aumve. , ' ; | ;

E Wi A . i an
L dt e, 0 it sy
SY0 Ftfed  QOhye ; Al C\‘P‘Q\\QA Jhr\%\

U : ; ,

:[E7 \?&LQ_ :?ms‘c ci&g-%eme_n_ Qdy,__) tend W be Comstant, Use a g\hd\a}&

e Ig —he 3weond d"-%{@:&h& (Alyt Aend 4o L ' :
sl \Do\dﬂom\a\. ) . Qﬁng\ﬂ_‘\’?; W80 o seeend

M) I8 AY 7 aend tove oo b
T ey N Stent- , ey Hhan N’ , WS a

°)mb&l ed  exborendial .
o TS ~e Frsh &L%oxmnma{ e loaamag,
Use an exbpenential Cuswe, Qeiims <ALD&"Y‘:) ve_confat,
’\3} ’Ig e Weomd cki%[‘gmv\m crf “+Ra \o c\:{‘-\e\m 42_'

@'{Jc a decond- swe_ atywae o \odg;\\-\qe\m%‘ ( b&y@m‘“%’m%
NI e o R %‘wa‘c S emances org e \nam\‘\"&m CA\MQY'&) e

'cha*ﬂ'\“& B @ constank b”‘c"m*c‘ﬂ‘“ s, 3 Y% gend o

bo constant, Use a Gombpestz awwve | Aoa Ve,



Qé"rr\cmk";-;' The wetRed: o{ Q\\*\“Q_.'?J\'\J‘!\]'a bq e %’%‘.‘“Q"‘b\l‘”{.g"“ﬁ\“@

Soxanes s wsed  quaite nﬁ%m\ ™ Anend analyais \:m.sﬁ-.‘\m\mi taen,
ONe 18 Inkanested 'mq\«'mﬂ \{m(\\] 2cYomn ‘Szl\’n &Z&uﬁnﬁ valtoay |

Merits and Umitetions Gf Thaend ;?{H{-n% b T Trimaibles 0'£ Licagt
Souones : — 0

Merds s —

L. Baoowse 030 s matlematical ow  analutical @haveoken , T HAds method
combldaly eliminateg e olement n{ au\@ﬁq&’ﬁw%ué aamnk ow povsonal
biag on U~k \305“\\—0% e ivestigatan |
2. Un\iKe, —tRe etRod n}? 'rnc-\n‘ma av
o compute e Aeend” value
Surhas |
2. “The “vend Oma\"rn'y\
e v omiad\e da,
besiod g cr_g e

nelab\e |,

4 TTue cuwnwvae %—r‘r\-\ a b T erimaldfe_ lost sanares 18 mok amiy hoctue
cohieh enables U@ o \dob%m'w\ W }Lia,g Canow\'es. oo qm&m\\’Q ’%:.hm%

'G&Ni\d daoda 3 '\g lineon teend '8 '%H&d i Y

R 4 '\'9\'\8 W\Tk'ﬁba g_“qb'\q's WS
s fonan =-%'w<m Fime hanyodn n At

eanoe wged e esfimate.  Bv bwediel o valueay og
MY beriod £ in %«'twm_mn vemn ' R 'W\":Q\ramzé'{a;{;g_

%.‘\V N Sames  ovid e QQY'J econt v ol Qg A\ agiska.

:bt?_men:\-s 1 —

4, The mertiod i ke tedions and Hme —consuwming aa campared et
the ofRer: metthody, Tk i reatiian di%m\’c "f(\‘n a N msmemectHRamediea)

bemson Q\o\a:rmh) v Undmetend.  amd mage,

2. “The oddton o—;fp_\!U\CL Sl ety obswnyation Meeessiites all
cleu\alora g e done O\%ﬂ@_&’\-\“

3. Putusa pradickion  on finecosts  based am This m

on : o
on\g on \o wun Yoileshiiang ; L2 dvmend. and ca'mdbledal 'lﬁmmﬂ-e\,__

4, T most sonigus limtation of A maiQed T8 A dekenminetiog Ogﬁm\
‘*a\ﬂv of Howtrend  Howe o oo -%'\'H&& s VIZ kO oo should Iy
liveort ov @ Potabdlie Avond ov  Somal otben Mone Camplicatod Trend

Qlorve , .



A"\Q\‘i\‘simuﬁ Sames cohleh contaln astwena ¢ M @

Aptnd 'm a TS ddpends om enheodhay e date
WK feosonal date., e o 80‘(\& "Aea

Jo - Ment by calewdding - Suweeesalve bﬂ\a@ﬁ\a, avancats ay

“hese el brisvide - S'tm\a'\a d ¢ SerubRom c:f mw\d\ e |

A doadikisnal  mettod of dealing ot wom- sassnal data

tohich cantedn A ~tyend , ‘Qm‘\ﬁcu\ \\G -@p_om\& d ok , 18@ %W

o :'>'\'mk)\Q_ '%\LY\Q*HB'Y\ sueceh ag@ o %’h\aﬂnm‘\ok QU 2, d&‘gm\"‘%’(’(

crunve

The dekenminafion o'g)
exmb\t  seosmmaly

e detervimation 0‘&) Monirly ov QUQ"'(QT:\& Teand Ny —
Ty Sama. cales , 'k 18 bm%g:qg\q_ o olotain il Awand %rmm

annuol  datre, @inet —the pennee a vony Violent sasgmal
movement e Aistork  atwend fikled O MOT\“MK Acke. .

Q] \10_\.‘ Tlt —at+bt  be the dnaend 2 apeethion ‘@ow The annuall
" doda, et omigint ok t=0 , otk TE! unit ‘. O ﬁm puTH

annual dota dbloyed m e fiitng procam oou- Ttotel of

WDT\'J(‘E\\ YO\\ULU;, 3 "‘\—U_y\ ‘ot l[S,- AT “‘rend  yYolww talan {:03

o Q.\c—\rém e deend valle ‘ewa Al Mottt comboring at 4%
QsT\'\&'\"’\ QoM , we dvide a \Ou AP = T covnfemi o o' Y
due T fvand  gven O A2 Yo Mm&)

s Q’Y\a‘«\ae_ ;
we obtean T marthly  Amandinerement fm \GEM\K Avialsg,
¥ slotain the. wn(e U%) Hme ‘momarth, we v eblaes A= \9\(1[
£ Mo T O v ta AR Mol Anend eandin
2 L) \

w\.e‘_‘R Qma\‘“ 3—“‘\6 _j_ Q‘? '_\_F/Q \QQ_OJ\ Qf,f "‘\-PJ'\-‘L Q‘r"r\a\%\’ oorke\'

4-  units  'moome nomtR Notd ,~the mh“*\\\a’ “mand 2 auatiom

& o b 2 vy @c*ii) whire the awigin iy ab
* Te= 12 "2 of ' J Aain and e ﬂmc‘g
' A VPN wn
Tl \S Q_g '—’(&J\de f:@ﬂﬁf@ (& .
\ ) ‘8 O(YLQ_ '\T\O'“E.\. A 4 .
< : ’ "g A Qnnaeal e\a’mem\»\nde& ™ e -%**Ew\a- ’%nocm;geme.

Sirstenty o om0 et b vty aat
A -&1-& oo (X 1/2) ,U::a‘f\”“'- —Re met(al'f\ 18 a% &u\a AS C%‘v‘gm_\ﬁemt
T = 12 o ks Og‘.y 18 one. ‘montd |,

o-g g ohﬁa‘m, on



(‘LL Wik T S mabeaeh? s ke snand ava;-hac%‘umﬂ-m e annual data ,
oA m’"\a\*\ Ak oy and or® e unts ' ema *Q&“—“. |

'__Lj]'? 4% annaal  dota gimb\o 2d \n e ?\&mﬁ SRR Qem\\d fotal § g
o e “mm\h\d Trend” eguadion s, |

[ | '2-

— Qa o + /z_ c (k*f/z) Rl

[ i (T L R - ‘ 0L ovigin 18 o
t l2 lo 5 e o J ° a

éud & (rE Fax e of e n*rria’\x\ amd Ahe unik U’f 18 oo manify,
q annual data aamb\o\da_ek are “Wﬂ*‘&a% “?\ o N\ valewy , “tha_
Arend fn TMWW‘\& data. S T = ax b (’tl*;fz) " C‘(Hrtfz 'l'j 18,

Dvﬁa'm s at j‘u\\q AS O’f ta ‘Qﬂ.&h O'E o bnﬁaa-ﬂ A *R.LL\T\‘\"EO:? L
1S ona wntR, '

Clr:) et T = ab®  be Ao tnend '?tm onnual dokea , woith 0“”‘\%\“ ak t=o0
cortR ' uniks 0 one dacm :
‘Ig 4he annual doda ﬁm\e\b‘@?—&_ Yo L ‘?"f““a are. Uw\aw\s,-\m

. ‘s — \ E [N 't_"\"
mm*%\a Avend cauatian 18 \oa'ﬂc - _"g:‘i = \_‘3;%{ _1_{_/‘"1‘

< Tk = Qlﬁl (b‘/lz) ".’}'jl‘;/-i % o\ bmair\,
% July 1S o{ Faa dgcm Of S0 t\\'ﬁﬂt\h, Rt WS M oma meies
fq cmnual dota Q‘fﬂb\oaad TR —g{‘c\—w\a oy G‘x'\r&ho_az.s C*? '"f\b'f\aﬁ\'\a_
volees |, the  momtRly tmend ‘2quedion 18
| Ve
| Ty = @b 2 , Lot OJY*‘IBRT\ 'a_u\a \S As)%d“”\
of o srighn ity ' £ ks of ove mont,

-



=tRod ' g
M 0 C"f ™avy ( AVQWC\aea. et ws supbosae “ARat toQ%

a‘wen otR A Nime semies data f fle=b2ses "ﬂ]’ than a
K pointks mﬁa\\’ce_é 'mw'm& avenoge lbasqd om K valwes
YE-H,) Y{:+2J e *t—-\-k 030 +Ha %\vg_y\ e sre S S AQ‘Q‘U\QC\ ay

[cewusar-~--: k] {Y\:“H"‘*- :Y'r”rkj
- Zway;ﬁé 5 e, (Z‘m j}and
J -

M[wuwzf-» ,uzK_] 18 K- bnm-\-s 'mwmal ow'z_hcu\o_ Ohtnatyn
corth Wy, g, ., WK O8 mu_a —\7; O\waous’\a

™M [Lonmz R mkl {YE-H g Pr YJC_H‘} L'\ Covanashbongd
4o o ¥ime kﬁ‘\n‘\x ("c-\- ‘&'H)

Accondingly , ~the 'm(ww\% av?_ﬂaaa valug covmm\:owi\f\a ‘o0 a
‘ime. Sertes volwe Vi will be.

T ] Tr e g e Yot

K-
= ”""'Y-L-+E<_:lj
2

- ) COé 7_‘: "‘é » ol K s e dd,

(i
2
Noeo, ohen K 18 even :MT\ a K- P““.T\k tooy ‘Q'\"N_d. mavl AVRYs 09Q
Q.{)hnmpo‘ndirﬁ Y 'mO«a be deiv\Qd ad T\% a :
Y
U Wy -, b~ g T
P g e s ( z 2/)(1_1*_*_*:
2
- .
ey as g (Yb‘ZY\:),(M?'_ &Ye_i%-\iv'c‘t‘}/;
K 2 Y 5 j
) 00 Y ) \r ] X o
:Zy d =gt Ttk (o )15 .
=\ - & 2 =24 Z ay{:-g'* Z dXC 5""3
In postherdan, tohan a0z = - .. oKk =42 ’pJTE“'”‘\"“;\JL'h’lt)\m.s

am_o_an_d ‘-‘5\ mble mow% aveyee e_w? exent K, ov ’ *ﬁqkhaam

K-~ pom¥ ‘MA



Desermbe e MA method of"mmd —%—\\—‘ma. What would ke 4Rg ‘ZQ@&C
om moving  Oovewoge Semes W AR omginal Semies undenges a base,
ond seale. QHQNalU. N N

The  smble 'mw'm% QVLM%Q.WQ \7—?’\‘00\ IS O’,f a Aime ~ SEMLS
wes LS o Semes cv.ﬂ orHRmatie. meons , eochof K eonscentive
ao\ogfmmﬁms, We oot Wt AR -%wsl- W dosenvatong , At e
nexe shese , we Leave e %ns"c and wmelude ARe. (K +) St obsenvation,
—this procwys 13 wepeated _”‘“\‘"\ Loi w‘?"‘" at e (get K obsenvatiom,
Caen t\f ARege e 18 eantrned a_cm‘wg— “Re Hime mm&:\\g e
id — o f’g ARy Hme ‘\w\lsqnvql. ‘e luded . ealadation QE 4t
MAVIRG  Gven 0 &« T , tohan, e poled o’f '_mw‘ma AVINOBL K g odd,
The MaA valwa cownesbondy tn hma Ko a value coWieh 1 Q(“mq'\'a
dbgenyved . Whan eriod g fven, e MA gﬁ\\g m'd - (,QQG
beruwoam  Awo obignved valun | Tn this Qqsg', we eqleviate a
Qedbgeamant oo - vram v QVQWO%L 4o make e wuu‘d—‘}v%
i)

\_mnv‘na ovenoQ e Kelush  aswuabond ot olostnved valu

el Yo, Yar--n be a Hime serfes dofke | Than the A3t M of

partod W A8 My = VWYt APK g 9™ wa g
= |

My YEEYgx -+ YRn |
i m
Note ARal, My —My = “YK‘(’I"‘Y\

- A , wWieh s positive am m&c&’\m
17 A 7 - b
=0 “& WYKL PYE n Yt S Yo Hanes , mov) avanagsy |
-gnllw:) ‘e woeraash oV Mﬁ\\i\%q’d@"\"g e TS deda 5
on e avenoga. TH s based on e dat As 3\\‘%3 e
%‘U\M"Q\ “wand Qﬁf\cw%q_g , o 'YY\.O\fl\v\ﬁ a?&h&.‘?“l& go\'\oub A ey
Foond, W rm'co;, “t A8 a ngb\Q N eAS Wn.: og “nand mé\c\ﬁ‘u\a \%sq\%
- QJ\Q‘I\}Q‘\T\ condihions, - , .
® f.lg i‘ab\ ‘:":‘221""1 'f\} Ly a %‘\VQT\ 3 6 ‘JF"B\’_J‘. "\'Q\(Lk'-'{)d\“\ | 03-0:(06
MA  lbased oM K valuweg Micars -oo s Yk oﬁ o @iven -Samay ﬁ%w]
A oM ek §*rt+w-~-,vtw§
B m‘Yt_.(.d " m‘l\ﬂu_im‘:] CMT®y s w) s K pomi- MA

ohenator ca‘rté\: lm‘ o0, wurgh''s .&nﬂﬂw\‘ ~%ig MA value ol eavaoepand ot Time
K = = s‘um'p\é’ MA @aex‘ren{—wc & (**%—'—j‘?

k

y



-

| '- HLOSL O«'T\(;\
data Cy\o\\ai"\a

be o Hme SeNes

LU?.‘I ixt:} 'x':.-_o |
scaole ad follema‘. Sk ‘at - =
ke |
Mowvi Qvir Q. <£ K
O\J‘r\a (\a %’U %‘Z&-—KO_ ‘I’Y‘n(’l)-"l
m C‘d) = __tfi___ o B & -~
s Ko
a bast ond

e, Hg R OYﬁ(a'\r\ql semes unc\m&o Arumne
\ o w
scale e_\\av\ac_ , HRan R o ON IV cwa_no\%o_/\
o opnatent eharge tn  bLasL ond aeale Thab s,
W 4R owiginal O sanies hos The MR vebsr Mg,
vase an Scale | wr saall %mk.

~than chcma; q R _
@m AR raw  MMes the MA will ke M () - A , i

o
113 = X0
g A
7 WNotion of GueoustR Quwves « = g *a.n e have aongidaed
’ drend cauvatiomy Wel ang

eithey polynemials  ovn wedueible o Polymawmial, T Suah,
Coses Az standond  practice Yg Ay use \east 8%0.31@.
mdﬁoci fcm fiting an, abhmbmate Qunve | But ‘'m many eases
coe Aave Ay use  Aeand e quationy toeh e o
bbldnom‘ta\s nok  hkeduclble 4y bo\‘dnnm\q\s.“%aa oo

‘n o Fting ‘ammﬁ& CMNJ Quwen , At \w\a —\'KLML;;
A nawy ‘mdu%”ma ov e a"“ﬁ?‘ "f b:‘é\q’ﬁm ?V\TQ
cowrtny . We Mhove. o ust W wtR AW R, tohjah e
of Ao —tapc_s.ﬁ'n Sueh,  eo3es, WL dsnok (yo 4Rg \east
souones  metkod , 6ffRan methody ova Reeammendeg
Perthaps C‘? ovan anm'\fm ennal \t\‘i\i-‘r\d 5 R M:\O\\\Q&ig
C‘?f Ame Jemes , onQ (Luswuaélok &Q.m‘\.-m@m\‘r\‘?\m‘ug

Cubowﬁa\) '\-a’pa ,
_g_)_(_. Ex?om\%q\ QUNWVLS G\nm}r:mh Qronvey

ol




Teorernes oF Moving Average Meweet— . 0 1 . o, @

ol . ¢ wt of apariedic

o 6. vy _ od 18 camal Yo R .

4). A mwing Ovewage metod cohose BONOS BIRCA g data.

&) gemes 1\& Ctom\:\c:jb_\;‘ asthas oue o 'PM{T:L\‘?— m_l%__:\_m o “f
Tf 40 Uimesemes dde  contans & Poilodid movamnt ,vAn

a%\’m"?hia\ﬁl\ﬂ chosen Simple VA e\\m\m%m—@

S —

e data ./ What 18 e Egg-QQE—G:fT’FFI on Qde\'lc_o\\ Comptnant ?
g2 posiod 18 K,

me .- \_Lg'b (58 G_MS‘\C\SU\ A \7"-’4'7‘\061@_ semesg %Y’t(k echo
—n .1.0_,.\{1_. :\{E*.“ :YE*'L‘&‘:""‘ N o =\,2, -0
QbY\SLMmlt\Q: coe fnave,

Yl+Yg_+--- +'\’|( hlfy_;\-Yg*c*'-'-{ YL(.\.\ e e B B OT\(\ 8o om .,

.

w : L )
Buk these are Snble K-povak TOVING averaqes O‘f extent (Raniod) k Hal
4t MA voley are all eaual &\’\owma- Mo peid Béic'lm' Hanee +ie proet
2). Ig‘ ma TS the undanlying twend 13 eameone Qcmx\mg vpwoond then
any MA WL overmestimate. (Undanestimott) ~tue dnend Yo,
Prm—of 1= Lot us subposa that YY) be e aiven fime semes eoieh 1§ corboesd
cm\a Ao tveend  Combarment amd romdam compemnnt 5
Ye)= T(E) + €Cx)
T) e dake (2ka) pont corighted moving ovenoqe, Mferrues— .o
. N 5 (f,\ L] ) ]
wohe (2%4Y) iS su%c;m\c\a \ge. , hasivg uua&irg o
o § b e _ 3 |
{eoa\a- W RN e Bp hop B -',K} wal that Z w& =1,

= ~K
T R el RAC ER AL (T vk | g""(t)* eyl
= 'th,_k, B § Uﬁn«]"\'(’c)-’r M[m,_.,(, " ""’“k] e Qt_)
= M{m,k,... .,LQK:I’\—(JCJ
Smee {\1[&_“ P ——— tcm\l €C(y) =0 cxé (Ql(-ﬂ) ‘e \an‘ .
. ' K 1
e, ‘:Z‘Kma Y(x+]) =.Z:oa*r(t+a-) 205 2 e
P, uﬁ&m@“ﬁ radin TG:') 18 caneave Q"‘\”%m\é *é\m_ ‘;rg \/ 21@
[SLY- \;\(Q've_ . K
T(Z coa @”LQ)QZ. ma‘l‘(’ﬁ‘a):z ma}/(&-ﬁ&)
3:-\& 3:4( a-:-vc re @] ) tS 7

Bub the LHS e e trend value corneibordiong 4n attwie ot & amd RS ig
(2K 4)) o werodhled Y]\b\l\f\t& cwo_nf\ae_»s Loa‘,to\um_ é:-—K(\)k and .Z“" =
So , “tha (2K+\) omt ma_i%qf\’cl& MA  overeshimatey e “remd .Vqﬁw



(V)

i G g o ‘ \
& ngcck "“g] 'n\o\inr\?‘k oquc\%q_ om - G“&wg—?} :
VE) enid 28 n‘m%\u%g\p‘ \{u\Q E-?—%QQ’\:- e Rl

| c;\'hLIQL ws %\L\f’\"(\aﬂ. al Ame - Wi es: (\d\-& {‘(,ﬁ 1; _\ 2, '}.
Shieh s edmpoged- of cm\n rondem o \Wha&u\em Qﬁm\%m

\JQ \(
= €L whwouw ECe)=0 Nt

and  Qov Cét ; C—_{__;) = {\g2 eshaneyen t=t!
0. 1l -"’C?':'E’
Lick us Eu\f‘?b&o. TRat the TS %Uk'g \s aszmmcv‘(u':\ \C’é an

m-—po’m‘c OV L QAvVanoge. eanif cou&&\-,g GOy /7 WQ - rvvy) WO,y
" A

ne . y = m\MJu_ L9y =
b A Z dY’”é -Z__{ é
vl P | o 07 d
B T
NS -

Than e audy &QOWWQ\QAC\QT\ (m‘? semal Qﬁ“\’“":\c")‘:‘“"\) ? A bekuen
Uy and Weapn 38 5 — | -
F‘g - QQV( Uk u":’\‘)b)
Vo (Uy) - o
_ E% Zw\ L LS PO R Zma e":-!—,v,‘_'m-\-\ }
= e 4= ]

. izw& - manf | P

(;ﬁ:‘waewd Z i Y+&+é)

IR
e(Zeitv)

]




ik = B Fg i
: 2
?2?'"’(1 = (_GY'l'
3:1 a A
S m
0 mos § A
_§ eF e g
N
i 3 :&ﬂ- ‘g A S
'm'—,v;"“ 3
) O+ 8
) = § i A <m
f cOaQ'
?F(\] \f A 2.mM
Now i Wi B B0 copal iR, W zwp= -~ = Mg thon
. m-~-%
s = ™
;-'. ()s o \-— ;_a-- .\SJ &(T‘ﬂ
0 '\g A2 m

Tv\hu—%ame_ , f? 's \'.mm-\'\a cbz.em:_cxs'w\a %\\neﬁﬁﬂi‘f& s that “he e,o')mq}&ahm
S
e (AL fs) bk be_it\"rr\QS

bs |

V2 }3 oo w o % — > 8

TR shistes B = S ipesd aﬂmﬂ*&a o Phe o‘%c_c.\: of MA el mok e,
tnesynloded 15 \ong as ~tae hentod og “thae -mw‘m% anhoa&mlg vaokey
than, " diSans 4 }° ] oetwamn UWp and "Wy g . Heneo, Gy il
be m™uch dwmostRen  Remnes 4ham Ahe vondeva  serdes T, .

Thus tho Q_,q.gp_c_\- C’? 'kn\&'\r\&_a "ﬁ\ml\*& cwaan%g c.g 4P nomndom tm"rt\\gbmr\}

—

coowd b o E[—U\m(-t\q‘ 5 3?"0‘.“’\‘% 6 s\t L SeMeS, pruvided A
__—-—-—F-—__'—h e . g
aswvwdlofion bhoern “the Sucetnive, nembens of e “&ﬂmmﬂa o'may 1]

\gog'\{-‘wa. “thie  efleak 'y ﬁ&‘ﬂmﬁ'\\ﬁ Knowm oy S\U’cska—.\(u\a cguﬂr.




i\aﬁﬁ'f\ bekwesn oy g overnoge mettod and *?'“\d it O‘L‘T*i%&:
Lvbew pudation crg Mtw'\ka va&%\m Aed | —

—

) K\
Suppose Hhar —the numbeye Aevrms 1§ ehesen o be odd %""‘T‘n,
0TS dadt and 18 dangled b @m-&\) A rHhotit oS8 u{’
‘&AN‘&\Q\’\"&&M WL *mc\Q Aang e —\T@ S\ tma) T

*fmms\oa i
0s. - W > Umee '

. jug“{%ﬁ s g“'\\mdw\% Stattment ;  Application 0£ “*‘6"5“““‘ i{“‘;ﬂ&
™MA ‘?_S'\DQQ_B_,E. on Q “TS 2 Qq,.._';\fq\mk A0 %’\“\ ﬁ:ﬂ Q“A‘“\L\
4o suecesswe  K-vauag \ methed of faaskt Nam
-g-'m&'u\_c& L vnid - vales e %—\kﬂ_& ey .‘
Tgeion .IZVY we  ahese ’m%\ Ay e o \nzom ~een QUTVL

. o) A
T =4t , we Mmay dduemine .t Q_od.s'v orenks *o~G
meihed Cg feast Sauars, e, 5'6 &o\v\m& ARs  camahond !
™

- °
"?9’% 7 (ue —o~5t>°—: 0 amd SQKZ ('\J\a{-quz.\«)__.Q

+=-m o=

m ™ ™m m ALy

@Zuk_: (2wt b )k and 57 gUg =a) 4 x e )Tk
£ —wn - L= —-m ™ 4 =-m t=-m E=-m

- Z il . ik . n

& a= f==m  and b= }c____._;*'“ — 5 NS Z:t =N 5
2'm-A | Z‘ Jtz' £ =-m
t=-m
e %o\ra e middle og R paxiod tevped

Honer | e 2stimated ¥

m

we. bw £=0, Qn‘vm*m ssiwe. M= Askl 18 Q= 2 ut{(ﬂm-ﬁ )
'E':—-n\

conion e e imple C“‘m"ﬂ“— C"g Tt obimved Valwy, A (2may)

pb‘\“*- A fﬂ'\aa W \mierpruted Az A 2 vhmated valuw QS“"‘

' N\ aovned W as Py
R LA C WAV 02 e iod 'Q\mm (;MQ;\%&L\ET:\Y&D%“QA

0 nuS&Y\ e ASE (2ma) beints, Aheouin oM g py (2 2) 4%
oliiih 5 T \O‘S"\ﬁ &%mousg\ e Aask (2m41) bonke,



5 - 23
2. her: fe £y e a a‘wo_n TS dada, Mow ‘\g o %—\\-g a‘po\@:::n\:g mend |
4R TS, Ay

P()= ovra e . ... _‘_QPL-‘P —\-Qv-{-&u__gp&—o'_fl( va
pmial ~rend @ be copvalant o i woeighted

.Q“\—\%—‘ma Dg \PG\M
MA maFod <O o md%\q&g oN\a_ ‘sammahﬁe_ and  Sam A
md \'\*’-.S' "I.-S \M\ .
fosghe= &\
K=o2m+\ (o), {
Y e enoose “o '}i& Ao ham a\m\n’f\b‘\"r\'\ﬂ\ 0_% dﬂ_ﬂmﬁ_ b y L2 'Mma c&p_'o\-qﬂm'pﬂg_:
e cae—%&"o_‘m‘r\‘csﬂ'&\aa 2uagt Saroes, e L:,a Su\v'wﬁ e eamaony ’

P SRR, DU
M= . |

.d @ Z{aua éGaZ"cﬁfq\-chﬂ“‘“l\;.--..-a-a?zl.{-adr?’ ;d‘:"’.(‘),?.

. o - P . ol

Aggu:me_,- BisS & @Wﬁf},l. 3";\‘{\(1‘& 'Z-i—_% .;Q_ ‘,g 6 13 0dd, s o\l occun
o thae Jg-'«:.\\mo‘w% VENC A ST LN o'r\\\Q; e |
Q. up = (2mr)ap+ ag J742 LT A% 4. aapnef

= Q 2
Z-t_'lut WASEYTRT LOAT G x - a2

: —®
P =
D ETug =0 P a, Net BT AT N ¢ s e ap )l P
:KP s werte \ DM ZSCQ_....----.Z{_—? ]Z’Ub s igh ....,7‘{—?
Az | T Tt TEL A STt L TR
i % zic?*‘i, I 5 -1 'Z"l-:?uh T ’cf’*?____zikzp
Ay 2

—then s«:\\!‘wa (%) _Elvm 0y » e Yholl aﬂt Qo = i
“Then QO:%_ An- T UL + Ao T - y Lol d\&@»&
Q’Grg’ﬂe’mﬁ f"‘; domedk "W e R now and T eoliumm Wg A,
Tha m@aﬁ.\c of U Lo, T Qm_%elen% g«g W wvn Qg 18 a‘!wj\ *O‘Q,
By = -%—{A\\+’\,MAQ_\+431’C“+--.-~.,.:j', |
eka. dehond omiy  OM ‘! and ostes 'mdapenan k-

Note ‘hak 4 An Aoy > .
"JD e ot o«g oo sames, NoteARar, Qe =0y 3 tea. me:\cdh%g

Qe Adm'h'\ Q_'h'l’:\ QA\ 1




< 0@
. a . )%’-‘zz‘rr;({{:: J&—{C’:‘lm-\-\:) d.“ -?{—'__4421 '.ZJQL"\‘ d%\ .'TZ..h‘.’t_* - hfr.}

= —\4‘ s &x\;ﬂ;\é\‘sm‘d A ‘-oa '-H\e_‘.%\‘r}%’c ‘E{P\L&mw\.

T T =4 b et sum of wseighis’ gt -km-rb@.
H\QJ\@—, Oy aoan oo Q_}QML& al Qg -_- Q—-—“ﬁ'\ U._._-m‘\.‘ Q_m _m
Aorcoiiaq (oW Ak QUL ~- e Tl
Nouws, as 8 4 estimoted volue Wt ’%m r=0.AS v
fee  ARTs 18 cqcivaleds s o el 2hed ovinwane o
obrorved valuey , "t mg,_are\_\(g 12 Na indelandent O'E U:N\WR\

bon- (‘f Ahe  series A Aaken .
4 we W3R 4o &Y acumy

E._KOKME\L?-" Qubbose. ane have a zexieg oM :
e — cMlakh best Abbroxirrates o Stis [aven 'Pem*.«,;

ond  subbee wo ond oLeulle OF b;xmr'\d‘\na a s¥ns Q\%Q
AP b rrandirncion , Whot - oee tRe wo_a_a@r\rs e,grkax MA 9

Solwkian: Considen e seven, volsn Qs S Moy Moo Y8

_ ug ‘
Ouon F“‘Q‘\m\a\. e Wi = o ol vape™ agk® 300

Nvemol 2oualiong oM &

FZ'ULE =7 Q, + 2809
ikl 2% A\ X \aeag

7 L2\ = 2806
| AR Uy = \agay & \stbag ,
'S‘;“me_o_, Q‘“W. Oééé) _ZJL%':D.
_ | |
Qo = Jr_;_f iih PP —'Zl&.ub}

So\\;\na —?uw Qg 4 WL &Q_\‘

\ Qe

3 E‘E_ - 2-“-—:.2'\‘3\9\.-_2__4\— QW —1+ T\
"\?'Guq + 33U, — 9__\-L3

@am\c«s\k'e-— b el b obsanved TRt n Ris example W
T oad Aave olteuned YRL  Aame volas {lm ao W we dned

quadnaties inatedd OQ auloles ,*gvn Qo doox mok Aahand W
e mowmal eogeahiom .« aom:\q\, e Cosep 0dd

0\ .
\Y\i\xda/% Ahs.  QOST 0‘2 Te mexk ayven Vo\\m_cu%) b,




" Diseuss —'\-Rg‘ MeARsd gf Gvroudp q'mmo%h n Q—'&Hv\?( mo&if-\p_d e_x\om@q\
dnend eausion {5 o TS data, U " '

MeARod {f‘i‘f‘ax AWM b —~ . Ay ‘bg eapoion g have. aomaidegd
—~ alseiat Cm’_\‘\\ pxb\d\m "{—nQ_T\Q\ .\f\ a "‘T\Q‘Om
Abe 00828, Gocasionall , Asowee , ko mes peFak2MACIEY Fuitaye)
meXe.  Qompliecke.d Avoend eauoom, Ome. &“Q\a s Ao m (\;‘%"Q(\
exporential  eopralion
-rt— =K *‘f\\){" T i
—he ewwve  Aapbroochen K an an plaon \\:r‘n W \% i IS feaavve.and
abprmoackhus K a3 a \oweye Wi \% A s bosWiva. o “devermime
ko AR AUNVE bw eSO\ ang e Q”.g T covavwed
i ke o A e K ot ey
]

8&6 y M 'PG‘\W\-.S 0@ 'J\;:\“Q. EMW\Y::ES\ Hutotals
m
R i Sa=3 Yer 3= e
| ™ 4

1 )

2"\

~+hum Al cariafion Ay s\:-\—cﬂmé\., NVE

™ '\__\O'W\
o=\ :
i\ =L
Sp= Mk &S K
L)
Sz mk BT \\r—bb .

T Wowe caqualions oryuenow Ao\ved 'Qm-a A Foowe Wnkngwnn -
K, a ond b, e valn el b2 Round *o b :

\
b = —82 -33 i
' S|~Sg
a- (i7S2) W e
LO—-wm™)?%

1.
L Sy — 2308

ond k =

Grombenkz  Quown t — %
- e = k'ab )
ov, logTie = \na\& A b"‘(\o«a&) |
Lo aﬂ. being o s mediiad 2acponartiol fovm,
Surilon 4O by Above ease ,




6

aq MeztRad | —

f\>«=_'nrw.c\\m\.( on MM'\:@ Avenao
Te wmmoenige, '\mm'\r\a avenag @ LAt AT
o:f o \m\a ey Anind °£ ABe  Sened \&
\lnrom,

The dcte ona e gulan

A g @ ol Yoo,

V) the Avwend 8 lineon v ahprra male

U) osaillatony mmoevermants %&Hv\%
heniod an arn btude ,

Avend 18 Mot lingen , 'mm'md Overones mirmducs o108 inie,

Avend YO,

Mgyt avenene  MetRad "\ wverw gh"d\t’\l m Yo sonAz. YRt
“he o ™hom ﬁ"* Qm Movse g\‘ \nga-\—g—-\—kt_ dovo.  2imbly Jlenulte
N seme mare wend valua, § %—\—&M Pravioun coleu\aheve QYL mat
O-ﬁ eeked at all,

T MA meRod  Aas the Llewsimg drowsbocks |

9 Tt deas not byrovide e end volues ‘@m all the Aermg, 2'3-:%%
A e - g_cag eockent, ki), We have 4 %o 5 B
“eend Yalun ‘QQW P '@:\m&"\‘ k and \ast K Aevmg ogh-amk Nemeg
w) TN acend b2 wsed %m %ﬁhm&&\f\ ov prudie n '\'ho_h.\,
wonich 18 Mot ooAldive c@ Meend omc\\%,ei .
m@}m__ which eymbonunt ALF’HW\O_ Jomaes \S "m&:ma aphlicay\e in +he
%u\\nm\ easeLs?,
-,J Cine \n ‘fac\-ond . Anti—> Rondem Qombpanent
1) Decswase in .o.m‘e'\obmcmk n & dugon fotory duwl W ol Acason > Reagyna
'ui'u) fall 'n dotR make. T dut T ’SQ&QT\’\H%\% neswonch, — Toond.
W) An ana GQ b"‘“&\"""}a‘ — Qdm'&\ CampoTant, |
V) An often Eoster sde na depodment stewe , — Saasena 2 mbovunt,
VD A wed 'g““ mewaged woheat  prodnetion duz 4y a Cansent Aneaase
bopulation, ——> L\onax\tmm Trand,




® Meoswiement of Seasonol VortaMons : — &)

.Ah ime fUmes o tubb wal o Pe'_n‘\ﬁci\c_ gkuc’tuo&ioh%.,ma's@&\ m
chonacters , Ond these Rctuotigng  one ammo,\\a O Tmbartant in

—fRain, @{-&k@m , Wpor. businesy “fRoan ARL lorg (Fme dnend . 0wt bnoant
Aoncarn 1S ol wme\@ods c-g ‘\eo\a\*ﬂ\a ueh Seafemal  veniahiong,

We shall consideni seosonal  variehon  Sa oAl 0w

C),uo\‘cen'b@ dota only , lout e procedioe. dow muk\\Q ov doily Ver £ousl
dotee colll b aite  Swmilian, 6 d

EsRmedion og Seosonal Qompenent

\Z2 \N/
Smpy hemage | Raffoty nend i
Metfod mefod 2l WA
| metRpd
( No +nrend Q Tran d 18 ddenmined Thond '8 decenmind

Te8=3% \:;t=hz,..,n} by matRomatieal

AepT: Estimate trend ’ﬂ Caunve ‘f-‘—\-H ) Merits & Demenvts: ~
an aplsmoptiate method . Merds 2 Dementts § of all HRe matReds a{?m“maﬁ

SAT: Petpend e o e meRod mong skt sasvnal voniakion the
data: 2 -Tg = Yt ayelieal o Wneguion eomponunts,| ratit fo MA matRod 1S “tha
colng e cmm\mv\r.r\l:! buk if tAL Aam : fmhl\o‘rhs mosk sa'\-isgac‘mh ,%Qlju‘_b\(,
We 18 We=S8p+Ty roonounced c-_sﬂ'eueat 20 mg8 R | and woidely yeed Yrudfod

Me\%"r\-s Pr Demerstt= - MA ‘metRod CD‘\'L\ b 0 a}bm}m‘t&\m
o - “thaese
This metRod (s based oy R ¢ ‘ndiceg do npt

ba mov‘nr\a aw_ho%u:)

-t ‘IDV an . -] -ﬂ\g obl Vi0US d g? ) '"\UQ ng
b 3‘\0.'_ as 'ﬂ'\b an Q dan “ \%iu‘ Q__l‘l&QkQ SW }-\' l
QE] Q‘IQQ\ cﬂ“\k\bﬂﬁ‘\'{"s QT\C&Q‘M\&‘!S‘E wﬂ% '“\Q:i‘ﬁnd O\fm m M mm I\d’t E-LS 39 Pbttho r’pn --Bnqn
H \i .\ 1 ‘{ .\ v k“ ¥

\n e\m '\qh eg n '(QLL gan "H?\q 'i'l\Q’H?\gd

inpeaulan ( , 3 . . ol dmag,' N

© venoging ~W heio o thend’ can b olrtoird —Thig 'ﬂ’\. ‘ o ne

f:\i:ﬁ“e:::\:ga amuu.:\:a ZELN: f{on eocy, ™MoR {%n calwiah tdaa] @nmkn\t\o_la uhilire e date,
d

Since. dmostof e economic | qyo avallabe And A3 Such, i Wiy of i?‘;:\‘m& |
TS have “mendg,Trene unlike e ‘vafig 4o MA 4 meiRe)) MA alg&m‘i‘d‘“ :f*t‘th
agsumpttons n ganer alostz. e 1R no lesg 0{) dota . G é: Lby{:ﬁa and for e
7ot true. 'T'hﬁ""%h simbple %“3\7 -
Hhig metRod 1S not yast €months.




vl e M G v queaianiy’y
0) %iu@md data ] - Mo of mordly C 73]
Avenogds ¢ d : ‘
el LS When the  date domik Contain @ Q\\M\ :“a{:"?ht:fg
or tend Yo an abpreatable. extunt , AL inwnBulas kol f 0 0k}
‘mc\\G Lo Miminated bY ¢ aveneqmg R montAl ( e \dr ‘[]!
2%ey ol ovay: LONg ok d&“m +me \ntenvel®, het Y3 be th
0\3&(“\[0{\“\'&7‘\ Qmﬁ, AR —l‘_e\ W\Q'n*% n =P ‘\"EB. 2O . f\& AL doe %Y\‘a
Qontoing ™o “rand ov oyolical QQ""\\QGNJ\\‘ ) “the mha"&“\m\ YM\Q\\Q'\\

8 timinaked oy Q—‘}_"_‘\\"*H“é' Wa”maﬂm Eé :‘Zy‘a/(m.qﬂ\dqmgi
ﬁ:l(.\) 12 . Q\mb&"- ja meesunes  ~the seoganal o mbanank ‘th A aﬁ__

iR,
“To exbress A aven Y

o.tana Hﬂ Qa3 feanona)l Tndleosg R
*HK;:Q o shouwn ag Psmam‘(os&ta of tog grond MIN, Le. Acayena
anxeﬁhwtﬁmw 1

12

2w, m"“’“‘%@:—,‘zzﬂ‘ﬁ—q '

—

Fn\”w%m(’ TR i f’f Saranal ndiean N 4200 gtm mm’v‘?\\q
deta ((ov, 400 pan Austenly- dava) |

v addiive model, "YRe qrand mean R fulsnaeked
9’!’“\'\'\ e R Q&n, Quaken\ J wunages 1o o\otain %MQ%M\N
indicas tahiah i tRRg Q3L gl add upip ey,

scz,o_um'\r% geasenal tndices ; tohidn A0S awstalim i shnetva. advortegey
nvoles ™ OV LWO%'\ L nath v tend . T A% apbliaaty &2 :g,\ L \01

: m
method , & Suidelb\e cauation 0’§ Tomd , Mneon

Y onon-ingon , 18
—?:He.d. o T dotel , e octual Moy dale O3

kzmcmb-‘ﬁt,ﬁ o% e mhh%kbh&l’lﬂ@- Trend %{amuu‘

. o bL WL sbeswmeval

iR ot C*,Y Re R yRow, 'F\\'ﬂ%\:a dlﬂt‘ln'(r\'\'ng__& %ﬁiiﬁiﬁm

based oM, aos\\Q dotel " and oktain W\QT‘W\\K %U\S\\{q\u\u,
LWt T3 beV AR 'f‘hmcl N ol @‘o*eiwm‘c\ N AR Arend.
2 auahom ‘?W*&L AR et :"“%‘* iR WK L Undan,
cagmpton 60 o T L1 mubieatu o bty 4
RofoL vy Aeand » \a = ?f"k_x L6y |
|

| TR wahey 6w benea 1‘13\ g
componant SR o hasd- 6f TR e, e rokip
Showd  seme . yaw'odam, Y eon o “&QQS‘( in R Mﬁﬁ“&ym
’%{%MLS ’fnn ’ CNVU\ VTR ot g %““ Lok ot



tow

oo ARan Qv en- ‘ (
WL Combuk, e =0 AR i fnctunriom g

h.% ’ ?jh;(;\ / C'l’\u'm\och cr?\do_amg i

12
7 " {1200, siasanal ndicas of oy

=\

®

i b yumoved ) §

Vonichow ane AR
Obtaind oy adjuting "t “3/3 o add bbby (200, 1w odjustmant

focton 2 1200 T e e seacii
' PIRYY:
F i)
Erm\aa Ry Gomi w aeimt . LT
)y A=V()12 T ey, g |
add  ubtg iatru. 17971 3 1 GO Tnuctey 3’9 must |

scotonol indices ayg

Q-Q) RQ{:\O +0 'YT\QV'\ I
g, QVQWM T Moving aven .
u:dtg“\ mMetRed Og Qd"’g“‘“‘“ﬁ Seoranal vyoniationg , “% Fon @f‘?mtﬁ o
discusyion we OSsume Y Hagt we Save g memi 220008 of ;Ji :
Y1 b Re obsenvation fon o 1B momf i Ahe Qg el 0w
Aa&wfﬁ\\ﬁh utiblieakive. ™Modd , "~ dada Y‘l S Comboged G:E.Txcx
o from! TRy 468, 5 combe gy i
g \ Qvo_ne%e:g b & o fame |
e\ Q 12— momtR  MA and  ®Welh \gq ) o“j ‘31; }T

' CL_'Ur\ Q'Q‘T\S‘h(_a_ .
' 2-pomy MA. e waties of R emginal b (i) Jm‘:@ g
1A

valuag (&La) Ay @2xbected o feranent g Monenal Yaviay

%m\\— t/? ‘\Yahu_(al.dm'\ Naniation | '@, R NaRom s - "‘::m ch\\ﬁ'q
4 v NGy

THe scosemal  Yoiahon and Q bonk O‘f ‘mhaau\w\, YOJ\'\C&%Q’\\'H"Q ’Txc.x;nm

. : . TXo
Theses nafos, one '?om.qqk montR e 2okl .{’Qh = SXT .

) Q mo .
and G mwtRs Qb —tRe end 5 0N radpruned ag b "ﬁﬂi Qm ‘ausmn",\{

/ i
peneostegey Qh}i =-a_7" th) oo homs vaniatom foom Jreoto yean,

m e dulafion of A d »@'amm. -_?bn o %‘wm Mot e vales ?‘r‘a :?DW
Qaeh montR  odu- avenoged no ARoy ‘mm_eq\\‘m Yuctuatiown MO b xmveds
HRat 18, wC cywpte ’

H é: LZ'Y‘;({ /{Numbmog’ywmf} . 'Ig

Z'ﬁﬂ' 7= 1200 ;7R sta3ono)  Indlices of mmﬁ%\a_ voniatiows ona an

—
—

o btoemud bd— a\dd'usﬂ%ma L né’é o add upto 1280, the “Qliuﬁatm‘\\;*
{Q@hya 8 A= 12060 ond Ao Yugrned xweasomal indleoy aw.a‘wq;c\ 5(77

5

Tt {Md , g (pie TTRe o e eowimuched 84 sk add
o 1200,



p The addive model, , T oVt AYRPAFEN (mg\

.

0
SLL‘C)Q"\‘hOLQ_!t(LcL é"a‘ﬂ'\ e o ‘U\Q\ valuy and ~aL  doe am »?Q‘R Q
Month (amogew) ane aven ed  ovan ~fRL yeang .t MOMHAL (qm’\'\ah] \
AVteoge” dwlalons  are %‘x\\q\ : acgusﬁm\ 3o ‘hat AL \?)
[Woama\ valluy bCesme g QY ,

Examble «-

@') QC\\QQHOK ’QC\S Shatan no Q\cbhe_o_‘tqb\ﬂ_ change " AIVS . 'C :c\\.-
annual vaa'\n-gn\\ ovarn —He o eany, 1 \sCn foty HOW G\ %1\&

the ARasomal  waniahon o ; b \ T
aem) “‘“m\’rP\\aL Qo | \. painfall - 4y Qalesdtx awu\ —o Q‘VQ‘

Jolhion s —  When ~tha dode do ok eontain twend or QQQ\“QO\\ Movmenty
To any  abpreciade, extent, Luk only Axdbonal and

1w Lqulan "FQ'UQ hom |, tham b el &.u«ﬁ-{e&*\o wae the M MQ:'SQ\QC\UQ

Mmontilly  Avanegqe # (e, 45 o AR rhouk making ;
Izhu‘\mi:s Qdiuq-‘:;\%eﬂ* )'Q VLRoge date.  torthoud \ma C\‘r\q

Mubbiblicative. models Hene e tmnaquie Yoriaton o e Simimeded
‘ba avmma\ma T Mmooty date ef woihjﬂq\\ 0ven nw‘%&j %tm
2och  MmontR . Lm_\;) Y{a g, Y 'raal'l\%c\\\ sln'n ~he é’ﬁ ‘W\mﬁe\ I N\ T
rfsal 4eons T21(96 5 4=V (912 - Hune Tag& easuwxan A Acasona)
eymbynent and 1g 'ca‘wm ba %% sl 97 ik a-:\h)m. J
Q ok 48
sl index o A 348 monid 13 olteimed o Ty=thom,

= 2 19
e 43 250 g /(Qm) = % Yg}/‘? R qrond meany

L= Ay

fRot M total (of e seasona) indlew 38 V2,503 e,

|2 {2 . ba, _ " —

ZI. :th(_ﬁﬂ_ :\GQCZEH)/\G = o4

SN Tk

Fove  Additive model , “The ﬂwacmol MAIM (" 13 Lultnaakid %"““'TTL'W\:\
mwﬁ&\a o (‘aa) o ootain e Aasengl Yoy, saiyel
In Mg case @il add wbhy 2U0, |

[ = S SRR SR



@ The elo&l\a -gﬂoco c;i))ma%q was obsmved fan the 265 dooan qu

20 oM A Y Pantiey\ay soad o_? 4o ity . “FRedadn nevealed Adak

Q) —hae Qiou&) Nowed  ovev <. &%&4&& d(ﬁn n—f a tocek and .

(1) —the ,Qﬂom 2 QA dviodua]  ‘nowase 0ves —Haa ek, Desariboe
drailg Mot R date ARouwld be analysed .

Solulion * = hen -thy dcta Qo Mok comhaln  wblical movement Ho an
Abbreaiable  exiunl  bub ARl data govoits T Aterdon Avwand L& Magonal
A Tg combuded by Ratig o —Awend metiod X, The qiven data o{
G .‘\»L':k&lﬂ‘% ahom, OQ such data @omg std Q% meslon mend , Arazenal ]
\ ant ahiam hb:\— :G\L a :;Liic\\ Vaniation Y 1g gwven Ao bo Qbtont |

. e Yy b datn om A o of Awalhic Ly, -
:‘l'ﬁ\ daxd ' AR 0 VR waek \ O‘g i ’?mn -

:1Q)H, '\::lQ\ 0] ad
oxtna day). T Ao mettod, e m’v)t\s Q{x\&;@ 2 o

a tnond mm’_\! fov i ddla oM e kasis qiow&hﬁ '
Q\o‘db Frond 2queaton, Ligk
—tha_

i 0% e Anerd vas. altednad brym
“rend earaiion '?on *?xél é‘*ﬁ_ dca m r}Q\L_‘(JJ.E\' Looalk , E.m

- Undes A dssumhion, Afar R TS modsl 8
ﬂ_\L&H—'\}DuQO\Jt\\FQ_, ) WL wombute e hahos ty r\m;emdj

Y '1.8 :—%—*Yi -xAG60 .,
thuse e atog “ri"d measuwry e seesanal combonant Qbm‘r‘gmm
oany  rrondom Aghm’mh'mg\ We duke, -tRe avewa_lgo,? Wi(»i T
: 52
wake, o, “Zya;é , \
= Sl nofyny * S i s
[ st o
Uuetuakom may b nemeved y 4210 .;‘mﬁmi\q; f”fl“"-ijz ogdd
w&k\d nvoniahigan  are TYRan o\o’\ﬂkmi.b‘d Ay 36 Q

| _ 300 _
bty U700, Heve Yho adéus’t'rf\m'% gathm A _-___Z Wj

[ \ \
) 'Y Alogy  arw given oy |
Then R swgqudyed  Seasomal ndileey ?%

-

> 3
Qre .5 s A=l(V)T, Ao tRat B yop = A P4 =00
{ j =0 2%8& a;’?m d'?::t d



FhYa Qﬂdﬁﬁiv&moc\;&,ﬁ sHoasTel Qb'\'\’ﬁ"&m,h 'S g—‘ms‘c tSQ\O?VQQ\ ’ba
COMPUING o =y e gy 5 ey o PO of se
Absteyaiang :'I’QL *‘d,\LG residual UMes MMW}C\{\% van oAt A
Mngulor eompanant , Tthan v 4 7y 0L g ﬂwaﬂmaaxln ,
v /6 U ovene AR weekg gy im0 e st B iy o el W Ao %T\
ndicry @ abtaud v e\ciéug‘r‘w% b “’:ﬂ b0 . e ) o
Fovs ARat buspose debing N:%Zma et sgasenal ( o
awm \igjmga ::(‘(aiv-/u) ; ‘\hﬂ(\):\ . a:\l T T e\eon Ahak S& A gk

add *Uy ,

Vruolam (3), ~The  sdles og G. pawhomy ROIL T s, Sbasn ™
—————  Maneh 4y RS9, 45,650 “yn opml (A%4 Tt cambparey
2ecsenal ‘indieey %Qh RS o partkRs OX 10S and 4g
nu\md‘wd TR awangn crﬂf “tfha Compor aoqmww& d’is:@&*‘m—%@;\m
et FRe S APTL oles , bur e goles man@der S0hA Koy g
toas quette ?\QQSQ_& Wk ke Rg, 3,600 ‘mease, W’Y\Q’\'
ANGument  hewld the QW 6f A cavba
'rao@\a o the soleg ’W\C\‘N?%Qn ‘?
T Sales TNAN2] 2t " alse brediced  on —She_ oanis Cﬂg
e Abxil sales et AR Fretod 1A% sales  eveng %a‘ma o
b@ R, 5,796,680, Crhiaise ¥ Salls
and. explain how
arnyved ok,

Mindsi— “The  dales mo\m%m Ald not  toeke “wity CLQQ_I,Q\L“IT Al

soamnal ndlaesU of Mosen omd Apwl, On N bany
iMC‘?\@\ sa\ey, e ownen ’s estimates oQ‘ xalexn og

ml 14%4 Kmp\m& An viesd Tha Seasonal  Sndieon asw t

Ry Mx\qn = RL.5%22%33 .39
T '

Sne.  cowpomy’s solas of Apwl Mz, 4o e
($3,233%:32 — 4% 600) = 5323733 \est FRan We. estimeded
ales | pwiney'y &ssdﬁg%@qm ts jushidied . Sales MC&%@&
sk, Gg gales o Y loasis og w\ - gales NS 3 i

Rg. 48080 %12 = R$, 5,18, 68
NI, ApmVs octual ga\ey = RR.4b,680
Apml’s se080nal index =\40 ey
<o Abril's geasonal a_%@m’r = 160 =140

»r\\(-} Aave us TR

R MQT\O%‘?—HS Lot
Aa. m\‘\mq’:u% 4L 0,0 mqa La,




Henee Al o gimaked Wl = QA)?H\\‘S ackuol SQ\L&)-I- seaspmal efect @
M.Rg,

- = ) \: ll"‘di
m&éim YR bvasis Q‘q Ab™\ 20)e , AR astimated annua sales J%w
Re. i%%@*x‘i = Rei 4,11, 428:59 o Rg, 4,1, 630

—In e above diseussign NS hove weed mubtiblicative, model a? ARY

Y %'E n alime Seyey & — As R dl%\‘n'r\{o'r\,

Rowaven Ol . 3“‘{] WIS s Mo ‘E’ohmu\
M\aQRe L. Gan e 6 otadmed Aq - (6 %
com™Mponant  dj wq_f‘ﬁ\q ot am AR AT andem

| wen Pt of e geptas »Usually e
201\:‘33‘“6'“"{?‘ CDT'“\PUY\ n\s C\}ua- % C\eﬂl""‘fﬁw\e&o‘g ond “ar_ o "raqncaom

. ;{S;i T\qué. wE\:i;\/th\ .9& i Unaces unted —?ﬁn ba\ oo Mm\pm\gn\n \g
) ' \s  ba < 00y e

W R sentes, H@me_\rmf:;\i% \;\L%m“ PR osediations oppean

us T ostyimata, e vany PN m%‘v\m&& MetRod enalsles

anes | - \
_The. Vasiak N‘g*qxenmo_e_ M@fw?\o&afiei g i b SRAPaE
Consists \ \ oot wea e Coneelt of O sanies o
GQ, o \Pf’é\ ““f“cl\' -?-\P-mm—\ Yus a W es\dual 0:? a mone on lugg
Random  kind el given nise, 1o & MetRod coliel almingtes g
‘po\_ nomial  element Yo ardng . Q km) }\MQQLS%‘\VQ_Q‘L%SQNJ\QF
ol everttual erdivael eliminate. ~ an r\%

. oo . - denent cohieh s aotug\\L.
7 popyrimial in 0okt s and ey ol seieg whon almost o U

e \iminate G‘\q‘n ’BU"AW\Q‘“Q demen 2t , annabs, exborantial or

eadiaq\ “‘ening , -
~ Subbese e me_ Sarey Exb \h-: Pt ~2,4,00,2,

-

. K—1 a
& knoton Yo b of e fowm Zy = PINEAAEN Tied s :hﬂ‘“ﬂﬁi ’

(51! 8 - 00W unkNOWN and Sy has "%tnhmn 0’ and Yasanee 'lﬁfcm oL,

_ He_m,} K 18 unknawn, one w&‘q 01? Vo oy
kg ‘0‘6 A wmi-embirieal brocsdure known al Yomares dflerumee
method Y eoWieh  wonks as oot ;

Now , Af‘xt :A'R/ut + A‘Eét 5 Coree A‘r:\s AR, gonwa:cl diﬁmmqi B\qu*ﬁn'
and Aheg = QE"\)het = €tan" (1)6 H%_‘-F(L) € Lapn o +6) Er
Sines €(ey)=0 ond e(ed)=V, e fin §
= (AHGE) =0 and VMC&""&Q = \Slzzo‘ (t‘) = (2;\;\).'\?}
How e eongidoy e samples (%1, &z, -~ %n) and  feom thawatoy
n

£ 2 y =1,2,9,..
Q,e,ﬂ"fr%fe{ < (4 ccb)/(?ﬁh

=|



B (e gl B
= (@5 (ahey)  mimen m(aNe) 0,
S ah L '1;‘_ ‘2:\ v . and
. -HL\\FE\ dh(‘ f) (‘3_9\, : c ?hv
“JEQQ %) ]T%HJZ(*/“)*(“

gt "
2 vy ¢ % h :R PR~
T L - gy &1 07 Ry

It W\l e noked tRok Ry s nonm-nigoive and yanianes Bova <\
A> Kk thus & Qn =n -gztmq\\ 4> .

“This, ' a bractical tdueliyn 0Ve eoould caleudate Qg , R‘:"Q:EJ._.
and chtose as ARe eg—\c‘m\q{Q ‘*g w —{Re val o 2 Of&,\::\'\‘\ﬂ',\\ Qi
Abbrans 40 brcome. conglant { 27eebt fov small Tandem gbmﬂw}
and usw  ARak Q\'\ as an Q-S“F\MG&QCI?'\‘}. :

i Lubpose i b g\—}cq\ Gi¥okidn, Q k¥ hamaing c-_Qm\,m\

WrRkin - sampling mis | —fRan e estimate of K i %KW and

. ‘ - K* 3 -
£ Qk" SV, e an estimake crgf\‘}-Is QK*:,,:__KJ(AKQQ (21{“1.
Remank: - Maove. \mpowtant ban‘rm\a% , 18 AR Qe&‘c T a KL K*JI

A Qf\mnch_ O Sees 0(:\\’\ e A mok . bﬁ\amm;\\oi\h Plus o vomdom
% estdual o alsn ik valuo, 0% Rz &dhgit)l eanich,
dearuote Uh to Q@ bowmt and Aumes. g ao_gt-:-}ﬁ‘\q% a po\m\wm‘\q&
Wodd caoud be. approliate . Th Some sl W it Sund Yo
Qegiin ces 0£ Sy otk coould %qw_ indicaked v, &Q&o\\o*@_\td &
'po\'anﬁw\\q\ Yo dsl , Q\\"\e\m—ﬁ‘f\ e rual meddl wan oyt dl%mnb.
Ig in {adc,""em S Ggo‘mmh\ﬁ movements An AR temiey colieh
Lx%’@r\c\ aveys  Several el peledy tha ‘ﬁ%“sm@x Wiﬁn&a A
ho_a&“& ‘R as  Ftrend and e\l 2liminate e x . Fov s
e P ey
mqondd_o¢ foing @ Towen Tt B b, e ot f oy remial
-?{'c : buk Mot .Qg_, . 'PW‘DVI (h_ _i'\: QLW huw\a, "W\Q\ a
\’ol‘(\nw{\q\v medd, iz Sbprdpma 7




Auto connelaion ond Correlpgram « S~ &

An imbovtant quide o ~+Re bmbuﬁﬂm crg’o\ Ama JLmes
ig bravidd \00 Q serhey “of orantities ealled AR sample. auto
Gonvevee\aiom e_btg-g—lciomb Ov senial  Corvulohion . FEMA reasuon e '
eonndation (1 any ) between ob senvadong of diffornt disteancey '
(:LQ. ak di%&-mn% smes borms) aparte and b rrovida LL-'ZQ%JL d-dﬁkﬁ\ﬂ‘ﬁm_b_‘
.mgowmq&‘mns . TThig s alse an "pontant Yool n model buf!«\d'\r\ﬁ
and often  prowide vawasle taols to e suidable bmk.dc\\'dq'
modd g'rm Q. ‘Q’WU& ('M‘c Og dalc .

DSEFINTON - — Quven, @ ologenvotiony Ky s--
Serites (.,nﬁy() baing o,f valden th, rz;;+k) eom o %ﬁ\n'ﬁ\z& wyttA Q,
(o g-,f bamigd K (V2. @bseevationn 2ach podye oru pearated by K
+ime ‘mhmva\) . Racdcmci\*\a i -E‘ms\; slostnvahion of aach poin asone
vomiakle and HRe 2nd Yone as anctRe vor\aQb\L e connelahon
coeflicient Q"I"‘L&) betwaean Xy and Lg4w c\‘—%{M&QQs

ey BT OV

i
|
|

Ry Cov ('Xt r’Zt:-H&)

T e ey
ﬁg‘xt Eiin — (:\_KJQ (fij’.K(xt) ( ?ff‘?c{:—w)

=1

i ’ .h_K. n-w 2 l/z n—K . X ;',
il b ) ":Ktz g (Z qb) j 9(2 A
L | ..Q\‘_K")z L/ i h"Kg etk (.’nhk_) t=1 !

t=

‘s aalled +he serol chendatin o) ordo K, kK=0,%1,E2, -0 .
Obv'nuusL P hn‘;n-.:i and P_k=PK ¥ K=4,2,3,00r-0

CotRan {oﬂ VN‘\'&\ valu Og K, PK 'ﬂ\ﬂa be  ‘meaked O8] a '@W\c‘r'\or\ OC K .
Ag guan Pk \s oftan ealled  auky - cornadaiion gungﬁQ“CQ_Q_MofﬁkL
vy TS, 'lg ks based v damble ,~Rem 18 called  gomiPle aukn-

Svpdlatiom funedion BVARURY waged om  Hopulahon data , Fhen o

g aalled bs\ou\a’dnn auwo Mwwdq%m %\\f\c\“\o“ﬁ,

ond




Sl

DEF‘INmQN;,\
=y

oy bl
EWNMONI A commetaguam 18 @ greth oS B 1
e auwg covavwelagWomn  ap -H-'ctml: C‘ﬂk) ac&a.m%\( e % Y
K= R N 4 interpt¥ing &
=0 'ﬂa:.;'\:d ceee C()rbhe_lh wom 12 O une ard Mt r\a

SR Lovrelaion ag %%;e_ém\‘t‘& ond visual insh Q“'-)‘%‘Q“Ozg ——
Cow kelsgram e often ver 4 Ialpdut . e comnalogn .J-no:k{a\rx%(ae
OMannalively b ealled dhed omple  auko - conraation { ~{),

. . N s ay |
Q%hha\ganqm 18 unLQLee %‘W\ CL\%QU\LT\J(_ 3

Ry
o |
s i | iy
22 | n, .
% ¥ 4 e e
: n—i ~_—]\ V] \ 2 . or -

-\

USQﬂu\nesg a:F Cavvelognam’t —

) Qovmeloéno\m \Dm:}lida's uai{lu\. desamptive. Q?‘\‘%canmq*n'm\ hqaosﬁll\a
e = Yundon eomdenation

i) Covewel w Adkeg wide\ Wovork < .
)gdn’\mme_gg-av;?\& 08 Suah a bt\j%%n\dm 0\\’\\? Z)::% mmd;g&%}_
o iy e o v,
acasunk 'gpw o 2o\Notton "movements Qw\ o
'\'t‘p Qovwelngroms ore reportant Aotl  'm mods pudldi , and
oghtn\ \b'ﬂ‘gldﬂ_ volsoble clues 4o O Qurteble. brobab\\thy medd

fon qa\vm [0t og dotal .




P TR T b

B ——— T

jiw+eh‘{>¥ae\\m A Covvndegrom | — @
U " = N

B Ouepelisvibri o) Random Semits @+~ A TS ie soidto be mm\ﬂ@m\a
e 9‘“‘”’d‘“’0m“"?.‘ “uﬂ soraElate GQ a somaes oi: 0V sevyalhons ’V\avm{% ez some
distwibution . “emn _&10“ l oo 'n,"dc 8 Q,xbm’t@c\ Aok Ny D ¢ K1 2peecia
Tn gadc)%m a vandem SOds Y 1S a’p’pmmlmq’tﬂu N L“”Lﬁ <thaus “'g&
TS 18 vondom ,-then one can exbeek  an on avenoq. ol oLk Gg 460
vc.a\m‘ns o;g i "‘l? \ie \ot’\r.mﬂ.o_'f\ .2 9/\1? s sbotligits omw qg’ e
C&li%me\Q.‘s N A hrading  agunelageom; - ol a Sanoae numben

Q0 Q__%Q—:.Q.&‘.Q‘t‘\\—g ouide kel o .covdtein one th W\BY“L) unusaol peyuttg s
even hm MO veal e%m’cs Oru_ bneseny ,

c-—‘]

Qo) Caveraddg nom (o:f a TS fowt Inont - term conmelation & o

Stahonony TS often. exhibit  Shont ~4enm agvp dotiar o '

o %;wl lave Gg vola of Yo —?o\\nmu}_ b& bn(:) Ove &O%V?&q::;@%% il:;é
eohich ) while. “Gneates Ran  2eno s A A 90k Suacesgively A q\i-:;
\ obuus 0£ RER o ttm@;m ban Aend 1o e abbmosdmatdy 2o ATTS
~hat gives  sudn a comndlo ‘Y_BC;%A\% o gove @Wih an Y Gocen ok
abovd Mmean tinds do be T follbweed Y 0N v mowe R o
sbsanvatiom Avwove, —he mean, and S:‘am“(mﬁ -go\q o3enryahiom begw

A
— > Bme. -

S

e

14

‘7"-——’.. SRR <




L Covvelaqu ' aTS ‘a8 a
s 5‘:‘5.“\-\,‘:{3& ‘\\“\&hm\'\w{\r\am e 2

R | Aondmney o avternayy
covth  suweoee sy ve. . Mornk  Sides O ¢
Ve all vwe m}\\; ﬂii\:\&q‘m\w?fn hm itg‘;” Q\se dend s Fo oW Moy
TThis ‘8 beacuac o.g L Secensiyved vole, ooY- 0'1:\"%9’\# obbosite
N og e meon ., o valu of v, el b N an\ve , 'fot& -‘W\L
qQ\LLLORIWO_ @i\ be. botive, as obswnyvation at LCLQ 2 Wil e
To b on R same,  s\de Crg e ynean .

XE/\

/\\/ﬁ\\//\/—

2 Y W)

—‘l . .

d Qbh E_L ‘ 5 4 . . .Q' . \
& Sammelagrom of non sisfomeny SU5A4 L+ 3 0 TS oo

Trend , thon We yaluuy Gg N i\ et eeme. dquonto 2eng
exeobt ‘f‘m ‘\"’*‘G \O:rtc‘xo_ Vol of ARe L&s&.“‘“ﬁ\s \S beaausy an
obsLrvahi®N on one side. of L oveveall meon Ands g ke

rgouq.ooui e o, lea-ﬂ. num b %\L‘frﬁi-u\ oblnvaliony on e Aoamg
sideof The muan’ besauze of e Amend

Xi;/\

—_) T




Q 2 x L
© lecesognan of stasmnol sudes i 3 15 camteins sasonal
voriaten , SRen ke aswpaloawam 0t alle exhilbt 6 seillation
Q'l?‘ :P:\d&qma "'Ezrn.q,n.ur\gﬁ\ll Tn b&rﬁ“\ttdm\ ,’\-g X ?0\\01-‘38 08
sinusstdal  battern Aflen S0 doet .. B axampll ig
K¢ =ocogtes
co\eou o 1S Q\Q,Qv\-\gﬁ;ﬁv\\: and Ahe '&htqmnql. oS \§ Suq\‘\-\-t\cl\- o<W <‘W,

“eean ‘\: con b seen-tRhar gk O ansked F‘h \%ﬁN '

SISV
/. \/f \

-Q

1

Qa%@m):h;‘;\ | /\ A /\
CE A A

T/ Re nolSe  Seaumae C.?'Q‘ weaiduals c-fa T ngn ‘
ol rimod oY nmov'wﬁ “nand _Qnd teasomal qubﬁ“m;%_) ‘dnag Mave
sombplL auls ConnelalRam C“’K) st n'tque_anlc\ : di&gmn’b ;}mm\ an
—Thun. @e can take advante Lo{ T Anmol” ddeendemae o ]00 e
—.ﬁfcuoxL nose valuey  in Alrwmy o& e bagt valuay 4
4R MOI’L  geaiumes as a g'\ﬁ\—\-‘\o'f\a&'\\Q TS, - .

QmﬁomK‘-—

weaa gk

g ™me d—k\\'u\ﬁ.

Wit For  brootieal AVoK

¥

0 T T N Plgk o i T |
Py >0 as K> Pk 420 GS k=00 =R

(Fom S*Gc\%mos‘@ \3%0@_83) (Pm-a non-stakmony ?mec@ |

el _. £




_

| _:—EQ%'\M Sermies 2 v~ “Re elimination Ogrma_\-\ci -frram TS Qate g

Colled =the defnending e TS, and elmimation of seasonl.

b e ‘E“ﬂm\ ARetsY dats. 13 called YO d'LSfLO\%G"‘\Q\"*‘“?S

When  Seasenol vosiahon D‘T\é‘ “fwend .
Dove been  wemoved Brow Ah doha, € 0?\&\05(\: with A samey
sokiioh matlL w?.muomxc TN eNINON Q&Qhoc\wm‘&. og 0 MOVL On
Qesg YDQ_aLL\OS\ Kind , 18 called residual  ames.

® Nues awéses 1 —

() T3 *Ris  wesiduol sumes gx«mmm‘m‘m ‘Y sonse ARey s
yoly eon oz voprunwnted Vas a &m\c‘r\cm oif *\’wﬂ\?-?
Q‘\) Avne e Yol wandom W A8 sansg that thay coud octen,

in G obsanved  ovedun, WY aandem au'm\g\i'r\.% %nm a
J\mme&@L@Wﬁ bobulation ”

\
Q“) s —“Rewe. sovwme bgaﬁg\\ﬁ-\\\ e mediate | bekus un (_m"mb\Q’\&;
?unc‘c‘mm\ yoouchon. ond complete, veandomness 9

ANS: - he seomehn %:m susemaiie Q_Dsg-o.e:’ts o wesidual, %Q”Q‘*u.q““
—— AW WL Ay gwg—ao\\ e e s Omci\d%'t% , TR oLy 'L&c;i‘
el sty detedt  cowd®es o pont G& A seies g 3\;\0\}:;_& )

o s ot ke et and st oo
[;u:r\t\& 'y a\;ﬁno\zcmd . R -Q@n Yne v 'E:cuﬂc we. shall ea) :\‘dﬁ’m\nq\‘\q,
and Y Tt ol W suleved 4o oas an f Osolllofion” (mob o -
'Gyale’, toich iz @ New rpectal  case 0,? an oad\\&\{m\").m
remaingder o e Semes i Shall ag\l uh&aa’mmc&\@“
aombonent , andl wfen 4o S movements oy vordom. "

T n dRe  estimated maise seqrunce. (Tesbof randamnesg ) -

Pos\k 15

detteminizh & Compovants TreendY and  geasonal
TS '8 to bwoduwee a4 semey @il mg ab
Hectiononiiy , and in pantiesdon , otk g
sutsyaeldors Ag&um‘ma *Rat s Rag b

%"tm\ o a\vm
porent  deviatioms Yovm
abborunk “wend and

2an dene ;e nok Shapis

«I-H;‘co_d ML $eoranes (e, TR pegiduals

olotained  2Ftum bﬁ Al -M\\Q‘u\a e data ow b Qﬁ\mgﬁ‘m«a,aml

Strheacting T Tmend and T 3ASeral aganpyne e
j:‘? re Vg d&b&hdﬁ:‘\?ﬂ_ “\W\“Wm g Pasiduals , —faen o aon
hand —Ruom QS Bl UL Gf ndsbndant vwandom yasiables
and ~thavee 18 MO ‘%‘C‘“G““‘ T‘\“M\”\a 0 e dgne 2Xealt ’
e_&'\"\\’"\c\to— e meaxn and  Yanianee ., k‘hmtwm ) “QS‘ o s

TTRe. m™oin m\oéec\%m_ 6? QB’HW\Q‘\"W\& and  extnoaling 0% nempying e
A &3@



.‘-'::S'\ 'r\'l%'\ cant Abendonea C\mm\a vesidualy, —Ren we mued Ao ook Q‘Bh Q|

oV @ combleX  stetiomon TS moedsl '?'m nWoge that aceounts

-g-oh s debendencs |, “this ol b2 N ouy advar&o&d@ stnag. dehandanee

MeovA '\7\ bm\HQ‘k\QT\ —\_&\q\_ "'\C\Q___ ,\)C\E’% Q\'JSQ..WVO:\"\M Of ’J(G\L 'ﬂ{}‘\%& 8%}-’—0 {0l 8
aon assist  '\n %m,ed.‘\q%\a -gu;\-\pt.k valuys,

Tn mosgt coges, Visual  exammation 0{ Q grabh 0{
TS s antwgh to g ~that e semiey 18 mek e ondow . thw even, k13
oecosional desmable. 0 asiesy  eofetRen 0% &p\;mﬁc\a Ntrechiomcy
TS 18 "windom ", One ”\*dkn? obbvoaah 13 4o carw oul eohat §
called o " “Test oQ nQ“d.Qﬁ\T\Q_&Q" _,‘m whieh  ome Aesty towdfon e <15
pesiduals &y ®ar---,mn @cowld fave anisen i Afak 9vden \oq
clhianee by Aak A wmble. vandown yambin c{\ 32 M J%rmm
bobulahion ~ assuwmed to b stediomony  buk witfl  umkino o,
chonaaterigties, Vonmlowy Aests exist fon —this punbese | But we,
2Xamine some.  simble festy o eReolang  —tiw /?r\a\mpmsig +Rox o
residuals ane  olbewsvad voluss of "mdag?mdﬁ% ond  identical
disgtmbuded  wondom vasaloles, Ig A ru, Tt AW ek Y damg,
but W nob, HRen WU musk wae Aby, Houdry o¥ sionoryy PYDELARS o
.?q“d Q. MONL C\‘{b%’\m})h\q\a naodel,

(09 The samble. Qudyeonnelotion ‘?\md&m Rgk it e

a,

Fown \tmafz. M, sample auty eovmaation C'ﬂk) crf an ‘ui.d."a&wn%

Yo Xare D, Y covth @ik, voriamer o abpvrmidmatdly fied.N c.,-}ﬁ)i

Hanee \g a”‘af)_,ﬁ-. e D “Re wealizalign G’g Sk o Vs
Sequunet , than e efued e G4 «%a\nﬁa@ag ot 67 favel of
%\&h\‘&‘(&ar\& ‘g‘ \h\&\ N \_O“_;____ gcm Vo= 1459,9, & cwee
Kl
Qb) TRe *hmn\r\a Point Yest 1 — If ’a”“dw -~ i s a SQW{-U\Q-LO'Q
olservafiom , We Sy Ahak Touis a Adoring bolmt ok Ve &
AL(":'(“"\E ‘d{:ﬁ1<}jb>‘&pl , QWO ‘db—l>‘a-b<-a’c'\'\'
I,g_ T iz the Adotal mumban crg —kmn‘m% bomds «fom hd. &LWMJLOQ
Qm.a-\—?\ m , e Aow e wean is
T-::EC’T) = .%: (n-2) ) Ay
and the vcm‘\qno,uff'r s, e 8
G_]—?' :VOG\(.T)':'l—l‘;;—
and —Rat ?xm fange. voluen of m Thcﬁa%n,
Of T 18 qbbnmdtmq%e\a N [/u-r /Q'”T-) . ' . .

peak
'

|



A%ch\‘\'i\a\‘d‘. oo yafock e Uid. hybotfusis ok gavel of Sqeticaney
S \g \T—NT\

T

od o d [} ‘
% = 7. c{; N(o/1) distibution.

S QJO{/Q , wohow rt{lt&{/g_is e Whber

o] :
"C'g(/ \
Tn portheslan, oy 57, davel (te.ak ot=0108) Wt sagect Ry
|t|,-d. ﬁ\d?“‘\-{-’\&g\g H!L.

lThﬂTl >i_.C1Q ’PQ’Y‘O D{EQ'OSJTO(/Z:‘C’Q.OQ_S:\‘C\%,

Q-+
LQ) “The. wank mshT‘of Kendall 2 1 Lot us dafine. B 4o be AR
Numbver c:’g %3()&)@'& (;,{\) ueh that El,g >El; amd a‘}i R '{.:\(‘)ﬁl‘],
( VenRewe 13 o poartive comeomdanad) - ThEw 18 o tolal of
(2): ’*\C‘;\) boles (L, §) 3uch ok 4>t Bin an Lid. seuan
| {‘l’. Yoron o Ynse0eh evenk %Ya >¥Y Raa pm\eq\b\\‘rka. - and
. s meam Gf £ 1S Huwuedowe | o |
S el

yontonee P isg

G =van ()= L nln~)len+s)
e - "
omd 'Qm-a Q&R‘aﬁ w
PN (Mp G2 -
Reeondingly, tor xefect e s Arbetenis ab ol o
v Y Yo J»-—-thth“i(}@ 'tf__ % .
!-P_/“P\ > Totfy e
AT
Ar =008, @ = ¥ gage = 96 |

=




Atlermatively | o - =
Desermibe Kendall’s Yost  Jowa nandommess,
T WENAANl 5. nest,

ANSI— Given an Obsemved sewies af GE%WVO\\%O‘\EMHL{‘&_Qr*--r n>
Qom  ~HRe ave, amam“«ﬁ"‘&ﬁﬁh?‘ﬁ\ "ok, ondoy oy

g Tt o'’ oseasions From a biudation
unknoton  chonao benty TN R 0 e

CGaven e sek °€ valu 5
~Gount e mumbon

\ f\d'lif - r-fﬂ“ ) M ot sndon Lok ug
0{\30.\\@3 ' tohich ﬁé>“dl'-”q‘>“‘
'Ig his \ g Pt mokd that Adaoe i ) padesy omd hat
- 2_ \
expooted muwmben f’? P 'm q Random semey 19 mg\z%\'l'
o Qes ovewn. g Yo = L
The excess crjf 4 TS Numben y v, h%"l, s mdicates q

"I\Q\’\d.lT\.Q ‘+0 PU%.\'\_‘\V(L —\WQ‘T\QL, Q d‘-%'{'f\t‘_\\&'n(‘_l@ ('-I))"JUU\\?Q“QY’L - to a
'(\g_aq\—'\vg_ -h’aﬁ\\& B y\&

Honew the %Q“J‘:r‘:& T = }5‘5{:‘5— -1 ean ke tuken as g mealwe
cr‘,gp qudomhz§& Cg M sorey ﬁwﬂg,....,an y and R4y q,uan’r'rbd
189 The Kaﬁdq\lfs rank Cov v elahon %%qim% T, bwean_
e pwdin Og Hi yalobles e and A Owdon
magnitude w7

@?f Q is e comblementany quamtity o B, mamdy e numben
.

yalury fore  ohieh \&3 N E s>y e e Rave

Pr® = (2:) ond T=4-4Q

N~

. i | ., _ 2(2n+$ '
Fgw a  pandom Sewmes , | ({\f’)':U and YO‘“Q(TI) m
The distod bub om c:f T dund s ':rueg\n\d\a Ao '\\qu\‘v\&ﬁ ™ gm\gj

T-e(™ __ T N (o, 1),08 ’“'509']
m qnn~y




T s

 Tooblems Gf ' extpeme. outtions 7 in data sek eonile. i @

F‘o\ﬁ’r\om\ Al trend
&‘*b\%&@a “?Q-UO poimls  aye code Q’PC‘-‘T‘T %’"’“m e moa()'mka \?“‘“\E

on ooy end, . wen by
Subbose R twend \w\q‘(‘ ‘hmom:) Aq ba. r%\&&& ond 3 & dv
Yo = ot bt |
v
Lieast sauonu eamahion
I'ﬂ@QLLd:\ra Aand 8 ,
T T I k_; Ltcast Souare eauet on
| | =xcludig Asnd B .
0 - _

whw , A O\’ﬁd 8 auw e_x"meme outlions,
mmm; \:3\ : Z ta = |
- > ‘T\ — ?_k.+-1— '
s tale 'Z', gL |

dorinates “_ A AT - ey o> Sl
-“‘Ka—k_*"""’*Q"}l“i *‘tﬁaa"‘\'“&\’? K, '\aK

bR
=K
g[gbe_0£ AR least talara ine will be donainated \:a e @xtimaeme

auflia s and nok ‘Q’d "'E’U-C_U\'\’hﬂ-.\ oy 08
b = Z t\@:/ztl , ORI N\ =K,
= t=—k .

—
v —

N — &y = axbb C\\mom. trend)
' _:> dY\. — b= Constank .

Yt ok Cex\:cm-h'o\\ 'h‘a?:f\cD

S Wnfe = naxsine - |
o A 2% g =1 = conglont = Relofive geowi okt
7 Ne 3 =R

we,. RE=Y -y _
vy digoute case = Yﬁ;ﬁc ? GrD = Q"”““f"" Y

29 3 o= o2, e Re=27




“The E’no\oab\\i% Models '-gm"a “Tme. Qowd e} 2 S%Uﬁm)g[m@

Dreoduchion * A e - sertes

— . oy e dekinid a3 a cllection
randem W\hm‘::-\aa ohieh e C-Tldn']_‘?_cg n %Qw%\ne‘ and @%?T\i S::Z o
gek of Hme-brimis, Let (2,@, p) be & brdvay |

" . ‘“"“d Shace . A ime-
‘ndex ok T § on X () debned "o 0 and o e

‘ 'g“*““l vallas "{ a™ S axa o_xqq’t\?i deXevmined \:zﬁ
some matRemotieal, fnefion suen as

. N bk
Xi = axbtb ,')(t':&bt 5 Resg (3 Kt:QﬁS(lﬂ‘gk),QJm":
e e 3edes \s 30ld Ay be ddewminstie ’Ig s —%u\mm VS \VETTS

\ W(“f‘m\.r"\m

aon be desembad  only indeems o e prebakily digtnbukion, 48 TS
' soad e B2 Mon- dehanminghic, o BmbM A Statsteal TS

— % > N

Harl , "33 Mok possible to foweaast e - exack Yelue ot o Runee.

Hme boint . Tk 18 wortR U todistiecl Hime semes ot tee. anal
caneanmed I thin Aobie

Cae > 2Teve_ 'gvmm a time-Semed e dekormimistic 1
loments alirilodalle to dwerd and seasonal Yomiahen ee. shall, |

e aca\mq\ 5 ba_ ‘Lo_%_lc ot A sumaes  ozel\\edy alboul  Some. eoytemk
vole , s colled  Residual Xanies. Hene , cord shall asteick sunsdves

M ARIS obie o sscillatony  bahaviown e 18 taken o e
ploe e, SHUTTREC, -

7 Stoonoshic Processes * 7 Most bhyaical brocesses in o

weal coonld ‘mvelve. @ voandem lemank
tn TRl gieuckume. ond o Y SToenASTIC PROCESS” ean be. |

deseribed ag o sheristeol branomensn thak evelveS im Yime |
eoor Al Yo brobabilighia \aws 2.9 e Qma‘v% Og QA Qureue, ~'
4R mumber of cecdidints in a postHenlon foton M Succanive,
Mot , the ol Aemponotuae ok o, porthestlon ke on
auccessive days,ete. Since it iS imboasiole. “ro make ™ 2than,
one Qoservaigl ok - c&'wm e, we qm\\& Aave o sy

\LS _

‘.

sbsuavoion  en AR nw. ok fme & T e, KtCL'b)_]cmi R%’\Y\%\Q |
ol come, Gg'ﬂ?"kﬂ- \JJ“’U—SS {_Xb,‘)tha-“--)Xbﬂ} . ‘




® DEFINTMON:I - A sStochashe precess s a %ﬁm\\a ( ;2\\5{33“)
rondeyn yanables %XOG)'&' ov s& =k 3 %omg‘ﬂ
Shoce (2 @, P) tRat ane avndowd N e and masi ak
a sk v o;g’ Ame \DO\Y\‘\- + , wh'ich on-\q?l e comhnuous oy d‘\g“\ﬁt
Ame s comthinuous , 1.2, 'n ease
T=3t|-0ctce A stochastie brecog 'y
Sad o be A confinuews - ponameter shochastie poocesy ““c\

\8 denpted ba ix({_)‘} :

I? Hme iz disonete y L. \n eosS@

T-{t[ Ll LD 88, 0 ne , e stochaste
breecess s sald 4o we. @ distnetae - !Pcmqmzhh “shhaheshie \P‘f_}fﬁ
o, @ _Shehastie.  seamence and s dsnoted by SXe Y -

X&) om X 18 Saud Ay mgg_n a8 4t Stade "TB\L \7?\003&3&‘
—time_ & .

Any obsenved TS is fy be anded as Qr\cs\agmm\m
o2 mealisaton og a Mochashae brocess,

Ensemble ond Realization of o Atochastie Rrpeed L — Ty TS
S, we 'mcx and’ -t ologunyvad TR al éu.a-'t ons. 2xample
—g@u mvg—w\p{;q_ 3 og'ﬂ —Rat 'ﬂ\l\a\'\"r “ove Y beon Gbsarved.
'r‘h\s m@‘m&o_ sek «g AMme suhal 17 Sometimes aalled Yhe
ensemle . F_vman member  of e ansamble. 1 @ pastible

TN

hgo\\\zm_\m,\ Qg +Pu_ sheehashe  Proeesy,

Sipehastic Revcess  and Tme Sawdagy

. m Q)\OSth-Q_d T(‘)

N Qan Lo IR La
one partieulon yelizakon of o -stoehastie \:}uaez:g Qx :ho\:d(:;u
be dimeted as 2 (6) for (0<% STV hime s oo “evinus g , and
ba 7 &1 &cm t=bLe,....,N i fme \g ot

SOty
analysie 1S essarially  concormed R eval %T;'“Q ?Qmo_s

broboties  of +he wr\dm\d\r\a \ombq\m\r\«é modal Ay 8t
obstrived Hime famey, even —W\"U‘%\k AL Sinale. Yora\ization 43
‘ffA.L Gn\d one. eAQ eo\\ even O\OS‘Q“'VQ_. AS Quah use 4R
torms ~ stoehashie ‘protesy 'VIS-0-WS! Yo Hoiie
3'\?!\(.\\’\‘&?\%&&\& X




&

L Meon: — . |
Aeon “The meam ?v-me-\-\o'n /_k(_L_) og a stochastic brocess {)(Qt)}),

ﬁ____—'_—‘- [
confinuous i Mme , s delined fv\a all t, \'JQ

f(R) = EXW]
'Phov‘\c\,mc\ 'W\& th'rah-z_sbo-nd‘km QX‘DQQ-\-L‘(\"\W(\ Q_‘JL:.“;\-S '?O'n o\ &

' 4 3
Simileal fon o stochastic brwocess  § x| sdisoute intme . Mean.
_@mc{-\ o S CLL%—? ned lod f

) = B(Xe) for ot
sovided e exbectation e s j{v\n a\\ t ,
N Vogiance } — TThe Yostianac. %mc‘r\o’n () o? stoehaghe proezss {x&@_}
continueus tn Hme 1S dedined -@m all &, bq ;
a2(8) = Nosi( X f:t)) o :
= E] X - pW) |
When X ¢} s disosweiae VN AAme. | e wcm'\QV\QL'g*\T\GHB?\ q_‘tl Og :
shehastic. pweess,
g9 2 _ Vot (Xt) 5
' = %~ Mk
pv ALLJVD—QQVOJ\\Q'(\QQ_ Qund—\omg = TThe oy - coveri anes -Pume;‘c'mn (a.c.\?.g.,)
"}7(‘&‘\ sz_) G{ S&@Q\'\O\SHL WQQS% b (4:) IS d&?—lru‘c\ %h Q\“ ‘El ftz ‘o Lo,
as the covostiande boheeem X (1) ond X (&2) , 1.
Y (k) = Lov] X &) X (t‘z)l
- =e] $xy ../u(h)}-ixct-z)—ﬂ@fz)}%\
coar

@leanly , tRe vonianee -g\u\eaon \s a speclol @A’ a.cN.x-

2
"h\'-'-‘tdz ,'hQ,o Q"(t) -.:'YC’:,\:)V’C. : ]
E? Auvko copndation functiom * - i, i -l oy Sle-smvarianc el
— —————— dapends om the wn'tts \n Lok,

SR 26 )
W (E) \S mealuned TR , %mm 'mr'rcm\?mir«\-\ve_ bunboses , e e Q‘-‘L\\)-E-u\,

4o Standondize AV, ? ~+o produce A %mcx‘ﬁm'\ aa\lgd *he |
auks - esnnelation funetion (ae.).
—the auvk covndation ok \qa"C" e corolotion vetween X e and |

x-k-—i-‘t’ y 'S PCQ:): —c,o'\:()(tr%b—l-"c‘) - ’?(,rﬁ) "

@’m(ﬁ(tj \fo-'l'l.(x ‘«:'*@ i -9(_0.)
TTRE querrhviy meotusul R Conndanon wetowen ¥ (1) and ¥ (st fC')i
Sina. & O stechonady baoeess, —ype vootiomes V(Xe) =EY Xer) S

& )= % :

Phobewthies / Chonocteratics ag Stochastic Prcosy 3 —

—

L. f'(b)': a” = A.

T




S—%ﬁﬁono:\a Stochashce "fﬂ\mm% P —" A spaecial a\ass o%)

! oo yrecesses g

P Q—S-Hc—-\-akmf: gi:;\z’r’iaim&éaksﬁfﬂpm mj S “m A 'Pm’\"\i‘&‘k\
211:\1:«? Sia{-\srl-icf\t e quilibrium. A :s%cchcax%\\;z \m:u%% '3

' -_—_—___S’ \ = A ~ Yt e
said +o be Smicty it ‘g ijﬁ ¥ Q\ “'\‘Fi% ‘An‘mk Prbg,
aneffected by O change of -ime SN B s o i
diotn G.SSOQLCELQ_A «WHR T K Sbosenvahions: Xei) Qﬂ MR
__‘;\L“Snme as YRhat aSscaiated o K obswnmyvanom:

% ;

e+ 2)s Kegard)s -0 o Q‘:«K**’t') ; \

DE‘F\NFHO)N!'- A Stochastic process (F"S) QX(EJ} = ;?‘*.hhi

"SRichy SWHONARY “ i e joint distn, of Xl (tx) g

~Be SAme a§ e ég'\nk A lstm b o, o'f X(kix)s -0 X @mfg]v
‘\T'\'*G‘a?ﬁ% K> 0 and T, e,

{X({l) ’ x({Q) Py XQ%K)E ’“_—",d{ XQ,&I*’E); le"Z'f’t)-' eee 2 X LkK*‘t‘j.

v A g ; i j‘
ol , X, (b)) -:Ql— Xy (ti+2) ¥ 2, whew = 18 wsed o indieay,

that +the o6 wandem vectowms -have e Same dstmbiion
f\ﬂd’\'m’v}.
TIn otRe oownds, -&hig*\ﬁm e Hme omgin an  amoun\ T hag

no Gg?f-!@l‘ on —tRe *‘é::«n& A “O\f\'l\ﬁ'\'\s) & I\Q_\'\ h\u‘Sk,Mgth,
debend  only  on - ‘nenvals betwoeen by, ko, oo Ak

T bmﬁ-’ueu\m,\g K ':lj‘ +RAn Shmect B"\-ﬂc\'\‘or\cc-ﬁ%_ ‘mr\\a\'\ 2] “Rat
e distmbudion of X(1)iz some dv A\t | 5q Veoe Anave

AL =E (Xe), T4 van (Xe) ¥, brovided exast |
w2, the Stoehashie proeess Aas acongtany  mmean and
A censtant vemiomea. T2, /o

Fen - K=2 ,Fe Aoint dishibudion % (& _
eherd oy on 48 k. il ufbgi%%iéﬁ ¥

called eV L . thas R auty el
an '

TCeu k) = Qo KD XD = B[ Sxtegmp) § SNy
TRL{xG )~ rR X vy -4
2 ’?('C') ) 806 C-- £, :b\-l-‘t;

7(%) ts called R ovko - e offilanh ot gog




"""gq,ctmd Ovedon Sf\fx\w'(ﬂ\OﬂLJC‘G ovn WQ&K’% 3‘1“@"“0'“03“%(}‘1 Ve @

We have 3eéen "t’?\akgnpcx Prveess Ao be Shrct sbdanot\l 3
e cohole  breb abili ghruckee must  debend omly on,
Lme dbge:unce_& , Tn " prmchco, “t s o_?fk(m, an_gu\qm dtl?‘mq_
g:\fm\‘\lbﬂm'\‘\":a ‘o a Lesy eestmcked cﬂ(\é *Ran el desoibed

Yo S\tCA CIR

e 1S called  WEARLY STATONARY G% Qhden

A stochashe prisces q uvp ovwden, ‘v’ debend

‘! ig ARL O o:? e procaes
O'Y\\d on tme di-g-g-mmq_qg‘

DEFINTTION.— P\ gtochastic Hreocess %Xt'}g \s called Seeomd-ondey
S’msﬁaﬂm OV eakly e cmos% '1-f ‘e mmaeon 1S
Qq}“wﬂlt 5 “& .c\rs Ak - aov Q\-{\Q\-\Q_:_ -@LAY'\Q\"\ om M.Qhebs O'ﬂ\\d oL

s U Q&% ) R Ak

\,,) EQK&) = [ s ndebandark
W) v X Keae] = 2() s hwal £ ) Gy dll;; ot o &

No assumphion 18 made abouk ‘g\’\%\\m moveends Ahan ~theae of
second ovedas. %d hﬁﬂa =0 ,we Rave Cov (X Xe)=7(9),
we, Yan(Xe) 'S constant. |

“The Sceond - owda: %r‘ca‘ﬁu\og{{-\ra bl an Qagmﬂwﬁﬂoi
Y\Qﬂmcxﬁ'\a ‘n o Stochashie process $XiY 8“\'\/@8 ~“+Aak
3 %o ,.,,'x.c.n'k Aag muttivasiare Mermel Alshbubion. and
cnultivoniate, mermal Wstmbuion, 18 cvmp) "EQ\Q‘ chernackerized
Ly tbs -?nrag—k ond  22eond tdor mements, Forw Mowmal
broeasses | followd Fhat  seeond - onden %'\-K‘ﬁw!\m\%-\wé YMmP\ies
stk s’rcﬁ%mm{\’oﬁ.
Ramounk t —

L %\a\-\onm\d (stiakly) \Weak S*vaonm’&«

=
7

2. Weok a-krd{ot\m\‘\“c\(x & Qo-vonianes %’&&\"\Qm«@*



" , o meass t
Bperties of a-ef- oo W% Y B8 gy
e = ’ ! Qv ~eon
Sukppose A Maﬁmﬁt 0;’:: ryc},:\fmiaﬂte— < () By - “ﬂ“({ﬁ\n
A omel yonianee 2, )
A | TR ey - BT
OR L) = i’.&; @)) =TTz
Note +hat , P(0) = 4.

Dropertygt. 1 D20
CThRis 1s because  Y(0) = Cov [ X(Y) "’(Qb)]
@,_ﬁns S RO

=§2>0 —gut\c‘n'ém) ‘
‘ do conwdaron L) s an
Bropanty 2. ¢ P(R) = P(-) yhee. Fhe QW .
= G?_(\'{Q‘gl Quﬁcﬁw'o’n og Qe kog ', e W
TR by Roays Aot e cownw an
ng—_‘:\@j) iﬂr:;zh@+fc;) 'S ~\-%\;d same Q8 Ahat beteoeon X(X) C\'ﬂcixk&ﬁm

'3’('1:’)?: Cov [ X/ 5"\-‘;-&--{1

" QQVEX Lo s th ’ S'mee S\X*\-_."B \S S"\-ca—\\'ﬁ’nm'\q‘

C‘LQV[}(\;;XtArC,—'tJl
V(=)
Huner | () ?(~) e

T " Sy @ 0=
Froberty 3. VPO = &

) - \ U pobady of o ‘
@? !-.L'}:TV\ EQ.‘SS J(‘:zho Qz:u;i Lk 't%—\‘%“wa& Sobh“ QA'Q*\Q“ : “'\“’4’"\ Y Hmﬂ?
Non T 21 K (%) + 7‘?-?((’“'*%’)13.;0 " Q“Q Wrants Ay & Ng .
P AVORTX] + 2 A% OOV R (), Kk py] 4 Az Van [x (e 2] 21
Z (AM422) @2 4 220229CT) 3.0 Sinee R S Stiomany »
When gz, =1, wedind Y(R) % - @2 g Afar Plr).> ~1
When =1, Az = -1, e find 2% P0) | 5y Anac ey« 4
| We. \')?(TJ\ L£T2

ane el S4, r
TMe stenmdandized norow of A Covndalion QQQ%Q:_QJ\\_ meansy Y e
valie o P(2) dost mot depond on e wnis W CWhieh e Ty ‘x;iic\a\m&
al aom meo\c&l\&& be. demamngmaked \o\d A
sames b4 ~he fame amngtant  and

'\ Q\ '
&\\Gkﬁwﬁ ﬁ%@ﬁ \ '\;ci‘::i& S
Ao conrdahiomd Qe Uﬂd‘\@“‘&lﬁ i Yﬁ

1

"

-



e
M"’\ -—‘?\‘kﬁ' 55 ﬂ_' Lt-','l.l.ﬂ.\' ‘qu\;_n\-%(ﬁ r_t% nb-nhg\\fj%\'(\’r‘. QOQ%-’JQT&.
Noke ARot , Vo (X £ Xaaz) Y0
— N (Xtc) “+ Y(Xh.vr-) + QQCov (‘Xk z‘/n&_+f_~) >0
':> Q’“Q e q-.'l “+ Q.’?(_fr‘) >)f_‘3j AT 3?(;"} 3 %ﬁmo)ﬂd "
2 \re() 2o
= —1ze(v)< A,

Prroponty 4. C(e) s \nvasont C‘g, . Thanga of YMAS W Shith A
A : A3

s measwud ,

Tome Sumes

1 - mabt urha "y Az ':2\
P\’N\?&Jﬂ'j S, TThe auwo conmndahion vgunn-ho'n PC“CJ dneg meb uniaus 44 %
TR ‘*“‘dtbla‘n\a models
Liaek cr? WU NESS . A‘cl'ﬁou.a\\ a ta'qu staehaste process Bas a unious
aayonianas e uochoe e Conven 32 2 mok e ﬂU\L‘-\Q\ gy

Pty S, Tl auky - covoMaNnee fuvxe_’r'wn (%) G{ 0. veeo\ Naligd Yretonory
byoees s .\;{@5)} s peacf (nendd). J
Fesels - WLG, Lot us ossume “hal pr=0= E{XC&)}

Y %.\__U£.2, 'J'b“x;\l‘k '\'T\QQ be moted -that —

0 < Van* g“gx("j)}
Fograpy L7 Ebepe Yo
= > ona X (& i
{2 Zosmjxax )
aiaj E{x(&),x&p)

Rl i:t
= i% Otha Cov iXQc‘z)/XQJ“jJ}

A o mdex 3t

"
1

eloa=y
.5 lQ\QéQQV?XUﬁ'\)gx(”c'\-%’cé'-?\)}

=| -

' ln LRI X (&) 18 shehn

kal , . - A A
_ avaj? (ki-st) B sines 0
=22, enei? ) . . N

n n & . L nee. AL X, 1S Symmar
- ooy PlEL=%E) L q

SR

7, Q

=", T cowwelation {U-“Q'—th ‘??(.) G‘f SJRI\'\'B‘YWGJ‘la \Qm&g% 13
kgg'\—\ﬁ\rﬂ SQven d‘%“'ﬂ"ttl '



® De%ni-\n'oh:r A meal valred 'guno:h’mx %&) c_&;&{me\ as e TS
said oo boattive oy~ dedinivte

ﬁ Al . .
ZZO\Gafc.‘:;.—{-é) >0 , o Nl
ane st o’.g Y zal Mumba s and * %2/ BERPAC

Qcp&é)e*r Y ‘1,»(‘5:1(011.

=\ A=)
QI)OQJ'""' ;(1'1'1
ant Such Ahat

B Q. |P(T)] 24

—

Pme'-" For Mm=2 ,0¢ hoave
- 23 Qta'&?@ct*fj) > 0
=\ -a‘:'t - ) |
s, a9 VO S (-t2) >0 L ) =36
A
7 Bﬂ >/"QiQ2M
= 7 (o
0)
:'{)\1Q2fj("b\*b2)
7= by, F(:cd) ) Q.L‘TV\‘Y% 't\f-tQ::’t".

Fon Qv‘-:':(':‘«g':\_J s Q\C\V‘L'

PLE) B =]
Do oy = -1, @ =1, oe have
p(e)<4.
. —41<2pM) 24

he | p(r)) 24



oM E USEFOL LinEAR STocuAste “hime series  ORELS @

A meadel \s a Ya?_bnm.sqn-%m cvf a gd okam  wwnder S’cud% "
ond o mathamaticol  amodel. 15 one.'m cofiel —fRet Y stem 1S
sefpuesented !oa :sa'm\om'\-g Afat aan be. manihulated oy wsmg  makRemel-|

{ aal

rules,

As e Know ok o Stochasha, precess te o satoheal
Bransmengn Afce evolves M fime ascornding Ae probablistic laws
and e "Time semeS o el analysed’, moay be -\-e\b._ﬂ'}\\: (,Jg as |
a posticnlom sealisation,, frodaiced ‘oa —APa xmap_ﬁ\a'\ﬂa ‘?J;Q&Ja};\'\:‘)‘a |
meehanis) o-g e Sa-‘s'\tzm W ﬂ:’m&a.

"W\m&-gmoa , B snodel YRak degonibes ~The b—mn\sa\la\\{"cd
Shructote c& c.  seqreence og o L3 eV aThon ‘(* called o
stochastic protess. A TS s anded a8 a sample nealisation

N an‘m%ln'rbz bopulahon of ek Samples , ohich Could Pave b tan
ao_mmq‘b(!.d bd ~he Process Qmmda\) ;

A ?maéon Qbéf_c\‘wm crg st sheal ‘nvestigoren. s Yo ‘W\‘?Q‘n
st e S of A pobulahion rvm Afose o somples. For example ,
4n  Mmake {Jonee_ous\c w8 Ao infer e becebalitny c\‘\&h‘:\b&\"\mog a
ke slbSeRV AR '%mm Ao bohulation y Qwen & Sawple oﬂ bast
volbes . Qe do HRig ®W '}‘\@—& UGQLG-S desonbing  stachashe
hwecesses and  time Sames and Cwe alls reed cldstes o&
alocRashe amode) that  one aapable of dL&ch\‘o\r\a hetiong

@o_c_y.m\\'\.a in ‘PY"&Q—J‘“QQ—' ' M
A very Special and a\se T ‘"mbontent  dlass a?

Arpchiastic bréeciges ¥8 e ghetion owsaeiy ; Teis based on
A O SSWmPTRonS AR Ql AR pracess TS ‘“Q.%mﬁm{m' Wmﬂ%
Cayeweal eapslibE, T T T T . PR R

 ametfi Yy { {eas "bas%’é\:\vo;‘am'éqg}imé_jﬁmﬁ% ’%m o 'M@ﬂm
%mamé, ‘aoMed weok is%cx‘r'\'n’r\'c&.‘m C'g ondan 27, A8 ARak R
rovaents ‘upte e’ ondan ' 7 dakands  cholely - ON rife, rme.
diffenences (on, 20 ) « Fon example,, A '1?“'*3{‘“'\‘1Q of o fixd
mean /m ond. o, [ eV el \3\ Gf m'%““'”\ B erigls

.
/ 3 J= b s



(¢4

= ? ri) r)') LR '---F? < P
I;“ 0 l F?Q n 1 N\.\“’\ ’i;ﬂ e ); “Th” \nf‘
991 r{TO | I .--?h-? ﬂ'[\"l ,2? "‘OV(K\}/|
Yo o)) '3{3...._}7“*? K W)
v | ' ' ?‘n‘(‘a oW\ K=\ 2, ‘f’h\l
Pn-t Yn-q '971-‘3 veri v Wy

e, Y 's e thae aoy, g’uncvh'(m n.% A Sheiomosy o et
broeoss -?oh obsevwyafions (X /Xz2/- -7 Xn) ‘made al
. uccessive. Hhmes, et S St"ﬁ‘mlun\ *o emaume. -"‘:\r:\’m‘mw{»\-‘m

bt 2nd omden. !
Olmr'wu%ld , IT{ s E‘,\I and m '8 p.d.'mrx‘m'wx .

N [a V)

Thus |, 2nd owden Moﬂm{x\«a ka\u‘% an a8 sumption (‘fg ’I\nhmqm\d
ame %u%n_‘mr\"c ‘o oo duwal, XTRI\CT rhonan'thy |, aimag
novmal distibufion 18 —Qd\a chonastermized By W Severnents
of Ast ond  2nd onden

NOTE:— Whenevern oot @3¢ 4Re fewm ' SnoNARYy ', coo ahal
meom tozﬂ\&\a 3—"(«\:\Qnm\q un\ess Aold OAGarwoa o ,

ng USQ‘?"LL 8"'0(1\'\0.3'\_1(‘_, PmQQS&Q_S v

9 s ¥ No?se<A bgﬂg wandom frocess | —— A disonclo—time.
Y Y N Y Y SN Y Y N Y Y Ty T T s

t’-‘h‘tmea 1o
Qaﬂe.d. an ‘ln‘ll&n “O‘so_ O\ vmo—\. ho\h&b'{"\ bm&g_gi {,zq’-t\g s

conglishs Og’ A 3equeanec. 0‘? Wnconndated wordegm vortavet
,%'7—'&1 cg\-\\e\-\ [oh 3 1" H8 m&m\\\t \"\wmdp_“k Q\’\A_ Mm\
d.\s'cm\ou-‘ca_d w'eth  Thean 2ers omd  constant Yosr\ames .2,
E(Ze)=0 h Yo (Ze)=q2 =e(22) <=0 v & .

2 “i.d. M1 OV 'Pmla Yoamao %J\ne.e_a'g mg KV/!, ayae_
%Z’C{k ~o s (0,03 )
ottt 2 R LR e ¢ toen s
\n
Yy = eov(ZBe Zeaw) = § T3° ~¥ s B0
O 1% K0
= Y(X) ¥t

2




B 'TTML_ ko ConanONC_ ,g\.m\q:‘\'\o'n s Ck) - Q‘Zz 'lg K=o .
2 " i o W Ko |
and Thr auko Cokweedohon Qunefon g . |

PO = ii,i%‘(ﬂ) |

A : 0,k K0
Az e mean ‘and oo aoyosiara Fundion do net dskend en time. ‘
Camd AR procesy N8 csecend Svaden MQ“OS\ZS—‘ Thn {lno_\c,w -
1darfieal Asumbtion vmplies ~thal AR brwecesy 18 alte
g‘\'vr’\a’i.a Stafionony - dei
N

.
']

A bunely random ‘Pme_aga.\& S.b';r‘r\tt\-‘\mg_g called  aohike moiSe,
Prideass . {'E&rk eg--\-\’-\-‘\a‘ W‘Hbq‘m tsedil. .\ daving. mov e
aomplieoked purpbor-es (brmcesses)s o i
RN - brrocess’\s ‘@olled o
e, noise pwscess Wk consisks  of o setance of wiv.'s 2y
cohleh one_ Lnesvwelaked zach MR eemn .20 and

© yostanee g % = & (Ze2) < Lk ey vawn (o, 2)

The ey, funchion s grvan By ot A
Pz zend) = v (Brs EFerk)

'—‘i‘lﬁz"‘ L T

| i o) ow 4
pids awo sawloy  oviszuszup(K)) Say.
NI Pl 4 O R0 fymait,

. A F I
f

- ;M?owé_', AR, eshike, bl procesy 1S &—‘mﬂ-‘wf\gnxd,qg s
L i - _-:"‘ } y ke . -r.

Flog R P oo oo

bdir\a aonstant,
Note: - Fow cach ~the UD MoAS € brrocess, Qnd. whike, T\Qﬁ%k‘??‘mmg&
- onesmmay - fantfan asyume., hat, o cL\S"rml\o..w\—‘\m\ Lz, is

univaniarte:. N(o, T 2) -

Y o ) - ¥ AT . B

e = i P/ . . r
v . ‘ - S o S BT ] e



| : — A i “Aq b2 S @
Q RQ’“&OT{\WQ\K:‘—'- A Process \Xb ng o
L e R R a s - YJQ'}‘\QLQ.Y\\ mo\\k'\
W = Yoy BE )

Yroces g
1 e wnel Yaondo'tr\ b
- — 9\'1‘51:3 \s (a\su\nko_ 4\‘\“\)\’

=

; —
. and yenonm& . Jz 7.
<.;-|l'é-hQ.\SQ C_QT\R ’Y“\QQT\ {“\ i ¥ M\‘h':‘“
The \pmnisg s n_ush)m&h‘\\a sosibad A g g
S0 thak Kiz= By , Xg=Z 1A By 5 -im v e e
cm‘cl \as%la » Ui = Zi Wt _
= g . o =1 ! ‘
e : .
; X“T\?\en e 'giv\d Wavy B(Xe)= D7 (2L) = b and Nan(Xe)~ bl
( b ALak) =Cov X, Xeawr ) =XT2Y £, ot s
AS ‘t'eu.)'h\;?og\ : ) =

: amd Yarianae Q_\'\Q\"\-&Q_ co vt ,t'/ Y meM
S e Iy b R T |
H’OLDQ_YQ'Y% 3 '@\\Y’ st AR @SWT\QQ-& O’g o ."Q"'\‘Q-QTT\ Leal\K .
! 5 ; : - _
awe{r\”K VXt = Xe - Xe—y =2

- thu:u?_\d vandom proaesy,: hick "\.3 analove %Ei
Nofe:- The Lest — Knoon  2xambles Of'““’\'l‘ sevies, «oR ek
behave ke vyondem wAlkg |, oo shoswe Pmees o
fuacessive da g, - = )
4} hinean Filkern Models —
MWW'YWWVW

= A Ywme senmdes iXk—,'g AL VNI
LA T va_ LUsos aye —Rj
M C_OL\'\ %yac-q;_u.:r\k\ ‘oeo wm\:hu& ::; %MQ&% o
a  soumes ° \V\QQJQETN\CSM\'\‘ Shoakg i_‘-}_bﬁ eo\ldn oy ncxnd.om
T NI q'?\m AN deriaal Al budion "
A novmal Astmibudon o ™Mean

'

1 ‘ U&\ke\\,\a,
3 ; ; 2y AN yanyo
2. 3\ Zr E \S Q' tonite MOy L bY"‘bQJL_%

s ﬂ\’iz)
. S, BG‘SQ‘A- o _‘&‘\\S \
Lt us  considor @ Weon  styehagye.

_ modl fow. §xcy .
K&: = {4‘\‘ Zb"\‘ L\)i‘zeﬁ—t‘f kp?_-i.l\: = Al B

. :P+@(@)Z\;l)mw, @
P2 1% §ie)+ w82 ann. 1.

-

& Qﬁd g "& 5
B¥e = Riewi ¥ & , B_ 13 baskwond 3\\1%,“‘,% ook
Tn %at'l:, WPeo =\, W1/ Warne- osta @alle]d - ‘Waighnwe .

o bonameteys comieh  Aekevveanes  FRa “Qavol'

: S L e °§l_w‘-‘\ 5?—"\1:6_233 ond
P ohuncakows @
'\'hO.YIS‘gb\QW\S pe

’mqm Aon
‘3’?} e -g{&v_\n Q e, B(®) 'mou& be F\-B\bu%g\\_ ,Og Qttk;\%«h:m
fitter coNian conE aplied o the o TS i
i'ib'x broduees the oubpul XYY )



.nbu% ihfa 1'\‘0‘32_ . LMEEs. E Vel TR :
PR 2y : : >ngi‘S

RZeT e "ky (& -

S—

e sea,:.n_u-\czé_ o’; muaz'f\s \Po \;\\er-»-;\ph,.. m%ﬂshoh
‘,n%n\*e_ . 'If N &Lmumu \S . %\m%e_ ov Andivide bak o&gon

aummable , 1.2, Z tq; [ 1.2, 0_‘_7(8_) \S erquaar\k and 'y

: “°m b\eﬂ‘?ﬁﬁ)
cohieh. cose \%l <vlis soud Yo 1“"2 "Stokle’ and e pocess §Xh'k

'S Stech owosg) . T bmxct\'r\olclh /u "\-Fu.r\ e wmeon Qboul torieh ARy
process vonies ; stunwise ’S\Xt} 15 mom-svefonard and s Aas v
spasifie weariny exechk QS a bQ%QJ\MQQ_ pemt fove e Savel of

"kh PWL@SQ 3 m\'ﬂ'{_‘“—a : '
_\le.\'% /\.\ a8 2o oh X..b /L& Qs X | '\_ﬁ.l. “\BM.@ \“E

A
- =

s called” G\\\nm\, @\\&-m “’\bm _ T
U‘ndux eu.\-\—ab\L e_m\clr\-wng coL aan cmm-\m 't?u. cx\:.cwtz_., o Y %m-am

‘-_é'b = 'qzﬂ (.'B)Xt .

= Tr(eij
(1~ T8 -T2 8" ) XE
) ' i~ )((-_—'—"TT\X!:"-\*T‘_-?‘_Xt.-Q- mmmmsEn s
oo 1 TRe mwfm&ﬂ_s-l %ﬁ'ram g - .
Tie)= ‘lﬁ_r“(ag

B2 e g F g, : g
o T 4Rane o %—mﬁt 'l\um‘om cg mam‘s TG 2T 2 - -0 O Qm
ine-\'m‘kﬁ mkm\bm., og ma\-\*:s buk APu Sames T(‘(B) s emvzn%m,}

”?W '\-B\“<.l' L, —then e bvveess Tis aom\ Yo e, mvepmeua

£,
L ¥ .
1 . [



emo&w\& {-&nc\xmr\og o h‘“e“o“"n %Q‘Q@%‘.u

Au_—\-o a_z:av o:k\a\'\c:!_o_ fa
noade\
A Losic da%a omfé\\\as,\s ool 80\"-' \ciir&* S

\mbo
4o Know —’:9\0. o G,f o \ineos I‘?m"—’-SS £ m

roce . otk =)
3 LLT\@F SS Xt —Q(G}Zt .Z q)&zt i ¢ Yo ‘N\Q
N -
%Zt'& WN (0 qz'z_)’ 15 8\\!’ n\ ‘Da

'}, q—é Z q)aq)3+K L.:c_w(xt r?(b-tq ‘
5 aﬁ
T poheulasn, fov k=0, we f}ma ok e N
Yo = Vom(xe) = da° Z Lva
=
Tt folowss  TTRoA AR Stion cmné'r\r\hn a’g absdule

gmnma\m\'r\a erg ”Hh— Q_na%%(c-_}k : \jl)a -Z.\ 1' ‘2 e, \m¥lies gy

e semes on tha ma\\’bcﬂf 790-@32(‘; z Qﬁﬂvc—h%QS c.‘m(l

arnone 2

Renee 8u9mqw\&% Ahat ARe  lineos pme_qgg o\ havae a
rg—\-r\ﬁrﬂ_ 'VC\M\Q\’\G_P_

An:rtﬂ 2y eocxa Gf o\a’reém'{ Yo auXo - covoshiones
c>g o lineort brgcess 1S &\Ck AR oo wedvon\ane e quoﬁ,\?&

—E’-«nc\\or\ ,g(e) Z 771-( Bk

0 K.— _d .
™ oshiah Wb 1S noted tRak '30 JMVO‘“‘O\Y\Q_L A
et o £ R T e e
Aag % s mq,@.um% of ; oot @fand B4 = Fa Q?\Og

L FXe = Xeﬂ is e fovsusand S‘““E""\R Q\lm%\mh]am Jd?mk
y(e)= 3 PEW(e)= 2 Pieyw(r)

Tn -the develobment , when tweated as
(=N
.fanoﬁhon & wi\l be subbosed cababe \-é?:m,_:;t L S Rerunah
Jolwes . dn \gocrvhe.u\.m\, W el g%kq_.n b2 mga . eomblex
€33 on

R c&,t}fmn\c tuahions  -©CUNN coWnen
Vo, wohen YL combler. numb

\&| <y s
%\\ s ‘nitd\&’ \B\ = \z Oh,\g\}l;

—the wnit Qme\_a_, t N, o, ingide




"S’i—oc\w'ohcmltk\ condiion | — The eenvangence. og_, the sames
o = G2 ‘i \P;'* enm sunes ~Aat the Brocess 3 XYy has a
=0 .

\

de vemance . Also that -the o,u‘m coyaianaes and Qutoes wrelating

Bk scﬁ%a% a. sk og aondiiang to ensune &’rcx‘c'mwr\m\‘\*%. Fow o \intan
o :
eSS e At w
psmess. o Xe = Z’ q)ﬁ Zt'é . TWesa t.an'r\&\'\-\b'f\s ane guenantad ‘od
=0 ’

—the S\r\a \P_ cond'td o “Rak ‘i‘ \ \p{l \ Zeh
! ) ‘—: . - ; Ay
—This condtfon  aan alSo be. embodied N e comndition JT"\Q\“M
sem es E(g) , wah 1§ thae Q_v\p_v\c(\'\\\% —g-u'r\c\-‘\q‘c\ o-g “‘he. Q mua\—\irg’
musk convernq® $or V121 | Tiie. onm om w¥tRin e ank dinde,,

Wa now Cconsden  ov  westrmaNon abb\ed

4o e - T weights  to emsune. ool \s

Wvert oty « TR mvantiltty - comdihon % Irdelpq_nd@_n‘caﬁ +he
o v .

we, Zh s Q..,\SO Q*\D\P\EQQ\Q'\L‘\'Q AL noON~ 35‘.0}‘-\0-“03\%

1n ve_h'\-\\:'\\'\'\‘}{ Conditon {—
\

acl\ed
2AoNoneny  Condii

\inean modn_\s) )

'Tﬁaj ..\'n"\e.cx:r\ \JYJ‘OC!.'?_SQ Xt - &P(BJ =45 =
invevsible and Ras e wopresavation
= T — T B@Xb)

: , :(t\ie—me—*rrp_e?—_-----)wc -
q% “ARL vodiawls  TT; one ouos,'w&ela _Sumfr}o\\o\tz??‘ho\."\g' z \T\%\@
eohiakh \mplies Aol the sames (8) een«mae_a i
6  Ow cortRin tiha unik- cindle
T g e ey SR Y
A \P | £ \ ; T‘H\ Zeg W
aZ | ¥l A
TV(B): P (;_%) )
A [E MR T I Bﬁ
Remank: — i R and. oot v esSive b ersy
Reman . Mov

wc’moa
mq_“a-’&w_ speeial cased o¥ Q am\mol linean broecesy,



pme_g,gs %xtj’ s &Q;-Ri
ted A8 MA(ay it

5> Movmﬂ Avm%:m Proyeesst — 4 Qmum)
i be. on MA Pmae.s.s owders 9, abbrevia
Xe =poZe +§
073; xt g Z Bth—L 3

wandem pwoeess
'b e constants,

ggq\ad So —thak

.o E)q/_‘é‘t‘*qf

e, IZLY 1S a \aum\ cofR MM ean Tan ayg
VOT\\C\T\L‘_L q—"?- ang g
The Z’s are. !.L.SLLQ

CQQ_""S&RQ. xt-—-Zﬁ Zt- mrjte\ 150"'.:\.. .

léo—\,so —-\-Q\q%

_Me_o_.h.:—- E(Xt)*E(Z‘z Ve )
' 2
r%»»E(?—t—u
' ; o
e Ven(xe) = Von (Z RiZe- )
_‘ . . C’V

Z 2V®“C£t )

-..

ZI BL : P S‘\T\QL Zt’S e Liud
~ond. Yonionae = G2,

" Atk - emammm_ Szmdno-n 3
Y(K) aov(xb,x{:ﬂ)

Cov EZ(&L‘Zt L,'Z ﬁ.;b+K-}

L=0

"

ﬂ‘

- 1?( K., ‘12 K<o
Z f3 Pk lf» k=0,1,2,.... q,‘
5 il wa

Smae e,ov(zs,z@ 0 fmaze.
: (j"’Q ‘gqn R=t ..



‘ku.}m eonnelanon ‘?\-L'ﬂcf'd‘r“:“' The O-O_'g- Of +2a_ alotve MACO"J bmc@os.!
e, of {2 Process : : ‘

Xi = (502{-_-& f—‘\z_l:—t krroeod (34/2{-,_0”'\8 a'wo_h b& 3

= nta., ((-% ovn K<0O

PN = Ty = i ) {;WK:O
o = o :
t:zl (51(51.—\-1’(}/ {_Z (1'_."?:} %‘n K=41,2,%,----s -

L L=0 ¢ \Yap .

0- -?w KR>Y st
Note —tRak

.,l.'o'i-- p;bl&%
R q_.e_..g. of. tA(9) Pprocess ' auts eg—‘} ‘o\ q W
whieh 18 a sbeglal Yo gtiune of MA pmmasa_.‘gfmﬁm\m@
constant , MLy SO may be added 4o “Ha Rws: of |

Mg = Bos Femsys +@aZe-q 3 1o ?'wtz, a pymeess wottR
mean A ~his does mot _a_ggo_el- I"W\.L oL

A v simblt o_ﬂr% .

__S"I.'U-‘HD‘T\CIJI“L{%::— A,S QVCKJ dn-?_s "'1(_3'\.“ ﬂﬁ:b@_h& et Ana *Re maon i3
= Y7 oomstank > e preessis  Sgesnd oveder, gi_ﬁhm\a
%Dn- a\l vales Cfg S\F{_} - Furlormone , A AR Zy /s ovw memmay
distmbuked ,-fhen S osw thae Xp’s  omd we Aave +Rex e
MA(q)) process s MQHLMth¢. _
U
W = ﬁozk 'Fﬁtzb_t '+ -

. omd hos bean ormitted

‘+RaZe-q WA (3, =)

= (1 H BB+ @3, 8% . ..y (aq,eqj ¢ oW By e |
i GCB)Zt )Soﬂ

o v
S'mo_e__' ’Wu_ Sumes P(e)=0(8)= 1 +Ri8t ~wn Pa8™ is &lznm_,m
pestmchon oy n2eded g -H\_:Jgo:.na_mc&m

MA(Q) Process +n enswie. St=tHonon!

% 1 3\ @“"3.2(@52'0?-&%3\
\ 4
k‘a_mco_as. R leo(".ga S+q“°“°‘_“ - 4 a?] ) W2, onn MA(a




E\V@ﬁ\b% The  ‘versii\l o_ﬂnd‘ﬂ{ﬁ'ﬁ %“W on MAQO@
Prcess XY crg e o | '
Y = €+ (5124;._1-%“”*% PaZr-q > . |
= 0(8) Zv oy b olotained as- - 4,
By = @ ‘(B) pS= )
Hmu, " G(e) T\‘(\ H&B-),DOY\U\Q_ ke i ....Aﬁ-%m—\&k
noots of 3@\0,@03(%3*&_ canahon &(8)=0 ,
Then , an e_xpcmd} 'n \oo:vha\ ’%no\t\'mh& i ma_ oo, ¢

TEy= 2 =67 = 7 ()
coiah thvenfdﬁﬁ‘ , 0%, mm\mﬁej ,"':QA_L u&ua\\'\'ﬁ

T =~ Z M‘Hf o G\bsc\u’toﬂ Summq\o\Q_ .s.g i<t

¥ i=1(va, %\‘r\q&_ the  roots “—? 5(8)=06 one Wi (1=,
oyt I%Queu:& Ble\ ”tﬁn_mue_\-mbtkﬂa condition -g()h Q-'-\\V\A(qu Procay,

Vs thatr Ry noots C£ e Qh&n&mmn&hq. xa_%oe\-\m\ ‘E(g) =0
le oulkside e ik e_mq\cL

(P MAW Prmcess [ Fiest ordsn MA brcess) t

Q—w:%\t Ovdan  MA \pmc‘_c’.&a \a QJSW\QQQ&
X —Et*@\?b-—\ ,w‘r\mg@0~1
o= rge)ze T d e
*E}(e)ztfso;a, SFAIE
wMu,@Q%J__ (A Re) (9) ¢ =19
S B =Y (€) AL T T\—(B_)XtakQ\MJLQ_ W(B)ﬁ(w@‘e)‘
S Tr(e,)h A~ (—L\B—\-(E\Q‘Bz S
Nots o 0 process Auoe m“%’r\\o\c’_\b s hmm%qb
N semey
T(8)= \-B 1E~.+f.~.1 SRR ¥ %“W"WKM\PC .
()bv‘mua\ 4 —W(QJ:Q\+$51B) -1 & co'rwthavm% Q—bh a\\ B wrtih
\ R\ <\ 1? \(’31\ &N 4 f'\\&bﬂg 1V 6o — G’g R ahos odemgie

cauaiion ©Ce)=0 , 12 (HEB)=0 \ie Ouishda by wid—
‘ ._-_‘_-_‘_-—“_‘—-—-_._____.__
Qiva\e ,




gk Q\acm\a ; ((,g() = L A y K=o
. e T ’ ‘-— b ; O\T\& "'\Q\L bme_qtss s OKQQB“}\&Q-
L ' "\‘ﬁl /K:t\ .'. S‘k‘U’s‘hO’h a %0*" Q“ VQM O%@‘

X S X1
Note {Rok, e(o vc;az > 2 %+l“0 S Py e - PP =0
R s A TP 60 [Bris meol, \-4p2(9 20
e.lp| = -

2P\
f(u)l TThe Q. QQ cuks ch’Jih imb TP
0 l %.':,_ 7> K o a N o 9_ K
A Qunné_loah am of MA (1) Process when
I
N :
O,onne\oﬂnam-og MA (Y Procaay eohan P <0,
b Remoni- s Considon’ R go\tbm_'.mﬂ MA(H) proeess, ’
.,‘> Xe=%¢ +[;~‘>‘Zty_|' .o ';';> Rg = E.{-; ~\~_—}3—l Z__k oy
T oo o moddl @) S0 (9= 01, Ame
JE -
l+ﬁl'z. § e , Same ag '\'R.LQ Y go‘g

oW, ~model L)
Em feck 18 c\&Q Claon Qrm'n\ mmm Py B

\+ B2 __ﬁ)_ +1=0, T Constant ’Hm‘n\\a_L %bmauQ\-o:tm
noods o A eaacHion 18 "’m&d Aoe 1 B1is & dolulion ) g s L

~fhus we aom't  dendd an MA bvpaest u‘m%—i\ﬁ ‘Fq’o‘!'q ol a\\f({‘r\ Q-Q.‘p
NOw , @ Qomn tomke - =

U Xe = (\"(‘(3\8)2!_'_ » oW sz z—b-—-l . 4
—>Zt"C\~%f-’n&)"‘Xt—-C\— |B+[5‘3_,H ) e

B xem(uBge, TP

i H——- i By e i |
- LUE }\t——‘rg-Xt—\'* “fé—*xthp_-“'—--:.l t s )Y

‘ o |




&)
P, LA ?0\'3() conveng &8, colneys QS Ry enh

33 @il b s if |B1] < , A model (1) I8 sadd o be

i) does Mot
%-xlc.vﬂ{b\e_.  conL A3 mochl(ll) s not. T_[g fi&l satisdies

caverdible  condon | Bl <, guuy \—Ll > cmci—‘*f,: o\ M

‘\\"‘OS Qe con AYHOM, "T'\?\.L \mboa\-\-mh o£ A ﬁ\\!tt_\ﬂ'\'\\o\\l".‘% Q&“Q*Jn
¢ \\\t.\.‘\C"k “‘hat | o \% % i"ﬂi‘“_“; MA (Y bW‘bQQ_-S& %h - aWQ"L
o f,

\"'\ MA (2) Proeesst = '—WUL secomd orndaes’ mb'\f\f\a W‘Q«ﬁQSQQ_WW

L]

Q de Qnud as |
e = Za v BrEe- i e " Id
- an
(18,8~ 6g8%) Zt M o
= (1-9, 2 ) “6 ﬁz—-@g_,cml
—B8(8)Z¢ i 0'3-‘| |

MA (2) process (8 ﬁ-&-q-\-\m-\oné j}ow all VGU-‘ULF Gf P @ and Bo .

fovw MA(2) process , 1S meauised %Oh m\f%rbb\h{'a "{ that the

poaots of the eauahiom
X \-0,e - 9?_3 =0

outside T unit  aiwale Wa R banamedeny 8, , 8,

e
Should e outsidae fhe w—&amh (,F.c\ﬁ)
O +82 41 , 85-6,<1 » 821<.
. =N\
T Tha a-e.ﬂ. 'S /L/— %\ '
1 W k=o ~5 : -
F(K.): 2-k o Sgﬂ—-ﬁ 2
5 ﬁ;P;*K)i K=t,9 R g
2, P |
0 le _“53 ‘
;.2 . ﬁl*ﬁl{s')_
pC) = . ond Ply . P2 .
Hﬁl‘?—f(b;‘ P ) ; W y P(K)=0¥ k29

'_Wu_m +Hha Q-Q'-Q.Q\QS O\“QU:E- agf_” ot \Qa.z ‘



Ej-;('a-mP\E.'." F_mq R On(‘..il‘ Og "Wu_ MA(“:’_) ]vmqq_:;& a‘wq:n‘o | @

= . Xe=€ryoTey  -028¢ o rohou g J s P““(’“\d v andom
proess, Also dvrawy R coh\aQ'LOawClm. .

Qolufion *—  As ey s & b\'m'?—\a' nandomm brocess | R

J :Ecet) =0 'r ' . :
Cov( €L, €x+k) = ag> W K=o
- - 5 W w+o

—hen E(Xe)=0 and vom(x ) =¥ (€e)+ (0 F) V(e + (- ()-9__)1\!(6{-,—9)
' :Cwa‘q‘%*-b'od‘\)Q‘g?— = 83 q—éﬁ
Nows Q_ovCXh ’x{:.ﬂ) = Cqv [61.—.*' Q9 e{:_‘ -0:2€¢ ~5 » Qtﬂi—bt?&b-()i%b:;

= 0 7Cov(ey, er) + (83) (=0 2)Cov (gb_“_et-o
= (073 -0014) Qe ™
= (6:56) ¢z 2,
and oV (Xu) Kex ). = Cov [gt 40 € —0:2€ pug > Cergt b'?QH"‘b'?.G.EEl

= (=6 DCovi(6 ) -
§ s :(-—0"2.)(1?‘5'2. o
Also, Cov(KerXet) =0 V- w=3,4,€, - ..
Ry S (reaxeng = § @, ke
s T s de, k=
. (.'-{)"2.)('%21 K= 2
. 0 - » K293
g EQ%) does not dshand oy M R brocesy 1S ttand ~uveday

?’ca*innoné-. “Tha q.'Q,_}.,_ w

e(x)= (W) . Cov(xerXer) _ § 1, =0
s T —— e . s o 1.5
7 (%) V(X9 0:€C , Ke{ 0:3¢
i g | l. %, R '—-OIZ ’ k:z

a

.'-F(?‘)., o ol | d (9 ne K2 Q
-l, :‘ o i . %4 .

o L ey

f

Ma (2)
é--:jt Lo bt\b&nq“j_ OQ "R&WQ@E o]

it Fras.



Do \
ul> S\m\ﬂt MA Pnueosg,— Tn o MA (@) PprocesS §xb'j mm@
o Qqreal Omd
Zﬁzt § >‘g e MLnah\-s ‘3\(5’3
.__,(‘5 =4 le. g (s -.___. L1 6(1)q, ;then e Process edusegy

simple MA(Q) procesy
Xe =2+ gy ZZ{: L,ns kmwnlas simple WALA)PTOEAN,

I}EFINI‘T\QN - &ub\-)ose_ S{Zl_rj 8 a blﬂlﬂ.\@ 'nancbam process, |

E(Zy) = QVt and" Qw[Zt, {.;.H,(] iq“z , K=o
0 » X£o0

Then, a pwocess ixtj \s cdwm \ga y—

Xh = Z’ Ze-L 35 known as o stmble MA bryg,
4 thm q/ \ 0 A %""‘u . ot , . - —
— -

len’ta, E(Xe)=0 and VM(X\:} :V"(._J_._ ‘zu_t-ﬂj
. SEED i=0

axl

Jf—($+01(q’+0r2 Ve
o

AISO, QGV % -
(. k., X{:-HQ qui«_ql;;‘z Ze-i) gt ZZE“,( ]

= Cov [__L_ ZZ_{:—L > tMi-ZIz t_a] mm

Aok, ( oK ) ek
"“-J—— ’ Cov '?b-—t 5 et ,‘Smo_m
,O"*)Zuzu Zi's o
UNCorwelgted
'Z G*
® @ 2

_ﬁ__"ii‘_ 18 TOUPT
) (,qr—n)z ' :

and Cov(Res Xer) =0, 1§ K54

S\nag_ - EQXb) ond Q;DNC;(WK-\:_F@dm& ddpand om \‘E’)'—FRJ__
s\m‘ph MACQ/) %’MC‘_GLS& 18 steond ondon on mu'kld o “mm'a

Thee o..o_.g. S ¥ (K W
K) = w0 4 K)n C!m;
NS bk = o~ * s (xer Xery
= i%_ 3\?5 k<9
(o s K >a 0,
+ —t — : 4K (et
o) i 2 B ¥ === e G ampeloaﬂam Gg S\mple MACQB

PtCess,



£y g
wtn neqre sy . ;
G} shes La ol LUV g ST Supboest MRak R ZeY s a puwl
g wﬁ‘ F ha@ndo%t\:mc_us cetR mearn,
220  Qan \ 2 . _Now, [ wedewive a bygees
.,. colne e CJMJ"&.‘ value Df M\:me_o_za e s e.x‘?Y?bQ-.‘SSQ-Q ig{}::y
%mtu_ \\'Nmﬂ a%'amﬁfﬂlﬂ’g bravious P vales gf 8. procesy and a
poandem  Comboverk  Zi * “TRan a bwocess $xey Vs sadd 4o b an
QLLJCQY\OZ&WtVﬂ-— Proce sy Og‘bhdﬁ-‘\\o | obbneriated o m\ARLb)bm:;e_ss]

- 4 pXe—ptEE = 2 XX +Z
=y
is ot o Lnaon model

S Xg = Xt-—\ + XpRe—2 +°’~‘P5‘+—~P+?‘:’ yelat
\debendmt ! vaniable. Xt o a Sa_k of Vindebendank” variakles
X~ Xe-g7-0 0 s Xesp 5 Plun. an .ernon tenm ZEe 518 olken
sadevined o as o wmultiple he.ﬂnmmo'n modal » buk Xi is TU—%MM@_Q_

on ‘past valuwus Of X wat@o "'f?]q't\ an sdpenake \:hzcho:hm VOJ\\O\‘b\QtS
\"La\QQ_-\—?\L wodal 13 Qq\\mé ' Auto - ho_%he_SSlVfL

Ques, ghow Aot an AR(P) brocess can bz c@mien ag an ™MA prmcesy
m%m%rz_ exfond . Hnee , comment on e &*&hof\am“c& of AR(YH b cesy,

‘g y X‘: = C’(‘Xh_l 'l‘
TF\.-.z_ n eason %ﬂh 4R Mame

\J

ﬁ‘_\l" ’bgq_l'r\q_) QX’t = Xe-| O\T\a B&xt ‘*x’c 3)
Thin Y = oXe—t + XaXigig 4 === - + g Xeop +Zy
= (e B+NgBZ 4 »no- +_O(PBP)_)(_§-; L,

& (e e e s

@ °<(6th ‘:Z‘t 4 :
@ X B "‘(8)_2{-, =8CB:) Zt Sﬂa - ohw . B (8)= Sé ‘QB)

=) a ) e ST :Z ‘}Bﬂm'rtﬂﬁn:l
4‘;7 Xe = ‘Z_@é& 2t 32 47 bﬁ T J': .
0o Zt +B1 B~y + 0o Fp-n+ -
= Ej sl | +0p Ze—p * P :bmmdm&”’r&mu

; 96‘8?} Lonvendes - If I\Ga‘ < o0, than Z‘Gaaﬂ @_em,mam ng a\l‘lEI_t
A=0 .
S}—mu\ AR \:;Y;UQE,SS G'g;o\ -g-'m"t‘L O'Yid-ﬁ_h Q_Qh bc_ Q_x.smq_me_d Qs 6n MA

oveQon,

| J&()mg-;"_g]gljz\;l?‘?—wn AR(P) con be mhx&l’n QS MA(%) 3, "'ﬁq{—l%
a" z azt‘ 1 - 5 -

d ot qrogl

i



6

As ' B(Zy =0 and ancze;‘i-b-i-\&) “i iy Wt
0

s KFO
Bl O,Yo.nfxt) 'zea <ot and | Qov (KeREXK)

4=° g o I:an[ZGJZe—A)ZBd *““k &] '

. I
= (‘_ov[‘F 0 Z*:—'é ’Z e"‘*’kzhﬁ.YP

ol 'm = -&*‘9

[No—’te_ ’W\Q‘t V(_Xt:)“ Z'G viog " 5E md.v_\?mdm‘v a/g -E 1mb\tﬁ.a

\Qw (_Xt ’ 5<t+b<)| &< iV(Xb)V(X{;w) { V(Xt) m\rne_hus gth]
'Z' 84 @'«a-\—K g

(‘_Jlmn\a E (xb) =0 and, Cov, Q'Xt / XE:+K) =/
mdﬂ_b’mcgmk g«g +, ”Wu_wmggne_ AR(P) Pme_esses a- one S'\'ct*\tmomd‘g
PACHESS |

L=

Audp covavianee - funatiom and - aeed. o AR(H) Process: -

we have Xp = X Xt X5 Xg_z-r < r e dpXe—p +Ey
Hemea, x. L ¥e = o XE~1Xbw + X2 Remp Xk +- 3 + o pXe—w e

» 3 _\_.. _ K?
lO.'Kw\% e_xbe_e:\-v:d‘\bm oot Ydes = 7, Zb‘xt_ K » o

9k - =\ ¥ K TR Lo ""°<'E"’>K——P ) )

¢
Smee XiE-K debends om Q—h—kﬁ'zt—vu—\)-* 5%\? nok " Ze - k* ;0

P Rave .-Wu_ h&o_um\..a.hen_su.\q\-mn 'U
p
'\)K = Z q%'&(-—'é' 4 - PR TR

&

p\\'lll\\'a ba Q?c, ':,.' 4
fjk*c""fuﬁ*ql fKQ +WPF\‘-—;>J .
Yo, (t-—a{.B - - "““PB)FK =0 —®

iy (Y2 B @ s & diffosnen canttion i B of sty

Ig @(6): —{E\‘(\"G‘\ 8) tRaen uara_ﬁ‘qﬁ.co- .
P« = AiG\‘?-'r' mEY APG‘P ) ‘?‘m &JN\“”\O"‘J:‘G \@\& <\Var\(1

W

1o



Tvernewrty £ Svmonarmyi— ®

e R

RE = s Bt KaXkagh -9 ¥phe-ptZ
TRis is called A adonegressve modd. of ondin % AR(E) MR,
Zt 2 B — B Ry e © e 0 XpPre-p
Ty (I~ 8 —xp@gr- e = D!?EP-) e

= @(@) Xt , whou D@ 1s eclled AR ohpanator.

B . e ; " as AKR-wmodel 18 a bortien\od case
> X": = @ (6) Zi 8 og s %Ur@ro ey
B8 Zb , auing BH(O =R ‘

ni 4 'l'\"L"f“’\'b*’--'!'a a’? ad o Pl L e o

1

Sinea iy R
an AR (L) wmodal S a\qus__
AR model s St=hionan W woaghts Xis 20 Py, O SuQ\\—RqE

~ti mua\'ﬂ‘s Wi s \Pzr—-—q S P(8) ’fwa'rr\ C\Q«O\#{ﬂ&:\'\: UM QS |

e . the neion V(8) = @“(6) ks _
C o 8 wiR \e) £\ %:»-a S%Hmoaw'm‘\;a:

must b2 cam-wmca&'f\
ten Draw “+Reo_ c.mwad nam o;f a ae.mq_g {}(t} TRl

Problem?
- D(l;-:J—G{7+-1— gt g Ee—2 , whou E(€E)=0,
Qw(etfe;}) 2 t=4
O |. t%&o
CSoluBOR ™ ecivy 4 :
St i, —3-<>
. iy ! et Ry o
simble MaA(2) Bm , 16
Q-+ =K Kalsr2o -0 o 2 Moy
ol
()= - ‘i
CE A K=0 ¥ro7200 Qe & —
o\ i Yo e ' e, 1423 X
K Ky 2




¢ Distrguish o,

_Qﬂm\?m‘ﬁson bdwern AR and ™A Proeess’t —

—

Bovng AR Prmsecess MA /PrroeesS
p—— e B eSS W
Model in 4e _'_"':__H-:—_‘:__—Hﬁ‘
.o p'neumu:“ﬁ i) (B) Xt =%y 6™ (B)%=Ze
_ Xe’s e SR
" Model \n Aermy = == e P
of brevious Xt =0 ICB)EE Xe = 6(8)Z¢
Ze's -
e
sflrxhow\cma ':f? Yroots o’f ®(8) =6 lie outside. Aluacy S S{-oﬁonond
. Condihon, —the unmd- dinale . "
Thverriibil : ‘ . 2 : rutts 8{8) —:‘Q__l_‘:ih
andhon A\maas \nvartib\e, : outsida AL v Cadle
Ao ation | Infinite’ (dambed expenantial " Finie. .

'f\-m ek

and fon dombed Qme-_-mqus)h

(Attennative Arbnoach)

17| buo\\‘r\-\a( B edwean Au‘romﬂva@sa,'wo_ ond Mov'wa_ AVQWQ%‘Q?WQQM[.__

Y ) LY : i
The vosous chonactewisties ; .9 meay ,vonianea , auto

aonvielation . %no_‘ncm , 2te.
brocem

ohich mca oa hz_\lum&o_n%a_&

1 llus,’m oke O c:Luqu

an AR bm:.c:e_ss and  an MA
be:\-uaun w6 brrocaneg
or> s’m&ad as Lllowss § o~

= S TN %-!ra&\on_y AR( b), BrOeCSS , Et ean e hebresonted ay

Oo— %\"n\t@_ ot "co_c\ sum

mg.;.,{h mua\\zd um

Xt = e (B) Ze

c’g \:mav\ous Z's, :
Algo ‘Wm an \nvertie\a MACQ’) PMQO-SS , Xe Qan be v ebrunenhed

Qs G

finvte coaighted st of
\‘r\-q-\m*e_ Sum

lb'rao_wou..s X’

Zie= @“‘(‘B)Xb -

o«g brevious X's,

Previous

6 Xt Q3 an

Z's ov Zd's as an

]



&

2 e “?\'ﬁ'\qé& MA byoeess fRas an G'-c.g.__‘h‘j’\at \S 2y b_ea““& "
“deyrtein bolnk , oulb since &S equivelent o an ‘{hj‘-{n‘_\h_ ,_ AK
bme_esé, s parfial  qubs conwelation %mr\cﬁm-\ AR '\T\'Q"“'\*Q- m axtent
and g dowinated | clmm\q ed 'axb'omﬂ'\q\'s and (on) dambed
e toves, anvt'nsg. , an AR "brvmewn Lag o posial auts
covorelotion fum evion G'\Q’\"\l\-’ \s 7m0 bRAARA O oty puint, buk W's
a.e.d, i wdlinite AT extent ond aoms\Srs crg Q m‘\x*wmo:f

‘dambed  exforuntiols { gnd (ow) domped  §ina toaves

3 Fon o P.\R'- brocess ﬁ’g b onden b, *h bcr',".f"““\f""’m‘:‘f’i,?}&““\c
' penuined - o safithy gy condifion Yo ansuwy inveriit |
,.Hd,'_ﬂwcm 2 -ch &-\ﬁﬂaﬁm\'&ad..\hl Wo’t—.s o:f | ?Q(g)c_(; mut-!."c \ie
audst de HL Ut cindle. .'cmmsma, JARe poriovnatans of Ka
M_A.-'bmﬁlls;:s: UL pot weamidyed Yo scrh'sfq mv& aandiion Yo
At S L T --mmff_ua\ma of tha MA Prmeess,
. R roots ‘yf S(8)=0 musk Ne sudside 4B wnit Qinele
g jﬂi‘dt;yg'ho_'\n'.naﬁ og) an . MA(%) Proeesy s eagy O m')?gﬁ‘m
0_45 .{,‘"‘7-_“':0““{_‘5' o:f{i-” fj‘a_‘{,".’h‘&”q" (Dharecis 4R ,@“fhﬁbgﬁ‘an\ of AR (p)
oo ts.a Wikhow - of, dambed @xborantial and. smuigds and
die out S\ow\ﬁ - ' ' '

il N TS T Rl T, S n



@‘) _Eim\:*ondm AR Procesy [ Mankov Pmm&a] o N

_7?\9—'?'\*‘8'1' Ordew AUYD weqye cssive - brdaess §Xb} '8

defmmd as’ Xt °<Xi:-1 +Z£ , B g;ftfk 'S qum_\d random
bmea_s.s F b

N‘OUQ m@_qu mm{fv‘_ C"‘D‘{B_) Xt:" Zy
. ; that. | Xes(xe)lEe -
= (1tetB 4t 2R . - 1 )T
Lo =B H oA Zpo o FBpep i,
rovided - tRab: HRe |
H o a - Symas qugé Comver Aes V. B et \81<q

6
his i omuioril o £ S I o.é\.smca. stedt oneot

Nnm,‘ E(,Xt) 0 cmcL VQJ‘LCX{—) C(+o<+q4+:, ) q-é
Ig \qk({‘ ) 'mr\—}h vonlanag 4§ %nlhq_ and. VOJ'L(XEJ-‘ ’J‘L

R QBVCX\::XE:+K) C‘W(Zq ZE—L)-Z’O(JZ*:'\-‘( d)ﬂ’*}t»

Jrx
"—Q"V(ZO‘: ZE-L 3 Z X

K= 24?‘*“3
| Zcx Aol - o0 ~2 '
=2 o{ tw( 10 T )
CI 1| PR h .
' th ”
-—Q_z?"zo" o T kg2 Zoc
~ T2k =8

W > bMVldﬂ.& \Q"\‘: fL

%mu_ E(%y) ond. c:mQxb,x.H@ domok -dekend g 5 . an AR(_‘L)
tijg_ag Svo MonKyY ,?mo.e_sa = SQ@Y\Mnd_gs\ a%v-;hm\
Preovided e 41, TR TaeV] 8%@*‘% e Y(k) L TRk

—Run q.e.g. 3 (k)= 98 . %)

Herer, p()= o™ CRR 100, bnd )< P
e, = X . j
| 1\‘ |
il -
((l’\)e “l | | | ll:)" >K O ’ ‘ ‘ 7 \ | I ITIE_FJ?“
ey, | EEEET -t

—Theowetiaol Auto conndation  Lupton of Mankes Thocess




@3
AS Shoen ‘™ T Rgune *tﬁ\.w. Q.c_g decays Q_x\aomwr\\ﬂll ‘o 2enn
ook | 04X &) bW B saxk smerfial- -to gend and ose\\akaes

mgha'n WY UL ee YT L 1 e L e
U S%‘m& Ordo r’\u’mwe&nmagwm Pmm&:a[\’u\m queg‘a. :

'TF\JL ’a-‘:.ﬂ.e:ovwl_ mnebm qu‘co ho__a\me_sgwﬁ_ Prrscon, |8 qu.‘m& as
Xe = Kido, do Xz v By W S \%a‘(’m&\K wandom
bmmss

- S’ra"naﬂonq Qm'ldch(m, .- | e --
A R e '”lqd ‘wowite. Xh-— XXk °<2.>$b ;L-—Zb e
7 Cl-c'f\B %2 82Xk = zb
9 Clﬂ BJ(\'—'ﬂzE‘)Xb gy, wokwus A A7
Q)'U-*RI—WGO—\-S Gf \t-—d(-le. WZB').- B ) - -
? (1-—'/\16_') l("“ A28) ") ‘?—l: Xt TR
ooth o
P RE = (Z A Bﬁ)(zh B) zb ,,\;m'vfdmi”“?
| 807\0_& -271;‘353 anl Z'A‘ B“ cmwmﬂa 5 f-xfi- if 2
ond \'Az\<\ t

(1-—0:;6 otp82) = (1" =218) (1=228)5"
At Az = Ko 7‘1“7—* "'0"2 p

Now, 9‘\2?‘2 = b °<' +4°(2 L

— .
.7 Iy i 2‘\'».

TMQ@WQ_) 4 ‘?‘11“ %_2<o<1:tm L8
., -"7&"._2 o1 R .]o(l+4q‘l<z 9

SUTSESINE o<f+4o<2 3 (24 )%
g i G“({ L t g J
o<'z+=4°(9_ B C”-"“’"O

% Q’z'-“i<l and e <!
e, Aaa_m,. \-—O(z] =] <1,
'-m:mfovatf,"é({-i‘éfz <1, &g —«1 <1,

[o(z\<1 are
stckoneridy condrion &%w AR (2 procast,




’ -" A bia e . s - @
Acg "Og- Qs av\-a{qunona ARCQ) ?ch_a.s' “/_\ g
i mu\"ﬂ‘?\\q‘;‘ ba k. ~K

Xe = % Xe—1 ¥ X2 Xe-2 ARy
and wa ﬂq_b

Kk ZLk
Xboie Kb = X Xge Xy Y X2 X - ~k K- Q*Xt > Wo

P E(Xi:-k x'c) = ot B (X le:-—Q +°«’2_E(Xh kxt“@*":‘“@‘t*\&zg

> '3(1&) SV (K=1) 4 27 (X-2) , Sinca ECX!-:-—MZE) =0} ag
Xe-x con m\\a MVolve e evrroy Ze-K  Weh 1S Uneny,,, o,

Wtk Ze. 0'{\ dwud\,.% ﬁmwﬁ%bu& Yoy (&) b\ﬂ 2(6) qu%]%-.
FO‘) 2, P(K—O 4 oo P(k-2) , K70 s
The noal - Soludhon o:? "r% aloove d,mﬁmnep_ e_o(uqhm\ 19

; %’:ﬁ g - Pw = leut bR X ) oV Ve buﬂﬁ ?W*)d
oM e \nital - eshdidions . and. Uq /Mo )0, SRR, rossteof
e eaqpeation L o<1u+b<9_ AN VRV SR VveR REBY
‘MC‘-\‘\GS\O\Q%%%«_ e_mcsr\-\hho? —\‘f?u_kmu-%?a

QomiT 5 30 (on +4c>¢:._»_) >0 wnﬂ’\m nmr&—s u\‘,u;,_oJ_g-ﬁ“
d’\ahac_\‘zh\s?\-\re_ eq;.nca—\-mh A ma\ s
Note Habe f= P =A\tAp
:.-.'l.' ,DCIJ - A\U‘-ﬁ-Azuz
4 = Aty % (1-AY) Uy
; A1__Pc13 Uo

—Wy

Aaa.m; ‘?‘m @"K‘)a F(.) o P(t’) *\-.°<2 ?Q—Q
? _PO- = vy

' I——O(z
= (w‘v—u?_) (ruug) and
onBo = A-Ap =~ Uz Q=ur2)
| MmU2) Qi uuey
“P(“J S U-*uz)cuk < Uy (- ‘&1)39_
. (U\\ L) (‘Wu and & eomyisls
W
Gg a'm\x"rtme 05 d,oum\:e;l ex\obma‘\? )

¥ A




e ——

T —— 1 T L T

@asell T — i e ®9

BB Gl o, manets wun of 1 @
chenachermishic.  eaualions owe. \ma%\*mn%

bt wy=¢ (‘-"—“3@4: L?Sm%) > Wo = b (cond - LS\Y\Q) s hara , 0¢b <L,

ka) = 'F‘ E Ay Ccé's% & ‘Ls‘mSJ + Aqg (cnsB -;t.a'\?\ﬁé) j
= bX EA‘ (203K ® + tsinkd ) 4 A ( cosk® - Ls\nk&)}
- FKKA\ C,ogk@ +A2 gmkei?]. , tohare, it = AI:AE, il
Fovn K=0, Plo) =i = A\ . ' .._.7- = '*C. ! 1"'7—)‘
For K=t, P()=p(AS aos@ & ,q,_-aaq{:}) @P(\J b (o304 AQ_(SiﬁG)
Fow: K= -1} P =AY m@._Azgm@)@> f(\) - (cotd - A7 sm.tp.
%b\vmﬂ mm&o&: Al =4, Az _ 1=p2 aite W | sy .

I+‘I°"—
Than W can Ex\;mmss f(\() as }’(K) bK?mSBk+cn~t‘l’ SW\GK}
CUITTHR e s Ak, sin(oks)
| eohnay PR s aalled Ak 'damiing' facton. ®iny

S\TIQIL Q(b‘(i Q“d \S\'ﬁ(ﬁi&%"\")l‘- i €0 shown e
'HQ“U’- ﬁ,_ thne_\bahcm\ cr? 1Re \DMO_QSS 8 a Q‘Qﬁ}ﬁ& S, W aVL,
and m\l\ L2~ dombked ™ ouk g-_g? existanay w‘lc,\a_‘b( \s q it

,tcmtaft. AN

NP e \,./.-\ AT P S /\ /\r’ﬂ *-\k )
0 \/ \/ \/ = v

v - Qz)hha\oa\@'ém‘-' 0'-? ARC')Q Procese

i
P

4



- l
RESLL\ T— @
---______'t; TAL, . asvewelo oam & an AR(2 _)LYl = Ak q\‘dt -7 qj:’atxgl

Pricess s a damped - sme Wave mﬂf\ dambin a\c\uh

el = m : %Yac.quu\_c:n& 'gu = L L coy = “t' L) and o \Phq?ﬂ-

Q“a\o_ = A, =y 11-\-& ‘*6\1\ 21[{0) i q "H\k 'ﬁ'Q—o\ “g e
Q\mnadm-lﬂm r_auq\wmx ‘_h @1(.8) - (?'Leh - 0 ont eon\\:\ﬂx

frwof | .
P&Ya an M’%@-) \!’rme_e_?;% "’ct?u_ Q. Qg "3 awﬁh‘oa
o " *q)t‘ﬂ( 1’ (?SPK_ _ |
S&“-“‘\“’ﬁ \’C&\U&S ans: fo=ds, f =Py Do b :"Q' Fl m
:[g '\'P\L W‘Go‘tscr? AR c-_\'\mmqq"tmshi Qma"ngn_ ,
-de- 8720 'm& > Gt \Hhaon

\,

FK': A\G’\[ +A2G\Q ] G\(}|<lvq ’u?"'

We can mm’cL

Wt et mqu e, Avas, ¢, £ 48,50 , Py comins
Q 'ﬂux-\-ma-oi dambr—rl Qse.ol\a\-mhs 'Ig AR onktom}\&x)

(K dlS‘ﬁ\ﬁ‘aS ?SCLUAQ poviodic bahaviowns Sub%*ﬁm'm’\a

LQTTg o
)

Gy = de Qﬁgu = A

{(%i%n(b.)}‘(cl K sin Czrr.fe,k .ﬂa 1

SinF

lﬂx'—“

—This \s .0 dom\oe_& Sine  wave «itl dambh‘a %c\cshm P

f?,,wc,a A{)_Q bhase cma\t F. We have
| Ol ~

= [—pp, + ®032Wfo = AT ‘,
o d® . : v
tomb = L ;'t‘n“ﬂ‘_%) LT A

NOYCI~  Qppddeve : Y = 0 TS Yt — O Yoot Ay,

Heve f) IS — o1 5, “the TN ogm h. e anation

\ ‘o+=t:;;+ bis RZo( OV asmbleX. : Sy facton
- _ cos™i(0:¥303) et
d:\ﬁr”:a?\,'@nmﬂmc’a b= Pl =)

g\mciame_n"w‘\\ beviad 0? osaillation 8 &2,



: ;_xam'P\@L‘ Show that ~Re e
,E;‘_,/_—f—’———’—" bR G N e.? Of 1R %’rﬂchﬁ'ﬂmq Seeovd -oveden AR
Ke= oXe- +5 X0+ & is a;um ‘oa,

D (B! kv

SOLU'A’I.C'“ - o : Y
#‘—;—‘:ndm% %«nd e a.c { Q’f“&l{'ﬁne&ss , We e “+Rae Yule - Walkey
F(K)~ ~———f'0< v +1LF(\< a) T

e c_cula wse Hrise aacetions Yo fnd Py, P, o3, and 5o on,
ba_ suesessive  subshifution , bubivis casien o fnd e

al "solution - L»q ‘eotuna TR Sﬂc"g Yule - Hatka*n am':xhwnas
a sok of - difosanen Rarraons, TRe amq\ %h‘h’\ og oz ALV
Yujq__-\f\’&lke_\"' 'e-‘v-&qlf\ﬁ'r\ ’Q\QSW thkma éauctho'r\_

il v i a ]1&—%
1-¢._\'2_'a —\J._[_—_-Q -
?’*Q‘-\a—&q) (30 -,9 =9~
P " (e, 3:-_ 4) 9 _
T gmun& Sc:.\mhm crg,*\%u. ci-tffbunm Qquo&\on Qﬁ) 8 al’m ‘Dq,
CVQ Algl +A2 ‘2 = Al () b Az(_'--‘—) ’ %W Ay sAg bg""ﬁj
gmuml grron\ '-\-Pu_ m‘x’nQ\ Qohdr\whs

we Bve )T ploy 21 002 80 + 5D 5 Fom
S P B JOEIS)

fanes . A=P(W)=Athg ) H=2p(: Ax(—’g—)*Az(“%)

Al-l Az R
? S s AT pea=E2

Hmo_e.) F(@ 'L/], '.+ 39_ .L) , kyo and alse f(W)=pk),

’rﬁuu.ﬂlobe_, /D(K)._ 49 (_]_) ' ( )”(I g b, ¢ 2 nn

b, o

5
! -y



LXomPle: 9. Cunsiden Mo AR(D prmcess is given ok
—_—

Xe=Xeay,~ 5 Xe-2+ Ze s
astR\s byocess S’hhuf\or\a') If 50, tahak s s a.e-g")'

Solint~ s sndan Ay Bnotesh| dhs, Redt. Tassho s Tind4q,
Yoot o{ @arat on

PB)=l-w@e-.. —x;&F=yg
Ple)=1-84 L gvog

—The  wools og “WNis Q_Q}—kc\"hm'\ Cswcaon&ma‘.%qa ba*:\ah\q’o\oﬁ) o
QQ“\\"\Q’{ ), "'lqmé\‘d A4 L. As “he modulus o‘g OTh Fouts Q‘XQQRQQ
ons- , = hma"\—s oS 'bcs’(e\ qu;\—g'\d_k A U\Y'\\it QLWQ_\Q_a\h‘i 30 _{_B\n\
"m’“—% s S*GC\“-Q‘Y\O:\ Lo

IE T &!}?mnu aciuadiion %xm f(K)og’\hleme\mg s
P = ey Ll — gy

e chanactevian o,

.'n ARis ecase,

6 Qu?':1‘ucn-ue§ _e_q;-&cz\-\t:-r\ cf"‘ﬁk
Ao renag Qareaton on Yule walkzy: E-%G\‘\m@_) N

W WAL =il Lm{-ﬁ roots |

ol = T

*T?\_a_ cae_m.nq\ Ruh_ckmv\ 0?‘ —“Ga m%&m\,\% Q('\"IQ'Y\ Cicj

PCKJﬁ_ AlUt rAgug
: = A Tj-L (us_-& vsm ) +’A2 {-—L(%s'[l’. Lgmnj}x
(_1_) i(m kw) AF .+ (sm vm*),gz },M&’
Pto)~ |y and p()-= P8~y N
Jeh e LY :;"‘f(.‘)-——ﬁf‘(-) Y L e i
S PO AY 2L Py a

We_ hcwo_ '

T C IR SR ST VP )ﬁli\rJ:Al - _\_Agr}

';> 2 4k
?‘A‘ “A?_*,

[

enee Flgds | —‘—) iﬁoa +Losin j

3 R20,1,.0 5

et



- " - L . 0T e AT e . ———

&

.Eg;AHmnaﬁva way o ewek - Shationonity 'Rm ARCY and AR(2) Preons:—
A Gl i '

s Subbose -Em-. ARQ) brrocesy v Xe = et Kk + Tk
— on, 2y = (1= ¥XB) Xk

NOtd , eonsidu, ﬁ(gj.:_@_qe) - '
we) = (rae)™ =) (xe)?
&t
ceion  has o b <= N B writk 1e1<£\.
"TWIS-. - :m.;:. |1 &2\ o ansuws &f%cch'«noa{%‘&_.
\ LY
—\s;,- . yervis °£ 4%e choseactamisiie e oprafiomn @(@j:o N
Q = \/d‘ v Sinee ’%3(\4.-_\ , e voot should “.Q' ‘T\"ﬁ\k

region 181>\ fove stiononity |

® Dirn AR(2) Process

we = of X+ H2RXe-2t Tt
ov, Zyp = (1~°é|6*°<282)>(\:

e '\P(’B)-_— Cl- <><1‘3--°<2_82_‘) ﬁ-": .
Rw 3—}.;&1‘@05{\5(& ools of A chonateristie canalor.
d(e)=0, .
(1~ oc,0-262) =

Ahould iz outside -Re unit dinale , cohich fmblies 4hay AR
Ponameders o, oy mugt M inside | g M'Q?\a\*\m\

D‘W—a‘m'\'\ '

P 8

,. i+er <1y Ao~ <A, W, |X2i<A gy
~the s-&rﬁo?\m‘l"ﬁ condffiove  §ov AR(D Puocess,




V< E“"’PORTA'NT QUESTIONS: — . @

N, Fmra "YR.L sm\o_s ds&mmtm‘z\ "’"& ——/’—@")

U =alps e_L}. \Q\<1 g
" ealane e RAas  2ow mean, —?‘md e mnha\oaﬁam

Q)) Successiva '\[Qb;u;*g OY e o md&\oo_ﬂdf-n’%
L) lg C, ﬂcsdg o\aqa,g a mlqhgﬂog A+ -@0

Crai s sge;c+ Ny ! |61 <1, ,»————@Ug

: o valua . )
Lolubon ¢ Bl T o, ‘““‘\"m&mt e ]J
—-_-_H':'—"_-—N(l) Rere Qomhﬂo%vaqm mqn,g Q\L\'()-—Q.QHWQ\Q?(\WK\ %T\t\\ﬁ
; ' : Ub"!‘l_"quh"“ Qb-’.—l 9 ‘ql<| —
:E S QKAR Pﬁcc_q_as
Ue = \&¢ +Q€-1c.._\ 4oV Q Lmpit ~rc
Q. movl o\v'@_n =3 02 random PJ‘LmQ.f\*& G‘% \“\xrm\’tq_ gy;‘btqﬂ\:
o v\a @ua}\{_s

A

335‘&}_ '3‘51;2:5‘3,.;..-. et

- ¥

TRk = ii%é%a+k f_-\,cl‘-'o“b,('{*}-ck‘qu-‘ﬂ QQ—KKP‘-?.i.ﬁ-.-.
251 AtaTiada oo
- ’,(‘ . =ra § " :?'

- By =0

() HEkE e shal Bingl e stmake e ’s Ay (%) end
%;@ We  fave %*roh\@ ; AoAS
Ukro =aUp* €rro . afa
=alesq + (bopry +Mey z) EFWQ\Q&X-)J
=aUex + b (VUey —aUg) + My, [me@ﬂ
% Uetn — C."*“’) Vet tab Uk = =M ean s \al4l, \o <1
“"\______
r1ss) cofusa qu W\nMMME\ ©
Ques— o\ra*ceu'n ARa e_!:wu-\ mm ggn ~Re ,&Q\qu k’)t,ﬂﬁaut’f
« and gu‘cc:.t-zgg\\rg__. \(Q\LLQ‘B cr&> rr\ &m_ W‘\QX&I\E e+l \bl<L,



Mu\-hb\ana botfl Sideg G‘f ) bd 4 Fen ,-ha\ma 2 xhectations qmég
dividing by Voo (V) , we gt for o long senes,
Prig = (A+L) v kg 4 by =0 @
coniel 'S C'Q—mmnau\mug) \inaon &g—gmr\u_ 2.orrakiom o—g 0 v dan 2
g - e Aeial selklion ny = K awas
- Ca-fhjﬂfqb = 0
>A=a,b
< Pk = Aok 8 L% ®
s Ao Qo siuction ] @ , A and 8 Le ‘ﬁ onb*%%

constants eshich osie.  dekanwinad %rom A%z LBek thak
4 ? Po=2 Q"'\Cl o _ =y

Po=4 > Are=4 -
and  PIEb S A LB S Ratlo |
> A(a~ J—)-\-B(b J—)‘-‘G ‘——@
) Sm\vn\a @th\® MLaik‘ o ‘
A= QY gl slla)”
(b 09 CL%QEQ (s,ﬁa)(1+qt:)

HU\C,Q_ %’mm :,} Q. aq_\:).

. h\& (‘b‘—-O\) (H‘o@[ o 5 (g Q+L=K+‘(| 2)j

Z, Exb[mn how oo 6—()\@ 2\ogr
- m con ‘o&u&& m detenirmingting amon
d:ﬁe}\u‘\’r schames Qu\\q’mwa manmgﬁ\ n a Srafon an qu( 3

ANnS: —




|
2
g ’ ?mfa e onda < v caha QSS‘;Y‘Q_, 3&\\1\11 Q, é)

Ubag+alia +BUL = €gyg - &)
Thow Ral :.g € 18 randem and the semay ‘g. ihﬂa

SNHY s VAR 5

N A s ik S

. A\ \ . "\ ‘f ¢ \Q_-
C\‘ﬂd rPU:l]OJL +Hak R volanee ,-.g “he ﬂm\t‘nQ\‘L 30N ay ™m

k(
b \ v =X ) s,
"Mueh t& catan Ran —that °-§~ g aEt 'f [133 € xAM 1

10 Mank%]
Solthion @ —

Since e somas \s;\ \m\% and E(é,@: 0 , WL /2\qu
2.
E(VgY=0 and Yon(Ug)= ECU?‘)T- E(U-{T_tz)

Sqwlr\a both: sideg of (%) and _&‘k;ﬂa. ex-\:ae_%a_mj
Wwe tae.’c . .
L LU)[I-FO\"%QQ- 20| é_‘qb2+ 9_q\ovaﬂ = Von @i)
S Yeuld) . 4 .
Non(e) - Tm\*‘\-b‘wzlqcl fb)h,'+£\§@_ —0
Mukbplying  both sides o (8) Ly Ugay and Uy , 5?\\«;
e xXpeactationa ond dw‘d"\a ba Yon (V) IWQ—H ek WQE'\P&Q&'\VK%,

Ritatbn| =0 Wy

[ = b= q‘/(ln,) .
ond oy +al b0 ad |ty = —b—ay, = (a=6-b")
&l | - Ay
gu\o&'ﬁ'{'\&"l"\ﬁ In Cl) » e a&‘:; '—\'QLL d—wmma\*gh Q% R- M. -
Y s = i
Dnemineton = L300 adhe 2o (o
(v

= F‘@ [(:H b) (\-a% ) + 26 q\tbcﬁb)}:]

= __[r-a"—ap o34 qvL
Cl+b) [

=ty LU i) -y
= Wu‘hbﬁ (14 ) ?—_o:*}-']
sub&*r’nx\w\& w (D), we ae\“‘tﬁs\ Tassred | eyl



vwnqmq_ a!§ AR %wmemm semes U be  much gpectam +Ra v
B Nan (&)
ow W (141) > (L) TCiruys dar ]
“ ok 1¢ (a 1Y) thO\ v?D

Qv a“ e Y
b e
i cok\eﬁ\ Is aooys Amue s \o\ <1,
4,  lhek €, €y s e Ond & be. mc\a\vcnémh voniab\es Om\-Q,

wo '"mean and Um\’c Vamfmo_ \3 Mall
= U soig 42 “© g Ciesagan W
E= £ % Mcmua]

“2how R ak '_W\L b\’m C’_SS S %Mnnmﬂ co'rth QD“WQ\Q'F\O'Y\

ft"‘.PZ‘“ ZaiE s tid‘?— o
go\u:'nﬁ"ﬂ — We_ o we.h = o TV Rl A
E(ed) = cs—e(%) EC@ ’*a.) 2 ‘ﬂ
Non (&)= 4= \'an(j%.) Gn&E(’ér e@ -6, mimiie we(l)

Non (Ve) = Nao Ca'i’-,—&- eb)
=d y(%)+‘((€%)-\-2q0.w(§ eL_J
':' g )
S‘mrixhh\d, wL Q% von (UHK) =0
Cov (L, Vear) = B(UeVek) ——E(U@EQQ@*@
Bul EC‘U‘T) E(C\%ﬂ- €e)=0= E(U{:-\-LQ | (
a®. Cov ((Ub/Uk:JHA) = 8( Ve Ul:'\-b() ¢

ﬁEL(a§+69 Caf-heﬁu)J |
— Q'F(ﬁf) + GLE-. E €t+_l<) +‘3\E(%= 6:)

, +Er(€*b€tfbk_) = & Lu&

! .". Auly epver elabion 030 oh&m-l K.'\s a\_vﬁth ‘a'ﬁ_, @5)
b CE)V(Utht*rK)_ o ;

= q = Ret,2) e -
Van(Uc) ‘Vom(UHbQ = )( gt )
which \s Mdpandent of Ko (enan 4R procsn bs stalonany,



| B , - )
: A 8-\-03\'\0‘\’\031‘& Prro Q0 3y, — m Q Samp'\o_' Cor.alo gram :
N : l :

“‘Re volesg ny do mok Qome dewn o 2en v easonal)
apalekly , ndicatis hom=statonanity of the proaess, For awg,m
semes ;) ~the sample Qawne_iacanqm 1s R R tReo xdicq) d
ov pobulation &dh\-aa_lmavaqm o'g_ d;.Hlé)&lﬁk Stechon any ?WQQSSQ
M ondin to cheote  HRL ome whieh s most O\%\?‘Ymk: ate .

Thae cnvarao_loaham a% an MACC{,:) Procesy h8 easy o \om Migg
as'\t"eks ol 7 ab \ag o, whou oS Re. ec:smaeloavaqh\' &f An,
AR(¥) prrocess 18 A mixtwne of dombed  @xpomantials and
3\1{%0“:& and dies ok shwly . for examble, suppose <on '@""\d
Rat 1, 18 &“a“"‘g"‘ﬁqw‘c\ di nk ?mh\ 20 but TRdk
subseauenk vales of Wi orw all  alvse to zemo )'fﬁ'*’l\ an MA (Y
modal 18 ‘mdiccdtod . Vinoe s Resradeal 2ovwh doawom \3 QQ sy
‘gow'm, Atters nadivaly ‘1£~ LR B Rt & appean "“0‘ bv_
dmm-_qs;n\ﬁ exponantially , Then on AR(D medal may b &% o

G‘LY&C\’PMQ;A\ ‘ma\amﬁnﬁ %h Sﬁ‘ﬂﬁﬁ'ﬂ\ﬂﬁlgﬂ "\ TTrRosw ane twe e elal
‘metRods of  detecting Mon-staondhy

@ Subéeﬁfw?_ judaa.mgml; Applied ‘o l*a‘ﬁ\ﬂ_ me. seres aho.\a'}\o_g
4R semes. ' \ ,
2 I&aw‘ﬁ{l\'clcx\im\ by aswnwadoanam, .
T3 is obviously met casy o judfe ome semesto BT steioneity and
l d d &n dﬂﬁ\L visuwal ‘ndbection og e 1S dodq,
. KL—/\. ,

,.-' \/ N s . '.‘Ins"'\fd

~e estRoxyt  Nom

sttt '
Xe/N m\‘““"\a b

N

. £ >t
.7 AR(1) st=hioman -process ,/ = - Xe= 10+ € + € ey -
cel A Tveondom wa k(an—s\-ahwma) MA (2) preoaess

] »
4

A
Xe

Xe = 0:75Xe-| ~0OXepree - KemboXeqtreg: agQy
Stestivneryy Process Non - stetionary broaess



hutove QW&SS’NQ‘ farometans T denmg 0‘? Audo conndlation? o:g) an AR(p)Procw
——( \fu\,@. walker Equﬂdxoh ey

An imbortank Wausmr\cg_ suwladhon. rﬁuy.-\;&-_ QL&aQQhWQKOc\wm %.\‘nc.’n()'r\ogok
s-bw’nmr\m«d AR Pprocesy s %m\& bq m\k&lb\aw\a -khmua'ou\: m

Al BN S Kikep @ wmsn on d 5% otpXi. p+ €k
ba X\:F\(,"\'OQ\J'\-S:H\ j
ok Wy
XJC__KX{;"‘ N\x'lc.._KX{-:-‘-i-o(th__“Xh Q_'*i-"‘ s qPKb CheE
: : + Xe-k €t
'—rﬁ_m.n_-eohe

(7(1:-—\(‘&'!:) oe;,E(Xa\-_ kx:ﬁ)-& & B (Xt- Kk Xk= 2) Yty
yer . +-::=<FE(XE._KXL_._P)+E(X!= € )

“7\' B(k)= °<\'3°Ck ) +eem’(\<~q)+-—-- - p (k-p) ————fK)
Note tRak E(Xt Két:) =0 ftm K>0, Since e~k QA only ‘Nvo\ve,
tha rrvovw § éé up to time t+~% wWth 0N Unaswnelated covify L
On dividing *%mUﬁhmt &) ba Yo = V(Xg) > W& Aave . %\\nm\nﬁ

&go_r\u\o_n_ cauakion ; _

PR = S PR X2 P(ke) A oo XpX (ko) (O,
Note ol *@ we tomte %: Cn(u;,_--“;?(.@f and F (fm,..,_,},(hg)/.
and RP es] 1 Fod = P:E‘{b-)‘)_ Rp is ?u,u Y2 on K ané..gmm
PO ‘ S5 ) .@aammem%q. » 30 thoks-
A oW v _'., : \Y'\'U(l'fa'\'l'o\\lﬁ_ \S auqnq“-ku_&r

Lf@g f(m) 1 T [ WereR(y =4

Wenee , : N:R_‘lf o f :Qp?&,
abeve '
The Q_q;_gqhtr\s arg ealled  Yule -Walken t?.q,ucd-\ons The Pana'me:’mwg

°<K QJ'LL Q&\'\“\Qtla Ja@t ha\?\qm’,ﬁ FK a’hu i

NOJW-_ Py- K R Y O Fea ! '
{:9- = P\ AL A R o g /Dp -2 °<2
: : 3 e ; 0<
'PP 'PP"i 'P?—Z ,P?.-g'- e R .:l_ F

4 TR TR

Lo Fx
v RS S a wd\\ -~ '?‘33”4'1 SuAkem (6-0\'\’9\ A Sasar. cocfiaient
f:;;ﬁqﬁp> ) e, R e /Snza.mgjh number crf s Shlode
(eamabion Rog Woes) A8 tnknowm (R sluments =y of 4a,
Gnknown'veetror 63 . X=R7P .



e —

"
Eith "{ on Autonegressive Process! = ®

— ==
-LE an AR bnocess 18 —\"?\mu&?\i 4o ba q\»\nmbmcft‘l‘; AP, B
00 >elared aseestions

@ ‘How ean, e &Shmqm +an \msmma'\oms c'£ ’WKL 'P'WQQM.?
Qo_) WM& \s the oyden of e proaesy )

Solufhiom: -

U ESJf\mCX\'lr\a/ —+Re ‘f_-,o)\QmQJ\-Q_hS g£ an Q\,(\'Q\Qa%‘rbtl%%\\fo__ %W’OQQ?:Q ~
We_ ob-%c:u'n. Yule “Walker estvmates ag A pmam‘ﬁih“ ‘O\&
ma\o\cxcma 4R AReorielcol Qulo Cowwelahiom 5’ CK) Q
Q._.

sampla ™~ awdo " eonrelationse I matehx fo
GM mUZ_
A O e
. ,P,’. Pei? AR T L R Sy ™ ]
o ' L“rw Pyl Ppogn L

ana °<. CC*U._.....,__ O{P), '{"P_C'ﬂ’whzr“' zW'F,)

HE‘QC‘_Q Q.<_ :\Rp Y‘\a

ARCA)PY’DQ-?—%S‘*"" '}Cb el €
--m,_ Yq\_q_-—walkeh < ourahion ?ﬁh AR@-) Process s
“P0k) = o Pix-1) [ Henee,: P(K) = F(k~) = c><°]’(k ~2)=.
, s b g s o W AP oc:_l
Yule - Walker :am_m}hoh '9“’“'\‘9\-1 FWQP-M j(|) V7 __Q(-)

e fove., Rt YW Wdken =Stmete of

Somple auko - eovnalation o‘g Lo.ca 4.,
AR(2) Procesy; —

C’(. 1S ohc h‘J—\-B..

Xt = o Xt—\"' 0(2_?({.:._2*- e‘b\

e Yule - Walker 2 oo g i
.P(_\) -y + X2 9D B ﬂ"’:_:,!i(m‘
P = e PO) = Xa )
Henee , o = f, (\~FPz) By fyz;—ﬂ?_' A
‘ L ’ e §i
_ & ‘P'_:_d(;,_-i-._.'__-_ohf__
R v £ B P




@

Q)w atebonostity o) . o, ahould \le i ARL veesiony
y z, g

it Ly, =g~ oy <\ ,‘&\0(2\41

"TRAS auvu cxe\m\asz\\:.‘\a_ ‘v.:o.a\t:m C!’g F‘ 3 PQ_ as (p‘a(’%))
| Albernotive. ameted " (118 w0 pd Sk 5
Fov AR(2Z) Prrocksyt —

Considan the AR Proeesy! Xz o) Xeo| + X2 Xgop + €47

ThaYule Walkern eaquaihons cw—Lg__'

PR o flu= ‘J"‘ °‘2/’(“ ‘2) \! K=1,2, ) wriichis
yn”\'?\ﬂ_’\“ﬂq'\‘m?( ?M"ﬂ'\ ‘ '

| o

“The Yule—Walken e&hmq’ms 0(1/‘3&’2 'ma\m;%

&1_T4L v Ve mh\e}x s abhoimed frm (xx) by
[‘;(\?_J B [ 1} :L) [_\az}
:qu\o.cma £(%) ba vy ‘ | T '

: CQ, Lotioglp of Ea & :L oy
'. ; [ '-'?(7_} 1'—\0‘ E J




. i
Q) Deter m‘ﬁ\ﬁ .

Whan  Listongy o AG(Y) Thodil , the Qo cseffielents X el
“ cf QXaesS eaw ke lalion ,ak b which s noy
oCceounkod —S%-n c;ﬁ-\ )‘RCb“l) modﬂl.}‘\s also @a\led 4R,
PR pontial odo eovor dakom CDQ%—QQLQ_’I\DC , Fov an AR(.‘:)
e =p(y ond A an AR(2) Pproeess
Xy = 2(D - P()" and mete HAgk X2 =0 %nm\,
4-py=
AR() pmoeess oWwoe  P(2) = <%= p() = this 'meang that
if we {lﬂ: on A R(C2) modol eohot i3 vreally on AR(A)
R Ly=o . The estimate G:F Xic'is extimated o
-F‘&Hna AR prrcessey o»f ) suc-_c-_asa‘qg\a ' J?\‘\dheﬁ' o dax,
Vaiw_aog? S(P coh‘i‘dr\, orte oukbside. tRe hqf\aa_ + 2
| N R
are_ a\awﬁg{gqnﬂa f—’jkﬁwumk -fﬁom 0' ok SV Lavol.
, :q Mo X p =0 as aecebred | TRun ~ARs. cownieend ovedas

A SN A A (VS HE

R ovndeon cfom AR Brocess | —

b a vwuasye

bProcees 'S)

Anothury  Apbroackh 1S o 3&‘7 AR \?mi‘e_as.zs: of Succonty
-—g“iam avaos o o QQ\:Q‘U..\.C\*‘L R > \dwva) Lum og ALONCS
?"""’ vach ”P’ and ‘o blob * *“[‘l?\_’is C:?le‘t b. Tt mﬁ—\-&u\/
he bossible 4o see the waue . of ‘b eohone the cuowe,
\ .@Raﬁms sk’ ana “+Re o\dd‘r{%om Dg eXra bob\qme&e}as

4 L] . c Wl
a‘wg_a e Ympreovemenk N %\:.



) B
Y FOREQAST'ING\ Ta Foveecasting R F%_:l-u:u_ Noluss cr:? an olbsthves

< xy tme senied 18 an Tmpavntant problem i e
CA3Ls o AN, induding  2csmomiey, rales and stoak condvm).

™ gu‘bbo‘se e 'D\QVL a a_ @

’X-\ ’ Q’-Q Jar g Q_N M "teu_ "oCLa\Q. bmb'l:m ‘?:3‘:;‘ \Z_s-ﬂﬁ‘:\z;q_ :S?L:‘:‘ijwnm
suah os W'N“H{ > cohww. Ra. ‘\mtegern K is called -t lad Hme.
The 'PGWQQ.QSE Of P d N"‘K made. at  time N ‘fo‘n Kh‘.'f_‘PS ohead o La
d:QT\O"U?-d ba : "X.. (N 1{)

@ Expomential 'Smooﬂmq} —

" Ihis ?oneo_aa-h'na \‘-‘ma_td.umq, -gma't gua%gs"cﬂ_& b
- &g HD\*% | o.‘ooub 1asg, Showld™ enly be usm:!. ™ vbs basle %hm

‘fcm nen -~ Seasonal. fime sem«_a Shom\'r\;“ Mo Systematic +nend, o_g?
CouNSL many time. - Se-m‘l's ek Omaa_ in pvakcjx.e_‘ﬂc.e_ dhbc‘_nﬁ’ro.un a
“4nend 6w . Secasonal [oa’chann bub tRese a-f-f-m-bs Qcm meaguyad
and memoved o preoduae ﬂ%hmana senies,

Giiven @ mon-—searoma) Avme ~3umes o my
Sd.glcqmcd—.c, -l-nend x,,xz,.-.;..,rxN s W is rnq\-mo& “o take
os on eshimake G:f Xl ool wq.i,ah’coA Sum olf thae past
obs,rmvaﬂom’ > '

R85 Bt Qa7 Sa Tyag® - @)

M fQL?[ 0N es g\"a Tt seams 3““3151“— ‘o ive mone_

o uah‘c 40 wecent = obsthvations and les oughk o obSenyahom

-Fuh‘l'?\m in the bpast. An .m’mh\fd\& %pm\\na seb of mu\\\-s are_
bk g mua\-&g - cokieh dﬂmt’??—- bd Q eonstant ‘nan')

“Ty, Owdan +Rat TR oauahi-s sum o' one. ; 0L take :

QL= B{Cl Q(:) pR_5 o [0 7% - PR .
how. o g @ asmstuht SLLQ\-\ “Rak 0<e~<<,4_ ~fan @b%‘-mmes\

&

%CM = AN+ oot Koy + (=0 F X gt mmnen
S.\T“Q,c\d dpaaling 5 equation Ql—&) Ymblies an “\g\'\\\:q_ — m@i:xg

me
cg) bast > ebswnvatons, but N practice. ~thara e onl b:_hq

-?-n‘d:&. 'num\oa\n . So ‘zc"“a'h‘m @""9 18 petonittten , ‘in by fovrm |
Q(N 1) = st 2y + (=) VAt Xy +o<0~o<)xth+”._”\.}
:O{%N+(‘“°{)&,(N‘ljl‘) }Q*@

1}




T coesex X (1) =, ,fhan eauation (x%%) can beusy
seaunsively o compuke fomecasts. Bauation &*K)alse
Swdleeg “tRa. amount Of anrtfRmatic tnvolved Sinec '?Ohmqs-k
aan eastly be \L\odqtqé_l us\ omby ~Re datest obstevation ayg
—Rae. {;wo_ﬂous -]Qanu_qs’c. e Procedune C‘La—?lmzcl bd equah o
. @**) is called -~ exponerial smuo&’a'n\a_._ |
The value of e Smc;d%‘w%"e,ov}wwc o deyends
on tRe ?W\DGJ\'HQS G’f e given tHme semes, Yalus Betwagy,
0-4 and 03 auw Qamn\on\d used and bmmco_ a g-one‘o_o.sk
aphich dqamas on qlonag number o‘g bast ebksevvations,
The vqb.ucrg = may *z estimated gmm bast daks,
“The SULmOf sauoned nedicton @_n?ovas is Qnm}sa‘u’:’-c\\gm‘v
differant Yolas. of ot and ARe value 1S Qtf:v:qu - Txm\m
e Sum of Sauares. W“\'W\ o gvan va s ealamlate

&_ Ci,i) = ’Z_'I M
€n :-%Q_"_'X.—C-\)D.
&(2@ ~xe, +2(4,4) { s

1]
-

. ' "
en = Zn- Z(N-11) and eonmpute Dl et .
. . ; . ol ct=g .

'RZEEQE 'e-\{;g broaedune.. :Fmra | m"cM \'{C\\M—L%. Of X b@-‘-‘}‘-ﬂ%ﬂ—f\ 0 andd
AG& ‘T}I st'q_P} (ﬁ 05‘1 5 Qﬂd 2)&9.9‘% ‘\'Rl qu c‘owld\ mintmiges

> et
= -



)
@ '_‘ho, Holt - Wintensg gmgo_aghr\ﬂ \mwueqdmw_ — Ex\oonew\-\q\

smnﬁ’\?\t Ki
| aa_mnquﬁd o cim\ m\-k?\ ~ime saenies aon%a\n%
seasomal vaniahion, “thae Scesultt byo cedune. Mg-@zhc_a ‘o as
Hold - Wintens procedusie . “Thend™ and seosona) ~fanmg 0L
inodueed” hich one alsy updated loq e@xbonenhal sch’r@uva

Supbose e obsenvations AW muw\%\%m\& Lk
Ll: e > g denote ~the Local lavel , trend and gonal ndex. ,

Csdbactively s ak-time &, Thus 7T 1S HRe @xpectedr Tnerwagse on
daoywase. beve vovit® iy ARe cwvenk Lavdl, ket Lo, Y58 denote.
Howe  smootRing  badlameteny Re updating the devel ,wend and

. 8easonal: indea.” , rasheakively , Tthe %mw\%w\a bonameteng osu_
vsually -ehogen W e \raomaa (,4) . ~thun ) whin a e
obsenvation X becomes owalloble ;3 1% values, c—_K Ly , T and Ty

o QW u‘gdox;‘cc;n'l . 'Ig 4Xe Seasomal voiaton 'i§ mulhplieative

“Ran "ﬁ’ut (weawienas. 'gnhm) u]?éq\vxa camshiony ONe_

Lip =% .I'xt )"- =) (L't—--. _,'"”Tt'—i)

e -2
TtﬁB’(Lu.— \_,b)-i-Cl og"t“_ﬂ
T ‘Z.t)_,‘_Cl._S)I.‘: o and e fn-mmqs’rs Lrram
—hme_. ‘i:’ om-\-@«m It i ;

x (e, = th-tm)'lt_m.m y P =112 .
T omden 4o a\'pb'td '\'ﬁmmz\‘?\o&)%n_usemmus'h e_annqx out "t

@o\loo.o’w\a Mrabs i |
Q Frrmnéq_ sﬂ-w\-hr\a 'VQU.ULS '?twa 'L. b,'\"(: amﬂ It Q sz_amm,ﬂ _
0{3 +Re Semes, /

Qo) € stimate volues’ 'le o, W5 & Y aminimi
Sur}a\ale, f—d-hf\a Pﬁmm& 'fm ¥ ‘e oot O\VQJ«\Q‘-D\Q__.q

Q) :bac:x.ole.. whakhor, . o0 Mok ‘h) N\bhmq'\t?:q. -\?\Lsmamq\. mche:-zs ak
) neaulan lf\"to.nvai,?, y

'

'7— Q’V'Z_'h a



S @
B Woite a showt note on fovecast r
Forecasth ov, \Dhu&lo_:‘noh) safavs '-\-Q*—\ﬁm \:me{:ﬁs s *:ﬁ\nr\wra
e_vo.b.a:g ~a posticadon event, —?—mo\\ 0 - LR
T8 Y0 Moke  decisions loased on TRe -?u\-une, val (» O"g Mom e
yonab\e ', ) . N
Supbpoge we cwe. N obseryed Hme serymes yoluu s V2 Ro2 e Ky,
‘TF\E? & 'mod crg common  miewest o 2 stimate. Yhae +Hme
ceries youmn s n Re {'u-l-uno_ Hme bo\nt  on P wos\g cxg AR
ecel sty N boat observalens Xi/ Xz, - s XN ,\.e_ Lo USQ_M
data to Hme N, 4o make %nheaas'\-.s XN(1)) XN(@,..._

Q (m) of Adune vqlm& A X, consu

(W) = ES{-\“\Q’-\Q__ o{ e TS ar the Kukwe time t:cmﬁs (N%\a
N cohich meang ke X\ step ahead estimate O:f tmae
seyes gqu —-\-R_q__, TS ubto e Hme bm'r\\- N o
- avoldable® ) K =10\)m.,
Hewe, R s on \n’reao_n called b \e_q& "H'me; o Vo &Yﬁ_ﬂ‘-cx_sf\‘m
Rorrizon . ' (

“The metfPodsy o bz_ e_gnsxdn:uu& -?\.z_wz one cmfrwi‘n'\'\OﬂQ\\ﬁ_
onded as bcz.nxa divided .im,twoo &mu\n(g

. Aw’mag matRods , and

2. Exbondnhal smoo-ﬁ?u mMeted §
Though i+ 1S eaonvenient Yo %0\\0&3 ‘\"\\% womveriion “: \S \Lmkbh'\_”‘“k +
swaltee abt e duksek ARat thig distination s cmh-g«mL N tRat
all the metRods diseusied Have dw Metods baged on. Avanagas,

oo tRus all ~similan ‘o tha oy

' : - Verages A Al
1g Y tRat AR a.ve_h-aae\s axs.  wsed ‘th Y\Q %be‘qq a hq&:}\\mu
—than gtm c&mam\mmd bast date . ‘ r\&

“The poink qf \::o*cer&ﬂ\ Qﬂ?\-?us\on 38 made coomse.: l:wd WL\ELC{
“he name  expenantlal tMostRing o W seconad Freovk . thase
metRods o dlse wased on eoighted QVQ\QiQS ooy ot ARy

weiois MQ . QR 2xbemn entiol ™ Ao 'mesk
a d\a&cmb ' Ao kﬁamﬁ ‘?"D ShY. RSy

m "t"Q_'\-sw\ \ X
g \nga u&&d srmb'l \'r\d\e_q’tg Yat R };tn;&%; é

amociRes the datx m“‘?‘a“\wh& s %"Uﬂhm%O\hm
amoctBing hewe it Used = M T Some sange as \:mw\oual a8

gmocr\:%'md i3 bu—,\a cavued ouk i o SN itk



2.

ry

4. Ave.'n L\sd I

' c‘.mn\ﬂ
'. e ‘m"*"— as MACKJ A3 u%he;\ao\sa-mfoﬁ"‘ 3”“‘“‘“@0 A ovndink, ohich,

XN(‘) =1 Z X5
eE N-ktl |
This  ferecast iz em used \2 ‘\"?\n_da’m doeg Mok comtain oo
“hend. ~ayale ow A seasemal qam\q,m\qﬁ\: Th otk wonds, o
date. must be g"rct\'\wnqnd Doka g E;Cud o ve, stationan Ig e,
hich s on 1., , fas Q PM‘QQH,L\.\ chS'\TnbU:‘nUn “F?LQ\: ddDQ_S Mok

debend om Xk
A Q'OT\VQ_“\QJ% wo\a cf |m\;\o_me_r\—\u\a "'\'5\-9- gnva\zﬁkqsﬂ\; 8 ’f‘b"ﬂb’t&’*'?\c\’r
NA-L
XN (&)= J—Z Xi
= N=K+2_

- oA _
= A (i K
"\'F\\S S k‘r\owh as an u!pcicrhna fﬁh‘mu\a a8k Ct\\otosgq 'Pv\ez_c_qa"c
yalee to be obiained 'g'ro'm oo brevious fowezcast Walue bd a
simplew  caleddation than using e definin

“The only - point Gf mote | T8 HRak moving , avenose.
; bw—oam}";s‘_\vola- Smﬁm\, ?thm&b d Y“Qa '?DWQ_Q.QS*& \Y&‘

‘ é:-)(bhtsg‘oh

8- _owdlan mQ-T\SLQSLS bul

ex. 'mnvwa oNeroge. Cﬁ} = VARV N slow 4o mg\ah“d,h
rweal bubt wabid Q\\QV\%QS .-W.\‘LS w\ C‘.\'\QQS‘

daton loa"cw&h .&muo%e_ss cmci Q.h%\mma '-\@\
mwmu);:%&bh &ﬂ“atz_
Simble Exbonential Smoﬁg\tr\g CSF—S_) Vﬁ This™ s’ :nb’t?n

qb "‘9’\\8 &Qa S Mot

'TFuS 'mc‘c?\od be q\”*’"“‘; "“ Q non- smaso'ncd. Ame ey Aoviig Mo
syg8tematc “Amend . 8&&% m;bnach&e, —?wm“ atime sa:mo_s\}
mvo\ve. Smsmq\\ 05'1‘?1 ovs Sas’tvmq'he.. “rend . In Suct\x eases, "
Pac?_'movwa mgm\q\ Omd on. n a-‘(o_mu-\-)c. “vand '?rmm—h*me_
semes Yo ‘should wmake Yt Airo:ho'nwt\l omc\ bt NQ«ou\& a}:\:\ar
LES 'l-o “Ris‘ Hme semaeg,” ;
Ho_vae_. XN(\) con w2 ex’pne_.ssed as o hmcm c'_omlamq\—tq.n o'g e
' 8wu\ obsevvatiorn: Xz Ko wo Xy 1020 L [P

Ko () = QoXn+ QIXN-1 + Q2 XN~ z+ ; —®
co}'\n:u_ "l'ﬁ..o. Me%um C\g,Qu Qg,« L, ciﬁﬁ\O‘\.Q. “\'R:L Loe_,\ \ﬂoﬁq_og

K5 ah ‘”Qm"“l‘?— hay 4o lee_

but a Q:m:n&\.

%’nm Gg %szic. me;ﬁ’m&

O

we



L2
Now , Wt tsa common daek  ~that, Hme. a‘m\gs ‘\“F’re\JtQZqu?*}:QﬂL
e fime ot 4y’ ghould %uva% 3 ik TG ofe,
tRan  those 'm tha  wemore past woti ARds Lo(d\o., y X Should
have ‘B\\ hest oauahh X o hould fave. the seconmd fa\n_jﬁ.ﬂ
(SF h hd S on, re. muam must bao a&uqll,a
de s\ ’Q'g‘*‘“ X Ao Y Ame sames Indeases Sdn Ak
b"—"‘&\‘-’et\wt an C:Q«.u:\w lﬁaﬂgq\ st 030 m@_uah*s o\ be
Jeametnie aoe_xahs jQMW-(%— . b
QA= O{Ct—-‘b(_) g L=0,8 2,0 nenen -

whou X 18 o congtomk  Such ARat .0 <=x<d .
Hewe , ai ts dw&cn_sn\gs N U Wi asmmon wq\-\q (\— ) «

Honca. e fomm&hn&( rrodal Lol e,
Xy (= olhm et Koy % ¢ (1-e)Z Xnopt = D
faaaton () mplies an \n-%m‘s(& numben of bask o baanvakion,

bukr In ‘D‘ho‘m\'\QQ_ theve «\\\ " gn\y ba a ~f(r\\'\z nuMber TtAwun
QoM @ 18 Mﬁmm\\a Vewyntien \T\W ”QQWQ’L Jg“‘“’m

Q -——— e
: XN Uka °<><N’r(\-—°<)[;o<xﬂ L4 Q== K- ca 1

=XXN T (l“"‘) XN QY ‘——'—'@J
Tﬁtg \S 1R wecunsion veelation n one- S“CQb a\nm&
‘%ﬂmqs*\f\a or bredietion

I?Lbeaha& a\ﬂo\i&q‘non Gg s 'gohfmu\q (2) aig\&s
XNQ) = (\- o ™ Z><o \)+a<Z“(r._o() A=t @

. 'S\\bmtﬁ 'JT?\Q‘C R d&bmd&n& o—g"\'a\.n_ (‘..W\JULT\\; %ahe_qﬁqgtm.,
KNG XNt 2 XN a7 v m s -gom ooy “In om e_x\qomr\-\—qu OCM . thg
pabe Qb ohich “Ris  dafendmne’ folle alsay Gn cowmeliad b

o¢, “The Lo:\ae_ra —tﬁlyq\mxog qw%ﬁ@nc&oum El
.cmenama_ o brevious vauus, §all away |

,a;@n Ty TS ab AR Hime, boink  N-and. owecagts athe
Some: ‘po\ N we can tbdoke he Q"bum&‘b at A, ‘e
botnk N+ u%\v‘i e vwecwnglon Jwlakion (2), ses mAs o e
Imtialized , A Somble delee 18 owse
. A XlCI) X1 "
in ReOVe  neauwsion  nelalian o Reduceg
onttmeatic TN ubdating @ 4ime Ser:\::thm om":%:qmmo;
‘;)gss\b\q_, but e sholl nov Q&b\ﬂtsm oven this 4oo mueh ag
oo oma.  Mmowe conedined ot e Lahavioun o'g “+Ra_ forseeagt
ones & Aas bean n use dow @ tohle |,




O .@
~%eo oy
i:&ﬁg li:: CQQ'MQ:\N e cmwa c&.m_\'mﬁ, QD*“‘Z)‘*“QQ“iO Renes AR

Q.
,fwt-t‘—ﬂs’“ b ua C:\—'uz_c\ = xkenanial mo.lcl\r\\-s and tRe m\mn&wa
.l Qs

»?nwm Py aodas Q—*buhmnha\ Smbq'\*ﬁ\'rwzt T HRis hesheat HRe
Lw.‘c ua & QQQ“ c‘\g“\o‘z— "’\G\’nec\ cometme Smoothi
- s e
P~ X LS| (.\_)

oress I Yo . iy \""-ﬂ\\chm o bmA\c_hon Q_\ram'rn a’r-‘r"m
Liek T TRme bonk v, ,
e e—l“ 0. b 2 i

2 = X?_ X\cl) = Xz--?(‘

3= Xa-Ray R

r\o_,

ey -thxﬁ ¢ QY-
Ah F2rms Dg "M&\tha’n. E.h\'roh —H}\Lmua\mm't\ Ma;\-\m Qom \oQ_. mv‘c\-ﬁn a8

XN (‘) = XXnt (.t"‘q_) XN--I (D
o«[Xw XN \(o]Jr XN ‘@j

Estimation "g o in.SES N G‘te‘runq\bd ., Sis Aamken, befwan 6\ and
0:3 7 sueh Fheb- 1A bredietog value Neaw deU\G on e modeneke!
lorge number of bast soservations, Migh Yl of e iy Xa\dom\
cholen anmd In thak case, \-;m.é\q%ug Vq\mz debends bvao.domman‘t\

on tRe . Very ;?OJAS heaan’c bmsb Q'bsmvorhbm ﬁ.mk@_ XN RN s

Ig oc:_i_,’%?xm A !
£ ' Co X = XNy

we. bredicton &omb\t’m\a dﬂ-‘?’m&ﬁ on “\M“\os\c hee.mk ‘pqa\d—
obso.nva*-loﬂ

jm_ae.mna\ s’ ol acm& -fohp_c_qsh 'rr\ot.\..ol mus% \:Q_ Qw\%\n\ltm.m& ooR
Smal\l 'mqam{uae_ aé) (XLL"“RJL. bma\e:hm ‘2“‘”0?98 Hmu, w0e_congiday
- tRak.. ‘aholae. - O;? o - a8 “tha be_g\: one ‘-‘3\’\!0}\ “'\mlw\ﬁﬂ_. 'Z‘Q_L "

T s wesheak, (e study Wmhﬂ“’g Z 2i% ‘.)Q’"" Sé—vmd\,

thc-_rza Gg o batwen (0,1) (azmq\’u& keqm\a Oel iy m’\vqu)

Jt be;sl» R Qmo Tham o
and Qhoo'sa_ "W “a &l‘m h‘c\" 2% ts mimimum,.

tzz
A



B
TF‘E’— Holy- | Ot'ﬂd "Holt - Wm"l-ems -gﬁnacas\'\*\a bmc-_tuhm&_ N @

S"'n‘ﬂ“g exbonerdial SvrosRi con ba obblied ‘o a ‘mom- SeaSenal
‘e sewies «‘?\Q\r\ o udraman® “tnend, Her'e e ﬂma\mq-\-@\
Tdea & SES Ao daol R TS comtoining teend and - “Seasonal
'VOJ\!O.’\'\Q“ s h2,, o eyunall ge_ "W QQMD:\'\OT\% g‘”"’ SES ba' WQ\
—“*rend qnc& sm‘sm&\ Yerrns, which ‘one dl\se uWhdated © % expom_n\\;{l
2MootRy, ~The version {im%mah o trend WK MO §2a300a) dajg
i uSuc:&q called  FoWs (oo ponameter s) @ xponartiol %_moctﬁar\a
eonile tha vew sion. —1Rar a\ge cebes R geasemal verialiem 18
uwsualw Mg-m\hn.t:\ 4o as+the Holt o Wl\fﬂah A “;mc-_q_&xmo__(w

ponameters g)

HOH’ LllTIQGTL EXPOHQ‘W\‘\O{\ Smﬁb“ﬁtﬂﬂ CLLESJ — T ThRis I an exdensien cyg

exponermhal xmooﬁhr\a (seg
- to foke Wito  @ceount o bessile lmnm:n—tngn:i Liet , =
h Ll-l: = eshimated ‘cusguemk mean ' Mot ‘c .

- e sthmaded "'h&hsl ‘enm mL mertR Ct.o_ R
ex\:az’kea meru_q.sm on’ de_e:xn-asu Pt mowiR | Tn Cusgant
mean) |, :

AS mew o\paevwc:hc:n:s bﬁtﬂﬁt mva\\ablL,q\l'i‘e-L Aeyrms osw
ubdated, There oxe ~heo S\rv\e..tﬁe.wxa ponamekar g, iz,
a 3 mostRi constant fon'm d o= s and

o¢
e
. y - & .Smoo"rﬁ\r\ﬁ emhs*-nh\- 'Q;““ m""h?md &8’\'\,"\‘\&1
: ,‘-—me“ e ubdal a,_cw_cxhom c\m_ to\'\h_?\ Q T a‘asqu\m\,
. 'Ioe.eo*n-\e_s qvm\q‘o'\c?_ § . _ e o

--Luc = oexb+ (l-—oe) (1-:: -Hbt )

= pChe-Le )+ (R by
Then —the A - s’i—a\: ahe_qd_ ?mm:ms\: o} Mwme -% ua\l\ 'bQ_. og-l-‘&.n_

A
f%m xt(-{) Lt*bt’% M= 12,3,,._.” | o
Im-hAL aghma’ua_s are. méad fvn' L-|°~"\<i by - Simble ._

chelees R Ln_x!'_ cmcl b\hg

Rowever peny s a pxeqk 04 AR wibal: Slobe ARan o mew

QOJ'\.Q]Q.LL a.swndctof e S\obz bc_ needed TR fnMsuna ARk ARe

inidal * forecasts - ona Mok 'b out. L

—the ponavnetens X ‘and d\b‘sqq o Ute'_‘fir\,
" G L %L\G call tRis R

ARa  veOn Co,\) - R8T ma
w00 - etey N@rsiON ag ES.



'_ib‘l'\_ "W.\“*.Qh'&ﬁ T"\Q:'t?\ncl .

i "TFus 1S amn extenson Holt's LES +o
o o
vensiong , iz, mmudt ooty 2_.1 o W

. \Wese ane ~two
1 ) 1 Q.
wmodel.  move. m\idﬁ kadm\a&mm\hm ) cottR "\@\qu\%\‘p\\tdt\v
L = estimoded clrunt o
be =

. mordR Al o -
estimated thead Aevem 'm Mmoot (e %Rm ex\w_dbo_& meuwasa

ov desreogo. ’PQ'“' cn-m-rr\-@ N cwoenk maan
St = estimated seoasomdal

'?:m_\-nn- cxb\:hbmd’t%‘“’m 'mDTﬁQL 't
A; . r;;m closervations bemmo_ C\'\lﬁ.klb.'o\@_ ) Al AR Vhseoo Aevms ona
o . : . ‘ 3

TF\.Q'\.L cou_'ﬁoum_ Smoa&ﬁ\r@ Vponqme_h“s VB | )

X, a (&MQU\R’\T\a C comstayy ‘fﬁ\" AR dCd.'.G. } i

I?-’a a smo ot constemt fcm %f_-kwmcl eghmake , and
M- § Smuﬁiﬁ'\

constenk fw L geasynal. QB‘n’mQ‘\i

Holt - Winten’s 'ﬁ\df-’\nd Mu\-‘nb ieative Smmﬂq\%}_ 'Ig 4R 20agonal.

voshakion s mutlibleakive p.he2 . AR coniodel, cr.? e Lovown ¢
o e NEE b'si: € o R = legt+€;: Te

“‘Hv’\e:r\ +Re_ Ubdah

y\a-' gq;.g,a;jno“s) co\f\a:m a newy o\ase_hvcc\'m?\ )(t
beeomas aval labld, ane '

L, = 2 Xe Q- N)QL\: S \)
St

bt_‘p(hb L\l-, Q-\—Q\ )btl-'
;.Sb:}q’-,% & Q\—?)s,c i @

8
ow,

Then Rs rﬁ skab - -ohead 'foﬂaeas\: CIXE Aime. t - cm\.Lbe_c:f‘\-%\
-foyaﬁm : X{:(’e\) (ht'\‘b{:‘?\) Sy ‘_;5_,(,9\ ,Q\ Tt «

SV
cohsse_ T2 Um ARe MO of botodz i gne Qa&\t,og seamWE, 2.9 5
no . Gg mortRs op q,uan’cehce M Goyean, i
To  inttialize coe Meed one .Qnmb'le’to. Qaqle_o& date, ! e, 2 vah.u_;,
—TRen Sekt =y &
L‘.%— 'J_Z'Xl:- ; ; Gy
t.—

o indalize '*mami R .WSL 2tk "'nm‘?- bwnodg

- X2 \-l,"'Xl XR+0 —Xg X8k — Xk

-"._L_T(X-&bt“xt ‘ LA LI e

: 2. 1

j‘ja 4R smv_s s \owg 2np uyh "t&a'r\ o ﬁcm& Q\vm’\u\\%hma,uqh K:R
<o Rat -teoo Ve ayaley ove wsed,

Roweyers , ¢0e_can qi— N \'—"me_\-\) usL K=\, X
“Inihal smsmca\ indiees tonbe %chen Qs SK =

” Ll gk"-l-‘ CDA
‘ A
The banameters %, (3,9 Aoddd e n W Ynterval (5.).




., ' [ t .
_HoW - Witte’s, meiRod , Addve Seaswaltyy b TF e seatiey

voritakion s addiive  \.e.,the wedel 18 0f "N+ forom: '
Xe= Ll.':'l‘ St €e

TRen  Re u\ada’nna cquahomn , cofun a mMeed olo SRy TRON Xh‘ot%mq
avatloble , ane :

Le = ( Xe - Seop) + Q=0 (Leat By
be = P L -Ltey) + (-p) beny
Se= Y(Xe-Le) +(1-9) Se-n -
’Then‘\ “‘Re K -—step _o(%gq.,[ %\me_q_ast ot e e\l e “g'w\-l ?\h‘,,
Xe () =g tbed & S, 0n-Fh=tn,

cohoxs, R'is *Re Mo, e@ beslods Im TR U&ekz_ 5

The ntial values Lz and bg tom.be as ‘0 TR mulhiblicative
aage., —the intal Seasonal indices con be AwkKen as

Sk“‘Xk"’ng y W=\(U&, |
—tha \ocmcxmeﬁev:g , 7 Shoud i n —\'9\9_ “interyal (a) - A
-"a‘f“\\"’\ Gg Re dq'h:k Snould be 2xamined = S W anaddte
or muthblicotive. Qe_cxac:.‘r\cm\. ‘?-‘&-&QO_'(“* g ARe more O“P\?mk‘ﬂ“&m
The WaRed “\G\G “Blows ub g the m\m::r\% modal 18 used.,

Qhoiee ag f%moc’r%r\a kmame&m% X, (59’ Em\uuhmog%mmg\g

foneocaosts cow wvalaked uéu

d@aﬂn% meogunas sased wn
Ao diffemonce.  Leiwean actudl and mpmmmm value (46a

wesdnu\) “which 8 db%m_& s

Qt”Xt“‘x-t\U =N,

A‘mo'r\a AR ese measunes }'-\-M%L\bm\na cuu_—\'P\L mo St
‘gnemm.n-\&d wsed

b MAPFE ¢ Mean absolute §<L‘tae.a

- @nrzovs
——— X160
MAPE = __ =1 | X& '
N
This matRed s Lk&‘?_%u\ towen '\‘Eu_ u:nrk Cfg mMeasune cj{ Xe o
vnelatv Lon&e_ *

. RMSE -

Root Mmean =ariared o

.Rl"}SE :J#‘iz'g— . \IM-S'\E

(i, MAD § Meon o.\osnlu\:e, dev\o;\-m“ .

MAB: T‘\l‘z \Qtl

-



o720 MSE 7 Mean Souored erron |

= Y ! | c :
™MSe =~ _\ 7 o 9 : . F Yl ‘
.= fN MEZ e.b 3 v sd?

TAIS MmetRod \s L-\SQ_-?—;{_‘ wnen Y mai ensg O%e \\“*Q_Y?Q_?.;’\‘O_.&. .\T\__,
m‘\ﬁ\?\'\%\l\a ij_ Q?—MQY\@__ Q.g_ Q. mo\énn 2ynyron ‘.-‘.e.ﬁg measune,

Mo “\-?-28 <, evrons , —This raeitod does Nokb  Yhdicote whedfiex,
tRe modal 1§ sammanimm& | \m&.m.eg%\mc:\‘ma on . QVew as\imqﬁ-rﬁ

~“Re. adhudl values, .

The bonometensyg o, (3;? should lie ‘n AR tntevwal (0,1) and eanloa
salected inimiging  MAD, MSE own MAPE. :

. VQULC\G*LQW : — -—R - [

The oaLof +Ra ‘?ﬂhe_QOuS\: eXeraclse 18 ~to oldkaur. o%)
ol o Geawsiate brediciiony, Th measunming the qecusac
the brediehion *’f\n—’ weacasSter uUsually Swlies on~ Rae b@%w'ﬂ’g"l@—

o;g e model u&m ) bage "\’f\‘gtm'\'r\cd"l . Ttas \S bC\SiQQ\\a.ﬂQ\_L

ossumption,  Qdobted . In e buavious  seetion.

A betters apbroXimation o measune Rows 'qcuu‘@f\q*
o wmodel Precdicks s {0 use only  bont n::v:fJ “Ro- sormble. and Yoludoke,
~Rs model WSt e hold ouk: ample . Tn 4his  case FRe wation
bagsed on '?owczao\sﬂc cwerovns ovu adeuloked u'aa‘“a e mumban C’£
dote bomts  brudicked 'f‘“‘“ b Aold  ouk Samble bo\nts, TThis
pmv’d&s Q Mowe. :'Vaa\,‘\o\\o\_g___ meastoe. - -l—%;.,q,u.c;'l'r’ca og ~tha_
—eanz.c'_aQ'l: 'Pma 2ach, ‘™odel ., ‘e fio . '

Tn ovdevs Yo apply  Holt - Vinten's TmooiRing Ao seasonal data , TR
omoly st  Should cosdw out  “tRe followong 8{5\’8: —

. il Egam'tnq_‘_ o ?-oa\:th\"'mf e dod= %%%g_g, eoheARer  am addtive ov

o muttiblicotle.  seatorel effedt  is AR Mokl appvopmiiate.

2. Daovide_ -s’mﬁﬁ Yoles %‘m' Ly and by A8 cell as scasonal

vats o R O sk geow, A%y SurSasn s Sy ueg e
Linst fero obsenyvations n. the semes NS ’?;i'ﬂ@\ﬂ mble Wy 3 fors
e_"a. A%e G‘“Q\Q‘S"‘_ could ehooaae \-lt:“}\?:"z %y

=1

3. Estimabe. Vvoluss '?vm oc,(a,‘)> ) m‘m‘\m\z’w\a 22@%‘ oven a
Luikalo\e %(’Hnnz puied g'm whch Ristorical dotx ana avallobie ,

4, Choose behween Q'gl\\q automati € apbroch (%m q\m\ﬂkh\m\\o%
of serdes) omd @ mem - akdvmatie abProach, e \ater allows
Su\:ﬁm—\-‘wq, Qé‘juﬁ"t’m&n'\‘ﬁ‘ g"m Poshauwloey, Swumes 3 G examp\e_,
by  allowy e veemoval cf outliens om a Qoo-m.@g‘(\_'

seleckion cfg o Spprodbriate. E‘“’““‘ Ug WSB“Q\%'



—
®: Deside  whetRan 4o mommollge AR Seasona indices ot

Pequlon  ivlevvals ’Da aking  “them Sum o Revo R
Love n avmwa.s&qcs{ one \n tha

add\llve.  case awe
Mok blicative.  casq .

A TThe ‘gn\\ﬁto'\va %\:\L ")ni:gQﬂ-\-g o améa\\hﬂ_ Dg'_‘-e‘“ Q\i%kf{m“_'.t
: rgkhaqo\s’ﬁna ™MmetYQod § based IQ“ c\‘\ggmn-& aond'rhons ¥ —

I

IR S

Fmraieeo?s‘dvﬁ- Data Datae | fowecact Quarrhh-h' ‘JQ“
Method Patlevsn Poind< Hom2omn BN O
PRPPRE S ops e s e el T
ey Y‘éﬁ °“°*"‘Q e, of parhods Ve‘na Shont Little |
R N ARe. MA.
27 SES S\-ot\-lonoma a0 ' Henk Litte.
3.HH‘13\:'— . ’maﬂd&- 4 bes ~ Shonk o Modenate.
imtTer i
. MetRod. Smspnq\'\’l’d | season M eduaem,
4. “Time ~ _,T\;J end, sQosona) Eneo ‘o Seo shomk , Uite '
Semes and "—\do—“m\ 4eco peaks ond | medium ond '
dzmmkas:r\-'\on bGH'Eh’(\S : "l‘e\nobkg\\% LN \o
{ ) e Y o\e. '\a
t .

'j>?mb\tm:— Examme oot ke TS X =(-)Fe, is steMomon , oV
s\ e-t}] ore meahaall uneodx>wlafed ond  derflaally distmbuked

r.v.a wdR  mean  2eno’ and | Yonlawee T2

So\ution : —
rwmﬁ"ﬁ




1. Introduction

Time series data is a collection of observations or data made sequentially in time. It has
four components: Trend, Seasonality, Cyclical component & Irregular component. And
Forecast is an estimate of the future value of some variable.

There are some forecasting techniques that usually used to forecast data time series with
trend and seasonality, including additive and multiplicative methods. Those methods are
Winter’s exponential smoothing, Decomposition, Time series regression, and ARIMA models
(see e.g. Bowerman and O’Connel (1993) or Hanke and Reitsch (1995)).

Many business and economic time series are non-stationary time series that contain trend
and seasonal variations. The trend is the long-term component that represents the growth or
decline in the time series over an extended period of time. Seasonality is a periodic and recurrent
pattern caused by factors such as weather, holidays, or repeating promotions. Accurate
forecasting of trend and seasonal time series is very important for effective decisions in retail,
marketing, production, inventory control, personnel, and many other business sectors
(Makridakis and Wheelwright, 1987). Thus, how to model and forecast trend and seasonal time
series has long been a major research topic that has significant practical implications.

In this study we examine the forecasting of incoming calls to Call Center. The two
different approaches used for forecasting the daily call volume include Box and Jenkins
(ARIMA) methodology and Smoothing methodology. Both methods are smoothing methods.
Our objective is to use past data to develop a forecasting model for the closest days to come.
We will to this end use data from Call Center to

1. Develop different time series models for daily call volume.

2. Make comparison of different forecasting techniques to suggest the better one.
Our hope is that our findings will help to use better forecast model for Call Centre Data.



2. Review of Literature

In this section we summarize some different research articles concerning the method of
forecasting of volume of calls to call centers.

2.1 Improving Forecasting For Telemarketing Centers by ARIMA Modeling With

Intervention

The incoming calls to telemarketing centers was analyzed for the purposes of planning and
budgeting by Lisa Bianchi, Jeffrey Jarrett and R. Choudary Hanumara (1998). In their
publication, they used Box-Jenkins (ARIMA) modeling with intervention analysis
(Intervention analysis in time series refers to the analysis of how the mean level of a series
changes after an intervention, when it is assumed that the same ARIMA structure for the
series holds both before and after the intervention) and additive and multiplicative versions of
Holt-Winters (HW) exponentially weighted moving average models. With aid of these models
they forecasted the daily call volumes. The data used for analysis was from March 1, 1991 to
June 26, 1991.
Their first model was the ARIMA(p,d,q). Their second model was the multiplicative Holt-
Winter model

Y(®)=(()+b)s()+e()
When seasonal variation is constant over time, an additive seasonal factor model is
appropriate. Hence the third additive model used was

Y (1) = (a(t) +b) +s(t) +e (1)
The Root Mean Square Error (RMSE) is used to compare different model forecasts
performance. It was found that ARIMA models with intervention analysis provided better
forecasts for planning and control.

A complete version of this study can be found from paper [1].

2.2 Wireless Traffic Modeling and Prediction

In this article Yantai Shu, Minfang Yu, and Jiakun Liu (2003) studied wireless traffic. In their
study to predict traffic, seasonal ARIMA model with two periodicities was used. The hourly
traffic data from 0:00 June 1 2001 (Friday) to 0:00 April 27 2002(Saturday) was measured. A
total of 330 days from the dial-up access network of China net-Tianjin. To trace the daily traffic
the model ARIMA(1,0,1) and ARIMA(1,1,0) were found and for the hourly traffic
ARIMA(0,1,1). For estimating the model the first 300 daily data was used. The last 30 days to
evaluate the model. An adjusted traffic prediction method is proposed using seasonal ARIMA



Models. The comparison is repeated with many prediction experiments on the actual measured
GSM traces of China Mobile of Tianjin.

It is founded that the relative error between the actual values and forecasting values are all less
than 0.02.Their study showed that the seasonal ARIMA model is a good traffic model capable
of capturing the properties of real traffic.

A complete version of this study can be found from paper [2].

2.3 The application of forecasting to modeling emergency medical system calls

The emergency medical system calls of major Canadian city Alberta was analyzed by Nabil
Channouf, Pierre L Ecuyer (2006). In their analysis two different methods was used,
autoregressive model of data obtained after eliminating the trend, seasonality, special day effect
and a double-seasonal ARIMA model with special day effect. Then the comparison of the both
models is presented. For the purpose of analysis of the data for emergency medical calls was
obtained from January 1, 2000 to March 16, 2004 including call priority, and the geographical
zone where the call originated. The modeling is done on the first 1096 observations and the
remaining 411 observation is used for evaluation.
The model found was an ARIMA decomposed model with two seasonal cycles.

Y =N, +wH 1 + wyH, 5
The ARIMA model with two seasonal cycles is suggested. They found that this model
performed poorly when forecasting more than two weeks into the future.

A complete version of this study can be found from paper [3].

2.4 Forecasting Police Calls during Peak Times for the City of Cleveland USA

The police service calls during peak times for the city Cleveland, US was presented by the police
department of the city. Professor John P.Holcomb Jr (2007) used autoregressive integrated
moving average (ARIMA) modeling technique, Multiple Regression and different smoothing
methods to analyze data. As a first step the data of call volume (per hour) is obtained and it was
divided into 10 important categories. This provided 24,000 data points across all kinds of calls,
further the calls are divided priority wise, priority 1 calls being the most important. Priority 1
calls are the calls where crime is in progress: such as robbery or domestic violence. The
researcher used different methodologies for building models. For model evaluation, the mean
absolute percent error (MAPE) is used.



He suggested that multiple regression approach have difficulty. The final
ARIMA(1,0,0) and ARIMA(5,1,0) model is used. This model produced an improved MAPE
over the Holt-Winters method approximately 12%. A complete version of this study can be
found from paper [4].

2.5 Predicting call arrivals in call centre

The daily call volume of car damage insurance claims at Vrije University, Netherlands was
analyzed by Koen Van Den Bergh (2006). In this publication he discussed four different
methods:,ARIMA modeling, Dynamic Regression Modeling, Exponential smoothing and
modeling by Regression. These four techniques are applied to the daily call center data to
forecast the daily call volume. The models used for forecasting are given below.

The ARIMA model is

Ve=Ct 01V 1+ Boyep+ -+ Opyi—p + 0161 + 0265+ + 0464
The dynamic regression model is
Ve = A+ VoXp + V1 Xeq + 0+ UpXp_y + Uy
The single exponential smoothing model is
Ve = WoYe-1+WiYe 2 + WoYe 3 +

The regressions model is

n
Yt: St+Tt+Rt+zlel

i=1

It is presented that all of this methodology can at least deal with Randomness. Single
Exponential smoothing is not good enough to deal with seasonality and trend pattern but this
methodology can handle the random part which is a least result that a forecasting technique can
give. The Dynamic Regression model and Regression model can deal with the interventions as
well, where the ARIMA models can’t deal with intervention.

A complete version of this study can be found from paper [5]



3. Methodology
3.1 Necessity of Forecasting

Uncertainty means that no clarity about future may be achieved when uncertain decisions are
made upon historical experiences. Historical data can be smoothed in different ways. But the
scientific approach is essential to make decision. The forecasting is one of the major scientific
approaches that help in process of making decision in condition of uncertainty. Forecasting is
based on the assumption that the past patterns and behavior of a variable will continue into the
future. The objective is to use past data to develop a forecasting model for the future periods.
To reach our goal of forecasting daily call volume of call center, the sophisticated forecasting
techniques known as ARIMA (Auto Regressive Integrated Moving Average) and Smoothing
Methodology are applied.

3.2 Assumptions of Time Series Analysis

A major assumption in time series analysis is the stationarity of the series, this means that the
average value and the variation of the series should be constant with respect to time. If the series
IS not stationary then we make it stationary by the different transformations the most commonly
used transformations are log and first difference.

3.2.1 Stationarity Tests

There are different tests for checking the stationarity of the data, two important
tests are: Augmented Dickey- Fuller test (ADF Test) and Kwiatkowski Philips
Schmidt Shin Test (KPSS Test).

(i) Unit Root Test (ADF Test):-

ADF Test checks whether any specific pattern exists in the data. Here small p-value
suggests that the data is stationary. The unit root presence can be illustrated as follows
by using a first order autoregressive process: y; = 4 + py;_, + €; --------- 1)

where, €, ~ N(0,0.2)

The basic Dickey- Fuller test examines whether p < 1
After subtracting y,_, from both sides in equation above,

Ayr=p+ -1y + €

Ayy = p+ 0y, g + € - 2
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H,: 6 =0 (there is a unit root in y;)
H,:0<0

Equation (1) and (2) are the simplest case where the residual is white noise. In general, there
is serial correlation in the residuals and Ay, can be represented as an autoregressive process:

p
Ay, =pu+ 0y, + Z 0; Ay +e————(3)

=1

Corresponding to equation (3), Dickey-Fuller procedure becomes the Augmented Dickey-
Fuller test. We can also include a deterministic trend in equation (2). Altogether, there are
four test specification with regard to the combination of an intercept and a deterministic
trend. [6]

(ii) KPSS Test:-

This is another test for stationary which check especially the existence of trend in the data set.

H,: data is stationary
H, : data is not stationary

Larger p-value suggests data is stationary.

3.2.2 Differencing Method

A method for making series stationary. A differenced series is the series of difference between
each observation Y; and the previous observation Y;_,

Yt'=Yt- Yt—l

A series with trend can be made stationary with 1% differencing
A series with seasonality can be made stationary with seasonal differencing

3.2.3 White Noise & Lag

It describes the assumption that each element in a series is a random draw from a population
with mean zero and constant variance.

Lag shift a series down by a specific number of rows in the worksheet.
3.3 Box-Jenkins modelling

The methodology introduced 1970 by Box and Jenkins assumes that the data is dependent on
itself. And the very first thing to decide on is the number of lags. Then a number of parameters
are estimated, the residuals are checked and finally a forecast is made.
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The general ARIMA(p,q,d) model looks like.
Ve=C+ 01y 1+ 02y 2t -+ 0pYVep+ 0161+ 0265+ + 046

Where
c: constant
d1, 2, 01,02, - - - are model parameters
1 = Y1 — St-1, €t are called errors or residuals
st1: predicted value for the (t-1)™" observation (yt-1)
p: number of auto regressive (AR) terms
g: number of moving average (MA) terms

d: level of differencing

3. 3.1 Auto-Regressive (AR) Model

In the pure AR (p) autoregressive with p lags model, we have

Yt = Ut + ®1Yt—1 + QZYt—Z + -+ ¢1th_p + Et

that is the series depend on itself up to p lags. The simplest and most widely used model with

serial correlation is the first order autoregressive model of first order. The AR (1) model is

SpeCIfIEd by Yt = Ut + ®1Yt—1 + Et

where, @1, @5, ..., Dpare the parameters of the model, pi: is constant with respect to t and e:

is white noise. Many authors omit the constant term.

3. 3.2 Moving Average (MA) model

The moving average model models the error terms, which are not observed. The moving
average model is defined as:

Yt = Ut + 91€t_1 + 92€t_2 + -+ Hth_q + €

Where 64, 0,, ..., 8, are the parameters of the model, p: is a constant with respect to t and et

is white noise. Many authors omit the constant term.

This model is useful when time series doesn’t exhibit a trend or a seasonal pattern.
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3. 3.3 Auto-Regressive Integrated Moving Average (ARIMA) model

ARIMA (p, d, q) (P, D, Q) where (p is the order of AR process, q is the order of MA process
and d is the order of differencing) is a regular model and (P, D, Q) are seasonal elements. The
ARIMA models are generalization of the simple AR model that uses three tools for modeling
series correlation in the disturbance. The first tool is the auto-regressive terms. The second tool
is the integrated (difference) terms. A first order integrated component means that the
forecasting model is designed for the first difference of the original series. A second order
component difference of the original series and so on. The third tool is the moving average
terms. A moving average forecasting model uses lagged values of the forecasted errors. A first
order moving average term uses the forecasted errors from the two most recent periods, and so
on [7].

3. 4 Exponential Smoothing

There are several exponential smoothing methods. The majors which we use, are Single
Exponential Smoothing, Holt"s Linear Model (1957) and Holt-Winters Trend and
Seasonality Model.

3.4.1 Single Exponential Smoothing

The simplest form of exponential smoothing is single exponential smoothing, which may be
used when data is without any systematic trend or seasonal components. Given such a time
series, a logical approach is to take a weighted average of past values. So for a series

Y1, Y2, -, Ve—1, the estimate of the value of Y¢, given the information available up to time t, is

Vi = wo¥ioq + Wi Yy + WY g +

Where wi = a (1 - a)' are the weights given to the past values of the series and they sum to 1.

Here the “a” lies between 0 and 1. Since the most recent observations of the series are also the
most relevant, it is logical that these forecasting observations should be given more weight
than the observations further in the past. This is done by giving declining weights to the series.
These decrease by a constant ratio.

Single Exponential Smoothing gives more weight to recent values compared to the old values.
More efficient for stationary data without any seasonality and trend.
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3.4.2 Holt’s Linear Model

Holt*s linear model is an extension of single exponential smoothing. This method allowed
forecasting data with trends.

For a time series y;, y,, .... The estimate of the value of y,_y, is given by the formula:

Yesrk = My + bk where k=1,23...

Where m; denotes an estimate of the level of the series at time t and bt denotes an estimate of

the slope of the series at time t.

Where m, = agy, + (1 — ag)(Meyq1 + br_y)

by = a;(my +me_q) + (1 — ay)be—4

with0<ay<landO<a; <1

Holt’s Linear Model is useful when we smooth the series that gives weights to older
observations and provide short-term forecasts. Useful when the series exhibits a seasonal
pattern, with or without a trend.

The following table presents a guideline of the different forecasting methods based on
different conditions:

Forecasting Data Pattern Data Points Forecast Quantitative
Method Horizon Skills
Moving Stationary At least the Very Short Little
Average number of
periods in MA

Single Stationary 5-10 Short Little
Exponential
Smoothing
Holt-Winter Trend & 4-5 per season | Short to Moderate
Method Seasonality Medium
ARIMA Stationary
Methodology (Differencing/ | 4-5 per season | Medium High

Transformation)
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3.5 Model Selection Criteria

Here we discuss the few criteria we used in the study when selecting the best model among the
competing models. Several criteria can be used for this purpose, here we discuss Akaike
information criterion (AIC) and the Bayesian information criterion (BIC) or Schwarz
information criterion (SIC). These criterions are used for measuring the goodness of fit of the
model. These criterion are minimized over the choice of repressors, it will be minimum when
the model is good fit and less complex. In comparing two or more models, the best model is the
one having the least AIC and BIC values.

In a regression setting, the estimates of the S, based on least squares and the maximum
likelihood estimates are identical. The difference comes from estimating the common variance
a2 of the normal distribution for the errors around the true means. We have been using the best
unbiased estimator of 62, 6% = RSS/(n — p), where there are p parameters for the means (p
different 5, parameters) and RSS is the residual sum of squares. This estimate does not tend to
be too large or too small on average. The maximum likelihood estimate, on the other hand, is
RSS/n. This estimate has a slight negative bias, but also has a smaller variance. Putting all of
this together, we can write -2 times the log-likelihood to be

n + nlog(2m) + n log(RSS/n).

In a regression setting. Now, AIC is defined to be -2 times the log-likelihood plus 2 times the
number of parameters. If there are p different 8, parameters, there are a total of p+1 parameters
if we also count a2. The correct formula for the AIC for a model with parameters

Bos B1» ---» Bp—1 and o?is
RSS
AIC = n+nlog2r + nlog (T) +2(p+1)

and the correct formula for BIC is

RSS
BIC =n + nlog2m + nlog (T) + (logn)(p + 1)

15



3.6 Measurements of Forecasting Accuracy

Before the forecasting results can be given, some measurements of forecasting accuracy must
be determined. This section captures the equations of the most widely applied measurement
methods. The following list of methods shall be utilized for assessing the accuracy of forecasts

3.6.1 Mean Absolute Percentage Error (MAPE)

n
1 e
MAPE = —z
n

=

t

x 100

3.6.2 Mean Square Error (MSE)

n
€t
ws =3¢
un

3.6.3 Root Mean Square Error (RME)

3.6.4 Mean Absolute Error (MAE)

1 n
MAE = = E le,|
n.
=1
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3.7 Residual Analysis

Residuals are the difference between the predicted output from the model and the original
values (data). Residuals basically represent the portion of the data not explained by the model.
Residual analysis may be regarded to consist of two tests: Whiteness Test and Normality Test.

3.7.1 Normality Test

A good model is the one for which the residuals fulfil the assumption of normality. The
histogram of the residuals gives a good idea about the normality. The Normal probability graph
is also used to assess that the data set is approximately normally distributed. In a normal
probability graph the data is plotted against the theoretical normal distribution in such a way
that it makes a straight line. If the points depart from straight line, we have a departure from
normality. The Anderson Darling test is one of the three generally known tests for the normality.
It is the modified form of Kolmogorov-Smirnov test and gives more weight to the tails as
compared to the Kolmogorov-Smirnov test. In the Kolmogorov-Smirnov test the critical values
do not depend on the specific distribution being tested but the Anderson Darling test use the
specific distribution for calculating the critical value. The test statistic of the test is given below:
A?=—N-S

=Y. D l1ogF (1) + log(1 ~ F(¥y-1_))]

Where F is the cumulative distribution function of interest.

3.7.2 Whiteness Test

The purpose of this test is to analyze the correlation between the residuals at different lags.
According to the whiteness test criteria all autocorrelation should be zero.

3.7.3 Ljung-Box test

This is an objective way to test the null hypothesis that there is no autocorrelation. The Q-
statistic at lag k is a test statistic for the null hypothesis that there is no autocorrelation up to
order k. It is computed as

T

ko,
0= T(T+2)ZT_],
=1

Where rj is the j-th autocorrelation and T is the number of observations. k is the number of

lags being tested.

17



