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Nonlinear Programming
Convex Sets

The concept of convexity is of great importance in the study of optimization problems.
Convex sets, polyhedral sets, and separation of disjoint convex sets are used frequently
in the analysis of mathematical programming problems, the characterization of their

optimal solutions, and the development of computational procedures.

Under convex sets, we shall study

e Convex Hulls

e Closure and interior of a convex set

e Separation and support of convex sets
e Convex cones and polarity

e Polyhedral sets, extreme points,

and extreme directions

e Linear programming and the simplex method

Definition 1.1 (Convex Set). A nonempty set S in R™ is said to be convex if the line
segment joining any two points in the set is contained in S. Equivalently, if z,y € S

and A € [0,1], then Az + (1 — Ny € S.

Examples of Convex Sets:

1. S={(z,y,2):2+2y—2=4} C R3

2. S={(z,y,2):x+2y—2<4} C R?

3. S ={(z,y,2) :x+2y—2<4,2x —y+ 2 <6}
4. S={(z,y):y > [z[} C R?

5 8= {(z,y): 2 +y> <4} C R?



6. S is the set of solutions to the linear programming problem: Minimize c'z subject

to Az =0, z > 0.

Definition 1.2. Let xq,%9,...,2; be in R". Then z = Zle A;xz; is called a convex
combination of the k£ points provided \; > 0 for each i and Ele A = 1. If the
nonnegativity condition on ;s is dropped, then the combination is called an affine

combination.

Exercise 1.1. Shaw that a set S is convex if, and only if, for any positive integer k,

any convex combination any k points in S is in S.

Lemma 1.1. If S and T are convex sets, then

1. SNT is convex,

2. 5+T={x+y:2€S5, yeT}isconvex,

3. S—T={x—y:2€S8, yeT}is convex.
Definition 1.3(Convex Hull). Let S be a nonempty set in R™. The convex hull of
S is defined as the set of all convex combinations of S. Convex hull of S is denoted

by H(S). Note that x € H(S) if, and only if, there exist x1,za,..., 2z (k is a positive

integer) in S such that z is convex combination of x1,za, ..., Tk.
Exercise 1.2. What is the convex hull of three noncollinear points in R??

Definition 1.4(Polytope and Simplex). The convex hull of a finite number of

points x1,Z9,...,xky1 in R™ is called a polytope. The polytope is called a simplex
with vertices x1, %2, ..., 241 provided g1 — 1, Tk41 — X2, .. ., Tht1 — Tk are linearly
independent.

Exercise 1.3. Is the polytope formed by (1, 1), (2,2), (0,0) a simplex? Draw a simplex

in R2. Can you draw a simplex in R? with four vertices in R??

Theorem 1.1 (Caratheodory). Let S C R™. If x € H(S), then = can be written as

a convex combination of n + 1 points from S.



Proof. Let x € H(S). By definition, there exist k + 1 points 1, xa, ..., 2541 in S (k is
a nonnegative integer) such that z = Zf;l Aiz; with A; > 0 for all . If k& < n, there
is nothing to prove. Suppose k > n + 1. It follows zx4+1 — 1, k41 — X2, ..., Tht1 — Tk
are linearly dependent. This implies z = Zle wi(zk4+1 — x;) = 0 for some real numbers
W1, fh2, - -« pig, at least one of them different from zero. Let ux41 = — Ele ;. Then
S s = 0 and YFH! pim; = 0. Since A;s are positive, we can choose a constant ¢

such that 8; = A\; — cu; > 0 for all 4 and equal to zero for at least one i. Note that

k+1 k+1 k+1 k+1

i=1 i=1 i=1 i=1

From the above, it follows that = can be written as a convex combination of k points
from S. If k < n, the proof is complete. Otherwise we repeat the argument to show that
x can be written as a convex combination of fewer than k points from S. This argument
can be continued until z can be written as a convex combination of n + 1 points from

S. O

Definition 1.5. Let S C R™ . A point x € R" is said to be an interior point of S if
Nc(z) C S for some € > 0, where Nc(z) = {u € R" : ||[u — z|| < €}. A point z is said
to be in the closure of S if there exists a sequence x1, o, ... of points from S such that
the sequence converges to x. The set of all interior points of S is denoted by int(S) and
the set of all points in the closure of S is denoted by CI(S). The set of all points in the
intersection of C1(S) and CI(S°) is called the boundary of S and is denoted by 05 (S°
stands for complement of S in R™). A set S is said to be open if int(S) = S; and S is
said to be closed if CI(S) = S. A set S is said to be compact if it is closed and bounded.

Exercise 1.4. Show that every polytope in R™ is a compact convex set.

Theorem 1.2. Let S be a nonempty convex set in R™ with nonempty interior. Let

x1 € Cl(S) and let z9 € int(S). Then A\xy + (1 — M)y € int(S) for all A € (0,1).

Proof. Since x5 € int(S), there exists an € > 0 such that N.(z2) C S. Fix any A € (0,1)
and let y = Azy + (1 — N)xe. Will show that y € int(S) by showing that Ns(y) C S
where 6 = (1 — A)e.

Let z € Ns(y). Since z1 € CI(S), there exists a z; € S such that ||z1 — 21| < M.



Let 2o = 2221 Then

Y
zZ— A\z1
2 —@all = [l —~ — 22l
B (z—Az1) — (y — \xq)
- At lbzan),
1

= Il =) + A - =)

< 501G = I+ Al - )]l

< €

Corollary 1.1. If S is a convex set, then so is int(5).

Corollary 1.2. If S is a convex set with nonempty interior, then CI(S) is a convex set.

Corollary 1.3. If S is a convex set with nonempty interior, then Cl(int(S)) = CI(S).

Corollary 1.4. If S is a convex set with nonempty interior, then int(CI(S)) = int(95).
Separation and Support of Convex Sets

The notion of separation and support of disjoint convex sets plays an important role in

deriving results regarding optimality conditions and also in computing optimal solutions.

Theorem 1.3. Let S be a nonempty closed convex set in R and let y € R™\ S. Then,
there exists a unique point Z € S with minimum distance from S. Furthermore, Z is

the minimizing point if, and only if, (z — Z)!(z —y) >0 for all z € S.

Proof. Let v = inf,cs ||z —yl|. Since S is closed and y € S, v > 0. It follows that there
exists a sequence xj € S such that ||z —y|| — 7. Clearly z, is a bounded sequence and
hence must have a convergent subsequence. Without loss of generality, we may assume

that x, itself converges to a point Z. Since S is closed, Z € S and ||z — y|| = 7.

Suppose there is another point Z € S such that

||z — y|| = . Since S is convex, 3(z + Z) € S and

z+ 1 _
<= 25D < Sty — 2l + lly —2l) =
It follows that y — 2 = p(y — ). Since ||y — 2|| = ||y — Z[| = 7, it follows that either

p=1orp=—1. If p=—1, then we must have y = Z"‘Tf which in turn implies that



y € S which is a contradiction. It follows that p = 1 and hence z = Z.

Next, suppose Z is such that z — z)!(z —y) > 0 for all z € S. Let x € S. Then,

le—yll> = llz—z+z-y)|P

llz = 2|2 +[|Z = yII* + 2(z - 2)"(z — y)

Since ||z — Z||? > 0 and = — Z)}(Z — y) > 0, it follows from the above that ||z — y||* >

||Z — y||* and hence the Z is the distance minimizing point.

Next, assume that Z is the distance minimizing point. Fix € S and A € (0,1).

Since S is convex, Z + A(x — Z) € S and since Z is the minimizing point
ly =& = Mz = 2)|* > [ly — 2[]*

Also
ly =z = Mo —2)[]* = |ly — 2| + N[|lz — Z|* + 2A(Z — »)"(z — 7)

Rearranging and noting that Z is the minimizing point, we get
Nz = z[* +2Mz - y)' (@ -2) = |ly -2 - Mz - 2)|]” ~ |ly - z[* 2 0

Dividing both sides by A and taking limit as A — 0, we get (z —Z)"(Z —y) > 0 and this
completes the proof. [

Definition 1.6 (Hyperplane). A hyperplane in R™ is a set of the form H = {x :

p'z = a}, where p is a nonzero vector in R™ and « is a real number. The sets
HYt={z:p'x>a}and H = {z:p'z <a}

are called closed half spaces, and the sets
H" ={z:p'x>a}and H = {z:p'z < a}

are called open half spaces.

The vector p is called the normal to the hyperplane H.

A hyperplane passing through a point Z can be written as H = {z : p'(z — ) = 0}.

Definition 1.7 (Separation). Let S and T be two nonempty subsets of R™. A

hyperplane H = {z : p'z = «} is said to separate S and T if p'z > « for all z € S,



and p’x < « for all € T. The separation is said to be proper if SUT ¢ H. The
separation is said to be strict if p'z > a for all x € S, and plz < « for all z € T. The
separation is said to be strong if there exists an € > 0 such that p'z > o + ¢ for all

rxe S, andplz <aforallzeT.

Theorem 1.4. Let S be a nonempty closed convex set in R™ and let y € R™ \ S.
Then there exist a nonzero vector p and a real number of « such that for all x € S,

ply > a>ple.
Proof. From Theorem 1.3, there exists a unique € S such that
(x—2)'(z—y)>0forall z € S.

Taking p = y — % and o = p'Z, we have p # 0 and p'z < « for all z € S. Also,
0 < ptp = pi(y — 7) = pty — p'T = p'y — a which implies p'y > a. O

Corollary 1.5. Every closed convex set in R™ is the intersection of all halfspaces

containing it.

Proof. Let S be a closed convex set (nonempty) in R™. Suffices to show that if y is in
the intersection of half spaces containing 5, then y € S. Suppose, to the contrary, y & S.
From the theorem, there exist a nonzero vector p and a real number of o such that for
all z € S, ply > o > plx. Note that the halfspace H = {z : p'z < a} contains S. Since
y is in the intersection of halfspaces containing S, y must belong to this halfspace. But

this implies that p'y < o which is a contradiction. [J

Corollary 1.6. Let S be a nonempty set in R™ and let y & CI(H(S)). Then, there
exists a hyperplane that strongly separates S and y.

Proof. Exercise.

Theorem 1.5 (Farka’s Lemma). Let A be an m X n real matrix and let ¢ € R™.

Then, exactly one of the following systems has a solution:

System 1. Az < 0 and ctz > 0 for some x € R"

System 2. Aly = c and y > 0 for some y € R™



Proof. If both systems have solutions, say,  and y, then 0 < ¢’z = y*Az < 0. The
last inequality follows from Az < 0 and y > 0. From this contradiction, it follows that

both systems cannot have solutions simultaneously.

To complete the proof, assume that System 2 has no solution. Let S = {u : u =
Aly, for some y > 0}. Since System 2 has no solution, ¢ € S. From Theorem 4, there
exists a nonzero x and a number « such that ztu < « for all v € S and zt¢ > «. Since
0€ S, a>0. It follows that ztA'y < 0 for all y > 0, and hence z'A* < 0. Thus, we

have x satisfying Az <0 and ctz > 0. O

Corollary 1.7. (Gordan’s Theorem). Let A be an m X n real matrix. Then, exactly

one of the following systems has a solution:

System 1. Ax < 0 for some x € R"
System 2. Aly =0 and y > 0 for some nonzero y € R™
Proof. Exercise. Deduce the proof from Farka’s lemma.

Ex. Prove Farka’s Lemma from Gordan’s theorem.

e
Proof. Apply Gordan’s theorem to the matrix M = , . Note that M (zx, s)! <
—c 1

0 is equivalent to system I of Farka’s Lemma. Complete the proof.

Corollary 1.8. Let A be an m x n real matrix and let ¢ € R™. Then, exactly one of

the following systems has a solution:

System 1. Az <0, = >0, ctz > 0 for some x € R"

System 2. Aly > c and y > 0 for some y € R™

Proof. Exercise (Use [A" — I] in System 2).

Corollary 1.9. Let A be an m X n matrix, let B be an [ X n matrix and let ¢ € R".

Then, exactly one of the following systems has a solution:

System 1. Az <0, Bx =0, c'z > 0 for some x € R"



System 2. A'y + Btz = cand y > 0 for some y € R™ and z € R..

Proof. Exercise (Use [A'Bt - B for A and

z =2 — 2" in System 2).
Support of Sets at Boundary Points

Definition 1.8. Let S be a nonempty set in R™, and let £ € 0S. A hyperplane
H = {z: p'(x — Z) = 0} is called a supporting hyperplane of S at 7 if either S C HT
or S C H~. If, in addition, S € H, then H is called a proper supporting hyperplane of
S at T.

See Figure-6.

Exercise 5. Show that the hyperplane H = {z : p'(zx — Z) = 0} is a supporting
hyperplane of S at z € 95 if, and only if, either p'z = inf{p'z : z € S} or p'T =
sup{p'z : x € S}.

It will be shown that convex sets have supporting hyperplanes at each of the boundary

points.

Theorem 1.6. Let S be a nonempty convex set in R™, and let £ € 3S. Then, there
exists a supporting hyperplane H = {z : p'(x — ) = 0} that supports S at Z.

Proof. Since T € 95, there is a sequence y, & CI(S) such that y, — Z. Since, CI(S5) is a
closed convex set, for each k, there exists a nonzero pj, such that plz < yiz forallz € S.
We may assume, without loss of generality, that ||pg|| = 1 for each k and that py is a
convergent sequence. Let p be the limit of pi. Note that p # 0 as ||p|| will be 1. Taking
limits in the above inequality, we get p'z < p'Z. Therefore, H = {z : p'(x — ) = 0}
supports S at . O

Exercises

E1.6. Let S be a nonempty convex set in R™. If T ¢ int(S), then show that there exists

a nonzero p such that pt(x —z) <0 for all z € S.

E1.7. Let S be a nonempty set in R". If y ¢ CI(H(S)), then show that there exists a

hyperplane that separates y and S.



E1.8. Let S be a nonempty set in R™, and let £ € S NOH(S). Show that there exists
a hyperplane that supports S at z.

Separation of Two Convex Sets

Theorem 1.7. Let S and T be two nonempty disjoint convex sets in R™. Then there

exists a hyperplane that separates S and T, that is, there exists a nonzero p such that

ple < ply for all z € S and for all y € T.

Proof. Let U = S —T. Then U is a convex set and 0 € U as S and T are disjoint.
In particular, 0 & int(U). Therefore, there exists a nonzero p such that p'u < 0 for all
uw € U. That is, p*(z —y) <0 for all z € S and for all y € T. Hence the theorem. [J

Exercises
E1.9. How will you define proper, strict and strong separation of sets?

E1.10. Let S and T be two nonempty convex sets in R™ with int(T) # () and SN

int(T) = (. Show that there exists a hyperplane that separates S and 7.
E1.11. Deduce Gordan’s theorem using results on separation of convex sets.

E1.12. Let S and T be two nonempty sets in R"™ with their convex hulls having
nonempty interiors. Assume that H(S) Nint(H(T)) = . Show that there exists a
hyperplane that separates S and T.

Strong Separation of Convex Sets

Theorem 1.8. Let S and T be two nonempty disjoint closed convex sets in R™. If S is
bounded, then there exists a hyperplane that strongly separates S and T, that is, there

exists a nonzero p and an € > 0 such that

plr > e+ ply for all x € S and for all y € T

Proof. Let U = S—T. Then U is a convex set and 0 ¢ U as S and T are disjoint. Note
that U is a closed set. To see this, let u* € U be a sequence converging to u. Then,
for each k, there exist z* € S and y* € T such that u* = z* — y*. Since S is compact,
we may assume, without loss of generality, that z* converges to some x € S (as S is

closed). This implies that y* — z — u. Since T is closed y € T. Hence u = z — y and



u € U. From Theorem 1.4, exists a nonzero p and a number ¢ such that p'u > € for all
u € U and p'0 < e. That is, p*(x —y) > € for all z € S and for all y € T. And hence
ple > e+plyforallz € Sand forally € T. O

Exercise 1.13. Prove or disprove: If S and T are two nonempty disjoint closed convex
sets, then there exists a hyperplane that separates S and T
Convex Cones, Polarity and Polyhedral Sets

Definition 1.9. A nonempty set C' in R" is called a cone with vertex zero if z € C'
implies Ax € C for all A > 0. If, in addition, C is convex, then C' is called a convex

cone.

Draw the graphs of the following sets and check which of these are cones: (i) S =
{\M1,3): A >0}, (i) S={\1,3)+5(2,1): \,8>0}.

Exercise 1.14. Let S be a nonempty set in R"™. The polar cone of S, denoted by S*,
is defined as the set {p € R™ : p'xz < 0 for all z € S}.

Lemma 1.2. Let S and T be nonempty sets in R™. The following statements hold
good:

1. S* is a closed convex cone.
2. § C 5**, where S** is the polar cone of S*.

3. S C T implies T* C S*.

Proof. 1. Let x € S* and A > 0. Let y € S. By definition z'y < 0 and hence
(Az)ty < 0. Thus, Az € S* and S* is a cone.

2. Let z € S. To show that x € S** we need to show that for any y € S*, z'y < 0.
Fix any y € S*. Since y € S*, for every v € S, y*u < 0. Since z € S, y*z < 0. Hence,

z € S*™ and S C S5**.

3. Let y € T*. To show that y € S*, we need to show that for any z € S, y'x < 0. Fix
x€S. Since SCT,xze€T. Since y e T*, ytz <0.0

Theorem 1.9. Let C be a closed convex cone. Then C = C**.
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Proof. From the Lemma, C' C C**. Conversely, let y € C**. To the contrary assume
that y € C. From Theorem 1.4, there exists a nonzero p such that pty > p'z for all
x € C. This implies ptz < 0 for all z € C (for if p'z > 0 for some z € C, then we
can choose a A > 0 such that Ap® > p'y which implies that in the inequality is flouted
by Az which is in C' as C' is a cone). Hence, p € C*. Since y € C**, we must have
pty < 0. Since 0 € C, we must also have p'y > 0. From this contradiction, it follows

that ¢ =C**. O

Definition 1.10. Let A be an m X n real matrix and let b € R". The set S = {x :
Az =0b, © > 0} is called a polyhedral set.

Definition 1.11. Let S C R™ and Z € S. Say that T is an extreme point of S if the

following implication holds:
[z,y€ S, Ae (0,1}, 2=+ (1-Ny]=>z=y==7.

Definition 1.12. Let S C R™. A nonzero d € R" is called a direction of S ifVz € S
and VA > 0, x + Ad € S. Two directions, d and f are said to be distinct if d # Af for
any A > 0. An extreme direction of S is a direction of S that cannot be written as a

nonnegative linear combination of two distinct directions of S.

Theorem 1.10. Let A be an m X n real matrix of rank m and let b € R™. Let
S ={x:Ax =b, x > 0}. Then, T € S is an extreme point of S if, and only if, the

columns of A corresponding to the the positive coordinates of T are linearly independent.

Theorem 1.11. Let A be an m x n real matrix of rank m and let b € R™. Let
S={x:Ax =0b, x > 0}. Then, d € S is an extreme direction of S if, and only if,
there exist a nonsingular submatrix B of A of order m, a column A; of A not in B and
a positive number p such that dg = —uB~'A;, d; = , and all other coordinates of d
are zero.

Representation Theorem

Theorem 1.12. Let A be an m X n real matrix of rank m and let b € R™. Let
S={x:Azx=0b, x>0}. Let 2',2% ... 29 be the extreme points and d*,d?,...,d" be

the extreme directions of the set S. Then,

g h g
S:{Z)\ml—i—z,ujdj s iy iy >0V, 5, and Z}\i:]_}
=1 j=1 i=1
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Exercise 1.15. Show that S has finite number of extreme points and extreme directions.

Exercise 1.16. Show that (see Theorem 1.12) either

czt = min{c'z : Ax = b,z > 0} for some i

or ctd? <0 for some j.

Exercises

E1.17. Let S be a compact set in R"™. Show that H(S) is closed. Is this result true if

S is only closed and not bounded.

E1.18. Show that the system Az < 0 and c'z > 0 has a solution z € R", where

1 -1 -1
A= and ¢ = (1,0,5)".
2 2 0

E1.19. Let A be a p x n matrix and B be a ¢ X n matrix. Show that exactly one of the

following systems has a solution:

System 1. Ax < 0, Bx =0 for some x € R"

System 2. A'u + Btv =0 for some (u,v), u#0, v >0

E1.20. Let S and T be two nonempty convex sets in R™. Show that there exists a
hyperplane that separates S and T if, and only if, inf{||z—y|| : 2 € S, y € T} > 0.

E1.21. Let S and T be two nonempty disjoint convex sets in R™. Show that there exist

nonzero vectors p and ¢ such that

plz+q¢y>0forallz € SandallyeT.

E1.22. Let C and D be convex cones in R"™. Show that C' + D is a convex cone and
that C+ D = H(C U D).

E1.23. Let C be a convex cone in R™. Show that C'+ C* = R™. Is this representation

unique?

12



Convex Functions

Convex function play an important role in optimization and development computational
algorithms. In this chapter we shall look at convex function, their properties and some
generalizations of convex functions. Concavity is like flip side of convexity. If a function
f is convex, then —f is concave. Almost all the results that we derive for convex func-
tions can be stated for concave functions with necessary twists.Under convex functions

we shall study

1. Basic definitions of convex functions

[\V]

. Subgradients of convex functions

3. Differentiable convex functions

4. Maxima and minima of convex functions

5. Generalizations of convex functions
Definition 2.1. Let S be a nonempty convex set in R™. A function f: S — R is said
to be convex on S if

FOz+ (1 =Ny) <Af(x)+ (1 —X)f(y) forall z,y €S and all A € (0,1)

Some examples of convex functions are

1. f(z) =3z +4

o

f(@) = ||
3. flx) =222z

4. f(z) = ' Az where A is a positive semidefinite matrix of order n and = € R™.

The function f(x) = —y/x is a convex function on R.

Lemma 2.1. Let f: S — R be a convex function, where S is a convex subset of R™.
Then for any real number «, the level set f, defined by f, = {z : f(z) < a} is a convex

set.

13



Proof. Let z,y € f, and let A € (0,1). Then, f(z) < o and f(y) < a. By convexity of

f
FOr+ (1 =Ay) <Af(2) + (1= A)f(y) SAa+ (1= Na=a

and hence Az + (1 — Ny € f, O

Exercise 2.1. Show that f : S — R is a convex function if, and only if, for all \; € (0,1)
with Y>> \; = 1 and for all z° € S, f(3° Nat) < SO\ f(ah).

Continuity of Convex Functions

Theorem 2.1. Let S be a convex set in R™ with nonempty interior and let f: S — R

be a convex function. Then f is continuous on the interior of S.

Proof. Let Z € int(S). Fix e > 0. Since & € int(S), there exists a y such that ||z —Z|| <
p implies z € S. Let § = 1+ max;{max{f(Z+ pe’)— f(z), f(z—pe’)— f(z)}}, where €’

= [
is the i*" column of the identity matrix. Since f is convex and Z = w, either

(3 + pe’) = f(z) = 0 or f(z — pe’) — f(Z) > 0. Therefore, § > 0. Let § = min{%, &}
Now, fix any x such that ||z — Z|| < §. Will show that ||f(z) — f(Z)|] <e.

Let o; = %il‘ Then u(> af)% = ||z — Z|| < & which in turn implies a; < % for
each 4. Thus, for each i, 0 < nay < 1. Let 2% be the vector with its it" coordinate as

w(x; — %;)/|z; — Z;|, and all other coordinates as zero. Then, z = Z + > ;2%

fa) = fE+> )

- % > F((1 = naw)z + nai(z + 2°))

< =310 - na) f(@) + nasf (@ + )

= @+ Y nali@ + ) - (@) (1)
Note that «; < §/p and hence > a; < nd/u < €/6. Therefore, rewriting (1), we get

J@) = 1) < Y na < @

14



Next, let y = 2Z — 2. Then, ||y — Z|| < § and hence
fly) = (@) <e (3)
Since T = %x + %y, we have

£(@) < 37@) + 51) @)

DN =

Combining (3) and (4), we get f(Z)— f(z) < e. This completes the proof of the theorem.
g

Directional Derivative of Convex Functions

Definition 2.2. Let S be a nonempty set in R™ and let f : S — R be a function.
Let z € S. A nonzero vector d € R" is said to be a feasible direction of S at z if
there exists a § > 0 such that & + Ad € S for all A € (0, §). Furthermore, for a feasible
direction d of S at z, f is said to have a directional derivative at T in the direction
d if the following limit exists:

o f@ 4 Ad) — f(7)
flasd) = iy, S

Note that we use the notation f(Z;d) to denote the directional derivative of f at Z in

the direction d.

If the function f is convex and is defined globally (that is, S = R™), then the directional
derivative exists at all x € R™. However, when S is not whole of R™, the directional

derivative may not exist on 95S.

Lemma 2.2. Let f: R™ — R be a convex function. Consider any point £ € R™ and a

direction d. Then, f(Z;d) exists.

Proof. Let Ay > Ay > 0. Then

@+ d) = f[%(ir+Azd)+(1—%)i]
< %f(erAde(l—%)f(f)

(by convexity of f)

Rearranging the terms in the above inequality, we get

f(Z 4+ \d) — f(z) < f(@+ Xod) — f(2)
)\1 - )\2

15



Let g(\) = w. Then g is a nondecreasing function of A over R..

Also by convexity of f, for any A >, we have

A
fz) = f[m(f—d)‘*‘ 1+/\(53+)\d)]
A
< H—/\f(f—d)JrH%f(:H)\d) (6)
Rearranging the terms in (6), we get
g = LEXNZID 5 5y i — )

A

Thus, g(A) is bounded below and hence the limy_,o+ g(\) exists. O

Subgradients of Convex Functions

Definition 2.3. Let f : S — R. The set {(z, f(z)) : 2 € S} C R"! is called the graph
of the function. Furthermore, the sets {(z,y): x € S and y > f(z)} and {(z,y): 2 € S

and y < f(z)} are called the epigraph and hypograph of f respectively.
We shall denote the epigraph of a function by epi(f) and its hypograph by hyp(f).

Theorem 2.2. Let S be a nonempty convex set of R™ and let f : S — R be a function.

Then, f is convex if, and only if, epi(f) is a convex set.

Proof. Assume f is convex. Let (z,y), (u,v) € epi(f) where z,u € S. Let A € (0,1).

Then, we have
f(z) <y and f(u) <w.

Since f is convex,
fOz+ (1 =Nu) SAf(2) + (1= A)f(u) <Ay + (1= Ao
Hence A(z,y) + (1 — \)(u,v) € epi(f).

Conversely, assume that epi(f) is convex. Let z,u € S and let A € (0,1). Let y =
f(z) and let v = f(u). Then, (z,y) and (u,v) are in epi(f). Since epi(f) is convex,
Az, y) + (1 = A)(u,v) € epi(f). Hence

M+A=Nov>fOz+1=XNu) or  fz+ (1 —=Mu) <Af(z)+ (1 =N f(u).
It follows that f is convex. (I

16



Definition 2.4. Let S be a nonempty convex set in R and let f : S — R be convex.

Then a vector £ € R™ is called a subgradient of f at a point z € S if

flz)> f(@) +&(x—2) forallz e S. (7)

17



Definition 2.5. Let S be a nonempty convex set in R™ and let f : S — R. Say that
f is concave on S if —f is convex. If f is a concave function, then a vector £ € R" is

called a subgradient of f at a point T € S if

fl@) < f(3)+ €z —7) forallzeS. (8)

Exercise 2.2. Analyze the convexity of the function h(x) = min{f(z),g(z)} where
f(r)=4—|z| and g(x) =4 — (z — 2)%, z € R.

Theorem 2.3. Let S be a nonempty convex set of R™ and let f : S — R be a convex

function. Then for every T € int(S), f has a subgradient £ at Z.

Proof. Since f is convex, epi(f) is convex by Theorem 2.2. Note that the point (Z, f(Z))
is a point on the boundary of epi(f). By Theorem 1.6, there exists a hyperplane that
supports epi(f) at (Z, f(Z)). That is, there will exist a nonzero (p, q) with p € R"™ and
q € R such that

p'T+qf(Z) >p'z+qy foralzeSandally> f(x). (9)

We claim that g # 0. To the contrary, assume ¢ = 0. Then from (9), we have p'Z > p'z
for all x € S. As ¥ is an interior point of S, T + dp € S for all positive J sufficiently
small. This means p'z > p*(Z + dp) for a § > 0. This implies p'p < 0 which in turn
implies p = 0 leading to a contradiction that (p,q) = 0. Hence, it follows that ¢ # 0.
This clubbed with (9) implies that ¢ < 0. Dividing both sides of (9) by ¢ and letting

&= %p, we have
&'z 4 f(7) < —¢'w+y forallz € S andall y > f(x).
Letting y = f(z) in the above inequality we get
f)> f(z)+&(x—z) forallzes.
Thus, £ is a subgradient of f at z. [J

Definition 2.6. Let S be a nonempty convex set in R” and let f : S — R. Say that f

is strictly convex on S if

FOz+ 1 =Ny) <Af(x)+ (1 =N f(y) forallz,y € S, x #y, and all XA € (0,1)
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Corollary 2.1. Let S be a nonempty convex set of R™ and let f : S — R be a convex

function. Then for every Z € int(S), there exists a & such that

f(x)> f(@) +&(x—2) foralxeS)\{z}

Proof. By Theorem 2.2, there exists a £ such that
fz) = f(z) + &' (z — 7) (10)
for all z € S. Assume, if possible, the equality holds for some v € S f(u) = f(Z) +
E(u—1). Let A € (0,1). By strict convexity of f, we have
fOu+(1=Mz) < Aw+A=Nf(T)
= M(@) + X' (u—7)+ (1 -V f(2)
F(@) + 2 (u—7)

Taking = Au+ (1 — A\)Z in (10), we have
FOu+ (1=XN)2) > f(2) + A (u—2) > fOu+ (1 —N)7)

which is a contradiction. Corollary follows. [

Theorem 2.4. Let S be a nonempty convex set of R™ and let f : S — R. Suppose
for every x € int(S), f has a subgradient £ at x. That is, suppose for each x € int(.5),

there exists a &, such that
fu)> f(z)+&(u—=z) forallues.

Then f is convex on int(.S).

Proof. Let z,y € int(S) and let A € (0,1). Note that T = Az + (1 — A)y is in int(S).
From the hypothesis, there exists a & such that

flu) > f(2) +&(u—2) foralluesS. (11)

Note that z —Z = (1 — A\)(z —y) and y — T = —A(x — y). Substituting = and y for u in
(11) we get

f@) = (@) + (1 =Nz —y) (12)
and

fy) = f(@) = X' (z —y) (13)

19



Multiplying (12) by A both sides and (13) by (1 — ) both sides and adding the resulting
inequalities, we get
M(@)+ (1 =Nfly) = f(z) = fAz + (1= N)y).

Hence, f is convex on int(S). O

Exercise 2.3. Consider the function f defined on S = {(z,y) : 0 < z,y < 1} as follows:

0, 0<zx<1,0<y<1;

flx,y) =

Is f a convex function? Does f have subgradient vectors at all interior points? If so,

what are they?

Differentiable Convex Functions

Definition 2.7. Let S be a set in R™ with nonempty interior and let f : S — R. Let
T € int(S). Say that f is differentiable at T if there exists a vector Vf(Z), called the
gradient vector of f at T, and there exists a function «: R™ — R, such that

J(@) = F(@) + Vi@ (@ - &) + |z - Ella@,x - 2)

where lim,_,z a(Z,x—Z) = 0. If T is a open subset of S, then f is said to be differentiable

on T if f is differentiable at each point in 7.

Remark 2.1. When f is differentiable at Z, then the gradient vector is unique and is

given by

L (of@ of(m)  af@)\
Vf(x)—( Ory = Oxy T Oxy, )

Theorem 2.5. Let S be a nonempty convex set of R” and let f : S — R be convex.
Suppose f is differentiable at & € int(S). Then f has a unique subgradient at Z and is
equal to the gradient of f at Z.
Proof. Let £ be a subgradient of f at z (exists by Theorem 2.3.) so that

flx) > (@) + (2 —7) for all x € S. (14)
Since f is differentiable at z,

f@) = f(@) + V(@) (z - ) + ||z - 7l|a(z,2 - 7) (15)

20



Subtracting (15) from (14), we get
(€= Vf@)'(z—1) =]z —zlla@z-2) <0 (16)

Letting x = Z + §(§£ — Vf(Z)) in the above inequality (for sufficiently small § > 0), we
get
0(6 = Vf(@)' (€~ V(@) = dllg = V@), 6(¢ = V(7)) <0 (17)
Dividing both sides by § and taking limit as § — 0, we get
(€= Vf(@)'(E-VS@)=<0

which implies £ = Vf(z). O

Theorem 2.6. Let S be a nonempty open convex set of R”™ and let f : S — R be

differentiable on S. Then f is convex if, and only if, for every & € S
fz)> f(@)+Vf(@)i(r—z) forallzes.
Similarly, f os strictly convex if, and only if, for every Z € S

fz)> f(z)+Vf(@)(zr—2) forallze S, z# 2.

Proof. Exercise.

Remark 2.2. Consider the optimization problem: Minimize f(x), x € X, where
X C R™ Note that the right hand sides of the inequalities of the above theorem
provide lower bounds on f. Furthermore, the bounds are affine functions of x. This

aspect is very useful in developing algorithms to solve the optimization problems.
Remark 2.3. Consider the system of nonlinear constraints defined by the set
X={z:9:(x)<0,i=1,2,..,m,}

where g;s are differentiable convex functions on X. Instead of looking at the nonlinear
system of constraints, we may first try and solve a linear system of constraints (linear

program) by looking at the problem

Y ={z:9:(%) +Vg(@)(xr—2)<0,i=1,2,..,m.}
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Note that X CY as z € X implies g;(z) < 0 and by the above theorem
9i(z) + Vg;(2)' (x — &) < gi(x) <0,

which implies x € Y. In other words, we first try to solve a linear program over a bigger
set of X which is a polyhedral approximation of X and then try to push this bigger set

towards X in successive iterations. Here Y is called a relaxation of X.

Theorem 2.7. Let S be a nonempty open convex set of R and let f : S — R be

differentiable on S. Then f is convex if, and only if, for every x,y € S, we have

[Vf(y) = VI@)'(y—=z) > 0.

Similarly, f is strictly convex if, and only if, for every =,y € S, = # y, we have

[VFy) = VI@)]'(y —z) > 0.
Proof. Fix z,y € S and let £ = Az + (1 — \)y, where A € (0,1). From Theorem 2.6, f
is convex if, and only if, for all v € S,

fu) > f() +Vf(@w)(u—v) forallues.

Substituting  and y for v and v in the above inequality, we

f@) = fly) + V() (z—y)
and

fy) = fl@) + Vf(@)(y - )
Combining these two inequalities, we can write

f@@) = f(@) + VI@)'(y —2) + V() (@ —y)

which is same as
[Vf(y) = VI@)'(y —x) > 0.

Therefore, convexity of f implies the above inequality.
Conversely, assume that for every u,v € S, we have
V() = Vfw)](v—u) >0.
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Fix z,y € S. By Mean Value Theorem,
fl@) = fy) + V(@) (= ~y), (18)
where Z = Az + (1 — \)y for some A € (0,1).
From the hypothesis, we have
(1 =NV f(z) = V(@) (z-y) >0

Dividing by (1 — A) and substituting for Vf(Z) from (18), we get f(y) > f(z) +
Vf(x)!(y — ). By an earlier theorem, it follows that f is convex. [J

Exercise 2.4. Prove the above theorem for strict convexity part.

Definition 2.8. Let S be a set in R™ with nonempty interior and let f : S — R.
Let z € int(S). Say that f is twice differentiable at Z if there exist a vector V f(Z), a
symmetric matrix H(Z), called the Hessian matrix, and a function a : R" — R, such

that
f(@) = F@) + V@)@~ 2) + 50~ D H@) @ — )+ |l — 7]z, - 2)
for each z € S and lim,_,z a(Z,z — ) = 0.

Remark 2.4. When the function f is twice differentiable, the Hessian matrix is given

by

’f@  2f@) 2’ f (@)
Ox? Ox10x2 " Ox:10T4,
?f(@  92f(2) 9°f(z)
H(i‘) _ Ox20x1 Ox2 ©t Ome0zy,
% f(®) 2% f(Z) 2’ f(2)
Ox, 021 Oxn,0xe " Ox2

Exercise 2.5. Find the Hessian matrix of f(z,y) = 2z + 6y — 222 — 3y? + 4xy.

Exercise 2.6. Find the gradient and Hessian matrix of f(z) = ctx + 2 Az where A is

an n X n matrix and c,x € R™.

Definition 2.9. A square matrix A of order n is said to be positive semidefinite (positive

definite) if z' Az > 0 for all z (z' Az > 0 for all z # 0).
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Theorem 2.8. Let S be a nonempty open convex set of R” and let f : S — R be
twice differentiable on S. Then f is convex if, and only if, the Hessian matrix of f is

positive semidefinite at each point in S.

Proof. Assume that f is convex. Fix an z € S. Then for any z € R™, T 4+ Ax € S for

all A sufficiently small. We have
f(@+Ax) > f(2) + AV f(2)'x (19)
and by twice differentiability of f
f(Z+Ax) = f(&) + AV f(Z)'z + %AzxtH(f)x + A|z| Pz, A) (20)
Combining (18) and (19) we get
%/\zxtH(iﬂ)x + N|z| Pz, Ax) > 0

Dividing both sides by A and taking limit as A — 0, we get 2'H(Z)z > 0. As z was

arbitrary, it follows that H(Z) is positive semidefinite.

Next, assume that H(z) is positive semidefinite for all € S. Fix any x,y € S. By

mean value theorem, we have

F() = o) + VI ) — ) + 50— y) H@) @ )

where & = Az + (1 — \)y for some A € (0,1). Since z € S, (x —y)'H(z)(z —y) > 0 and
hence f(z) > f(y) + Vf(y)!(z — y) and by Theorem 2.6 it follows that f is convex. [J

Theorem 2.9. Let S be a nonempty open convex set of R™ and let f : S — R be
twice differentiable on S. If the Hessian matrix of f is positive definite at each point in

S, then f is strictly convex.
Exercise 2.7. Prove the above theorem.

Exercise 2.8. Let f : R™ — R be a function. For any z,d € R", define the function
Y(z,d) : R — R by g(%d)()\) = f(:t + )\d). Show

1. f is convex if, and only if, g, 4) is convex for all x € R" and for all nonzero

de R™
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2. f is strictly convex if, and only if, g(, q) is strictly convex for all x € R™ and for

all nonzero d € R™.
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Minima and Maxima of Convex Functions

Let f: R™ — R be a function, where S C R™. Consider the optimization problem:

Minimize f(z) subject x € S.

Definition 2.10. Every x € S is called a feasible solution to the optimization problem.
An z € S is called a solution to the problem (also called called global optimal solution
or simply optimal solution to the problem) if f(xz) > f(z) forall z € S. Anz € S
is said to be a local optimal solution (or local minimum) if there exists an € > 0
such that f(z) > f(z) for all x € S with ||z — Z|| < e. An T € S is said to be a strict
local optimal solution (or strict local minimum) if there exists an € > 0 such that
f(x) > f(Z) for all z € S with ||z — Z|| < e and  # Z. An T € S is said to be a Strong
optimal solution (or strong local minimum) if there exists an € > 0 such that Z is

the only local optimal solution in S N N(Z), where N(Z) is the e-neighbourhood of z.

Exercise 2.9. Give an example to distinguish strict and strong local optimal solutions.
Show that every strong local optimal solution is a strict optimal solution. Is the converse

true?

Theorem 2.10. Let f : S — R be a convex function, where S is a nonempty convex
subset of R™. Suppose T € S is a local optimal solution to the optimization problem:

Minimize f(x) subject z € S.

1. Then, 7 is a global optimal solution.
2. If z is a strict local minimum, then Z is unique global optimal solution.

3. If f is strictly convex, then Z is unique global optimal solution.

Proof.
1. To the contrary, assume that f(y) < f(Z) for some y € S. For A € (0,1), Ay + (1 —
A)Z € S, and by convexity of f,

fAy+ (1 -=Nz) < Af(y)+ 1 -A)f(2)
< M@+ 1= Nf(@) = f(2).

I
8l
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For X sufficiently close to 0, Ay + (1 — A\)Z € S can be made arbitrarily close to Z which

will contradict local optimality of Z.
Exercise 2.10. Prove parts 2 and 3 of the above theorem.

Theorem 2.11. Let f: R™ — R be a convex function, where S is a nonempty convex
subset of R™. An & € S is an optimal solution to the problem minimize f(z) subject

x € S if, and only if, f has a subgradient £ at Z such that £f(z —z) > 0 for all z € S.

Proof. Suppose f has a subgradient ¢ at Z such that £'(z —Z) > 0 for all x € S. Then,
flx) > f(z) +&(x—z) forall z € S.

Since (x — ) > 0 for all z € S, we have f(x) > f(z) for all z € S and hence 7 is a

solution to the problem.

Conversely, assume that £ € S is an optimal solution to the problem. Define the
sets
U={(z-z, y): x€R", y> f(x) - f(2)}
V={(xz—-%,y): z€8, y<0}
Since S is convex, it follows that V is convex. Using convexity of f, it can be checked
that U is convex ( Check this!). Since Z is an optimal solution to the problem, it follows
that UNV = (. From Theorem 1.7, it follows that there exists a non-zero vector (3, p)

and a number o such that
Bz —2)+puy <aforallz € R" and y > f(z) — f(2), (21)
and
Bz — %)+ py > aforall x € S and y < 0. (22)

If u > 0, then (22) will be violated for large negative y. Hence p < 0. Letting x = T
and y =€ > 0 in (21), we get pe < «. This implies, « > 0. Taking x =z and y = 0 in
(22), we get o < 0. Hence o = 0.

Suppose = 0. Taking z = Z + 3 in (21), we get 8!8 < 0 which in turn implies
(8, n) =0, a contradiction. It follows that p < 0.

Dividing both sides of (22) by —u and letting £ = —iﬁ, we get

& (x—)—y>0 forallz € Sandally<O0.
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Taking y = 0 in the above inequality, we get
E(x—7)>0 foralxeds.

Since Z is optimal f(z) — f(Z) > 0 for all z € S. Dividing both sides of (21) by —u and

rearranging we get
E(x—2)<y forallz € R" and y > f(x) — f(2).
Taking x € S and taking limit as y — f(z) — f(Z) we get,
&z —1) < flx)— f(z) forallzeS.
Thus, £ is a subgradient of f at z with f(x — %) >0 for allz € S. O

Corollary 2.2. Let f: R® — R be a function, where S is a nonempty open convex
subset of R™. An Z € S is an optimal solution to the problem minimize f(z) subject

x € S if, and only if, f has a zero subgradient at .

Proof. By the theorem, Z is optimal if, and only if, £&¢(z — ) > 0 for all z € S. Take
x =T — A where A > 0 such that © € S (S is open). This is possible, if, and only if,
£€=0.0

Corollary 2.3. Let f: R®™ — R be a differentiable function, where S is a nonempty
open convex subset of R™. Then, an T € S is an optimal solution to the problem of
minimizing f(x) subject z € S if, and only if, Vf(z)!(z —z) > 0 forall z € S. In

addition, if S is also open, then Z is an optimal solution if, and only if, Vf(z) = 0.

Proof. Exercise.

Method of Feasible Directions

Consider the problem: Minimize f(x) subject x € S. We shall assume that both S and
f are convex. To find a solution to this problem, we start with an £ € S. If Z is not
an optimal solution the problem, then we must have an x € S such that the function f
must decrease in the direction x — T from f(Z) (otherwise, Z will become a local optimal
solution and by convexity T will also be a global optimal solution). Note that in this

case, x — T will be a feasible direction of S at Z (recall the Definition 2.2 of feasible
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direction). To obtain the direction, we solve the following optimization problem :
Minimize f[Z + A(z — Z)] subject to x € S. (23)

Suppose f is a convex function over entire R™ and we are interested in the problem:
Minimize f(z) subject z € S, where S is any arbitrary set, not necessarily convex.
Again, let us start our search for an optimal solution from a point z € S. If Z is an
optimal solution to the problem, then any y € R™ with f(y) < f(Z) must not be in S.
Let y € R™ be such that f(y) < f(Z). Then, if Z is optimal to the problem, we must
have
f@) > fly) > f(@) + Vf(@)'(y - 7)

which implies that Vf(Z)i{(y — z) < 0. In other words, the hyperplane
H = {u: Vf(@)'(u—z) = 0} separates the set of all ys that are better than
(that is, f(y) < f(Z)) from S. Thus, if Z is an optimal solution, then we must have
Vf(z)(x —z) >0 for all z € S. Therefore, the problem reduces to

Minimize V f(Z)!(z — z) subject to x € S. (24)

Note that (24) has a linear objective function, and if S is a polyhedral set, then the

problem reduces to a Linear Programming problem.

Theorem 2.12. Consider the problem of minimizing f(x) subject to x € S, where f is
a convex function and twice differentiable function, and S is a convex set, and suppose
that there exists an optimal solution Z. Then, the set of alternative optimal solution to

the problem is given by

V={zeS: V@' e—7)<0, and Vf(z)=Vf()}

Proof. Let U be the set of all optimal solutions to the problem. Note that U # @ as
Z € U. Consider any y € V. By the convexity of f and the definition of V', we have
y € S and

F@ > fW)+Viw)'@E—y) =fy+ Vi@ (@E—y > fly)

and hence we must have y € U. Thus, V C U.

To prove the converse, let y € U. Then, y € S and f(y) = f(Z). This means that
fy) > f(@)+Vf(x)(y—7z) or that Vf(Z)!(y—z) < 0. Since Z is optimal, we must have
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Vf(z)'(y —z) > 0 and hence Vf(Z)!(y — ) = 0. By interchanging the roles of y and
z, we must have Vf(y)'(y — ) = 0. Therefore,

[Vf(®) = Vi@ —-y) =0
Note that

V@) - V)] = Viy+AE -y
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where G = f;\jol Hly 4+ MZ — y)]dX (the integral is performed each element-wise of the
Hessian matrix. Observe that G is positive semidefinite. It follows that (z—y)'G(z—y) =
0 which in turn implies G(Z — y) = 0 and hence Vf(y) = Vf(z). O

Quasiconvex Functions

Definition 2.11. Let S be nonempty convex subset of R"”. A function from f: S — R

is said to be quasiconvex if

fz+ (1= Ny) <max(f(z), f(y))
Va,y € S,VA € [0,1].

The function f is said be quasiconcave if —f is quasiconvex.
Exercise 2.11. Show that f is quasiconvex if, and only if, its level sets are convex.

Theorem 2.13. Let S be nonempty open convex subset of R”. Let f : S — R be
a function differentiable on S. Then f is quasiconvex if, and only if, the following

implication holds good:

Vo,ye S, f(x) < fly) = Viy)(z—y) <0. (25)

Proof. Assume f is quasiconvex. Fix z,y € S. We may assume f(z) < f(y). For any
A € (0,1), by differentiability of f,

fOz+ 1 =Ny) = fly) = AV (@ —y)+ X[z -y | aly; Mz —y)),
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where a(y; A(z —y)) — 0 as A — 0. Since f is quasiconvex, the LHS is nonpositive, and
this implies

AV z—y)+ A [z —y |l aly; Mz —y)) <0.

Dividing both sides by A and taking the limit as A — 0 we get

Vf(y)'(z—y) <O0.

Conversely, assume that (25) holds. Need to show that f is quasiconvex. Take z,y € S.
We may assume f(x) < f(y).Suppose there exists a A € (0,1) such that

f(z) > f(y) where z = Az + (1 — N)y.

Since f is differentiable on S, it is continuous on S. This implies, there exists a d € (0, 1)

such that
fluz+ (1 =yl > fy) Yu e [0,1] (as f(2) > f(y)),

floz+ (1= 68)y] < f(2)

The last inequality follows as dz + (1 — d)y is close to y for § small, and f(z) > f(y).

By mean value theorem,

VI (1 =68)(z —y)) = f(2) = f(0z + (1 = d)y) > 0,

where v = pz + (1 — p)y for some p € (6,1). This implies, as z —y = A(z — ),
Vi)' (z —y) > 0.

On the other hand, as f(u) > f(y) > f(z), from (25), Vf(u)!(z —u) <0. Asx —u =
(1 — M) (x — y), the last inequality implies V f(u)!(z — y) < 0 which is a contradiction.

It follows that f is quasiconvex. [

Theorem 2.14. Let S be nonempty compact polyhedral set in R". Let f : R® - R
be a quasiconvex and continuous function on S. Consider the problem of maximizing
f(z) subject to x € S. There exists an optimal solution Z to the problem which is an

extreme point of S.
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Proof. Since S is compact, it has no directions and every point of S is a convex
combination of its extreme points. Let 2!, 22, ..., 2P be the extreme points of S. Let x4
be such that f(z?) = max{f(z') : 1 <i < p}. Givenz € S, we can writez =y 7_, \;a’,
a convex combination of extreme points of S. Note that as f is quasiconvex,

P

f@) = O Nia') <max{f(a') : 1 <i < p} = f(x?).

i=1

Therefore, x¢ is an optimal solution to the problem and proof is complete.

One of the sufficient conditions for a local optimal solution to be a global optimal

solution is that the function f is strictly quasiconvex.

Definition 2.12. Let f : S — R be a function where S is a nonempty convex set in R™.

The function f is said to be strictly quasiconvex if for each z,y € S with f(x) # f(y),

fz+ (1= XNy) <max(f(z), f(y)) VA € (0,1).

Theorem 2.15. Let S be nonempty convex set in R™ and let f : R™ — R be a strictly
quasiconvex function. Consider the problem of minimizing f(z) subject to z € S. If &
is a local optimal solution to the problem, then it is also a global optimal solution to

the problem.

Proof. Let Z be a local optimal solution to the problem. Suppose y € S is such that
f(y) < f(z). For any A € (0,1), by strict convexity of f,

flz+ My —2)] < f(2).

For X sufficiently small, this will imply that Z + A(y — Z) is locally better than z,
contradicting local optimality of Z. It follows that Z is a global optimal solution to the

problem. []

If a function is strictly convex, then it is also convex. However, a strictly quasiconvex
function need not necessarily a quasiconvex function. Counterexample: Let S = [—1, 1]

and let f(z) =0V z # 0 and f(0) = 1.

Theorem 2.16. Let S be nonempty convex set in R™ and let f : R™ — R be a strictly

quasiconvex function. If f is continuous on .S, then it is quasiconvex.
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Proof. Let 2,y € S be such that f(z) = f(y). Suppose there exists a A € (0,1) such
that f(Ax + (1 — N)y) > f(x). Let z = Az + (1 — N)y. Since f is continuous, there
exists a ¢t € (0,1), such that f(z) > fluz + (1 — pn)z] > f(x) = f(y). Note that z is
convex combination of ux + (1 — p)z and y. Since fluz + (1 — p)z] > f(y), by strict
quasiconvexity of f, f(z) < flux + (1 — p)z]. From this contradiction it follows that we
cannot find a A € (0, 1) such that f(Az + (1 — A)y) > f(z), and hence f is quasiconvex.

We have seen that a local minimum for a strictly quasiconvex function is also a global

minimum. When can we say it is unique?

Definition 2.13. Let f : S — R be a function where S is a nonempty convex set in

R™. The function f is said to be strongly quasiconvex if for each x,y € S with x # y,

O+ (1= A)y) <max(f(x), f(y)) VA € (0,1).

Note that

1. Every strictly convex function is strongly quasiconvex.
2. Every strongly quasiconvex function is strictly quasiconvex.

3. Every strongly quasiconvex function is quasiconvex.

Theorem 2.17. Let S be nonempty convex set in R™ and let f : R™ — R be a strongly
quasiconvex function. Consider the problem of minimizing f(x) subject to z € S. If T
is a local optimal solution to the problem, then it is unique global optimal solution to

the problem.
Proof. Exercise.

Definition 2.14. Let S be a nonempty open convex set in R™ and let f: S — R be a
differentiable on S. The function f is said to be pseudoconvex on S if for each z,y € S,

the implication holds:

f(z) < f(y) = Vi) i(z—y) <0.

Theorem 2.18. Let S be nonempty open convex set in R™ and let f : R* — R
be a differentiable pseudoconvex function. Then f is both strictly quasiconvex and

quasiconvex.
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Proof. We first show that f is strictly quasiconvex. To the contrary, assume z,y € S
such that f(z) # f(y) and f(z) > max{f(x), f(y)} where z = Az 4+ (1 — A)y for some
A € (0,1). Assume, without loss of generality, f(x) < f(y). Then, we have

f(2) = fly) > f(=).

By pseudoconvexity of f, Vf(z)!(z —2) < 0. Since z —z = —(1 — \)(y — 2)/, this
implies V f(2)!(y — z) > 0. This in turn implies, by pseudoconvexity of f, f(y) > f(z)
and hence f(z) = f(y). Since Vf(2)!(y — z) > 0, there exists a u = pz + (1 — p)y with
w € (0,1) such that

fu) > f(z) = f(y)
By pseudoconvexity of f, Vf(u)!(y —u) < 0. Similarly, Vf(u)!(z — u) < 0. Thus, we
have

Vf(u)(y —u) <0and Vf(u)'(z —u) <0.

But these two inequalities are contradicting each other as y — u = p(u — 2)/(1 — p). It
follows that f is strictly quasiconvex.

Since f is differentiable, it is continuous and hence quasiconvex.

Definition 2.15. Let S be a nonempty open convex set in R™ and let f: S — R be a
differentiable on S. The function f is said to be strictly pseudoconvex on S if for each

x,y € S, the implication holds:

f@) < fly) = Vi) (z—y) <0

Theorem 2.19. Let S be nonempty open convex set in R™ and let f : R™ — R be a

differentiable strictly pseudoconvex function. Then f is strongly quasiconvex.
Proof. Exercise.

Exercises:

1. Suppose f : R" — R is twice differentiable. If z is such that V f(z) vanishes, then

show that limy_so W exists for any d € R".

2. Show that every convex function is strictly quasiconvex as well as quasiconvex.

3. Show that every differentiable convex function is pseudoconvex.
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4. Define various types of convexity at a point and examine which of the results
developed so far hold good for functions having convexity (of different types) at a

point.

5. Let ¢,d € R™ and let a, 8 € R.
Let S = {x : d'z + 8 > 0}. Consider the function f : S — R defined by

t
fla) = Gt

Show that f is pseudoconvex.
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3. NonLinear Programming
and
Necessary and Sufficient Conditions

for Optimality

e Unconstrained Optimization

Minimize f(z), x € R™.

e Constrained Optimization
Minimize f(x) subject to x € S or
With Inequality Constraints
Minimize f(x)
subject to
gi(x) <0, i=1,2,...,m,
re XCR"

With Inequality and Equality Constraints
Minimize f(x)

subject to

gi(x) <0,i=1,2,...,m,

hi(z) =0, i=1,2,...,1,

re X CR"

Unconstrained Optimization

First Order Necessary Conditions for Optimality.

Theorem 3.1. Suppose f : R” — R is differentiable at z € R". If there is a vector
d € R" such that Vf(z)'d < 0, then there exists a § > 0 such that f(z+ A\d) < f(z) for
each X\ € (0,9), so that d is a descent direction of f at z.

Proof. Using differentiability of f at z, we can write

fz+XMd) - f(2)

X = Vf(2)ld+ || d|| a(z,Ad).
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Since Vf(z)'d < 0 and a(z,Ad) — 0 as A — 0, there exists a § > 0 such that the RHS

of the above equation is negative for all A € (0,4). The result follows. O

Corollary 3.1. Suppose f : R* — R is differentiable at z € R". If z is a local

minimum, then Vf(z) = 0.

Proof. Since z is local minimum, for any d, f(z + Ad) > f(z) VA sufficiently small
which in turn implies V f(2)'d > 0 for all d. Take d = —V f(z). O

Unconstrained Optimization

Second Order Necessary Conditions for Optimality.

Theorem 3.2. Suppose f : R — R is twice differentiable at z € R™. If z is a local

minimum, then Vf(z) = 0 and H(z) is positive semidefinite.

Proof. Using differentiability of f at z and the hypothesis V f(z) = 0, for any d we can

write
fz+ M) - f(2)
\2
Since z is local minimum, f(z + Ad) > f(z) VA > 0 sufficiently small. Taking limit as

1
= §dtH(z)d+ || d|* az, \d).

A — 0, it follows that d"H(z)d > 0 and hence the result follows. [

Example 3.1. Minimize f(z) = (z*> — 1)3, z € R.
Vf(x) = 6z(z? —1)%; Vf(z) = 0 for . = —1,0,1. H(z) = 242%(2% — 1) + 6(2® — 1)?
and H(—1) = H(1) =0 and H(0) = 6. Verify that z = 0 is the local (global) minimum.

Unconstrained Optimization

Sufficient Conditions for Optimality

Theorem 3.3. Suppose f : R" — R is twice differentiable at z € R™. If Vf(z) =0

and H(z) is positive definite, then z is a local minimum.

k

Proof. If z is not local minimum, then there exists a sequence x” — 2z such that

f(z¥) < f(z) for each k. Using the hypotheses, we can write

flz+ i) = f(2)
)\2

1
= SAHEd (|41 a(zAdy),
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F—2)/ ek — 2]

where dy, = (z
We may assume, without loss of generality, d — d for some d # 0. Taking limits as
A — 0, we get d'H(z)d < 0 which is a contradiction to positive definiteness of H(z). O

Reexamine Example 3.1.

Theorem 3.4. Suppose f : R™ — R is pseudoconvex at z. Then z is global optimum

if, and only if, Vf(z) = 0.

Optimization With Inequality Constraints

Consider the problem: Minimizing f(z) subject to x € S.
For any z € cl(S), the set of feasible directions of S at z is defined by

D(z)={d:d#0, and z+ Ad € S VA € (0,0)for some 6 > 0}.

Similarly, define the set of descent directions of f at z by F(z) = {d : Vf(2)'d < 0}.
Note that D(z) is a cone if z € S. If z is local optimum, then D(z) N F(z) = 0.

Optimization With Inequality Constraints

Theorem 3.5. Consider the problem of minimizing f(z) subject to « € S, where S is
nonempty set in R™ and f: R™ — R is differentiable at z € S. If z is a local optimum

solution to the problem, then D(z) N F(z) = 0.

Proof. Suppose d € D(z) N F(z). This means we can find a A > 0 arbitrarily small
satisfying f(z+Ad) < f(2) (because d is a direction of descent) and z+Ad € S (because
d is a feasible direction). This contradicts the local optimality of z. It follows that
D(z)NF(z) = 0.

Consider the Problem (PI): Minimize f(z) subject to

g9i() <0,i=1,2,...,m,z € X C R".

Here, each of f and g;s is a function from R" to R and X is a nonempty open set in
R™.

So, the set of feasible solutions is given by

S={reX:g(x)<0,i=1,2,...,m}.
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Optimization With Inequality Constraints

When the NLP is specified as in the above problem, the necessary geometric condition

for local optimality (D(z) N F(z) = (}) can be reduced to an algebraic condition.

Theorem 3.6. Consider the problem PI stated above. Suppose z is a feasible point to
the problem. Let I = {i: g;(2) = 0}. Assume f and g;s for ¢ € I are differentiable at
z and that g;s for ¢ not in I are continuous at z. If z is a local optimal solution to the

problem, then F(2) N G(z) = 0, where G(z) = {d : Vgi(2)'d < 0, Vi € I}.

Proof. From an earlier result, D(z) N F(z) = . Will show that G(z) C D(z). Let
d € G(z). As X is open, there exists a d; > 0 such that z + Ad € X VA € (0,6;). For
i €1, as g;(z) <0 and is continuous at z, there exists a d2 > 0 such that g;(z + Ad) <
0VA e (0,85). Fori eI, as Vg;(2)'d < 0, d is a descent direction of g; at z and hence
Jads >0 3g(z2+Ad) <gi(z) =0V € (0,63). From these inferences, we conclude
that d € D(z) and hence the result follows.

Example 3.2.
Minimize  (z — 3)? + (y — 2)?
subject to 2% +9% <5

r+y<3
z,y >0
Analyze  the  optimality at  the  points =z = (%, g)t and
u=(2,1)%
Vi) = (52 ) and Vaa(s) = (1,1)"

Note that F(z) N G(z) # 0 and hence z cannot be an optimal solution.

Vi) = (-2, —2)', Vgi(u) = (4,2)" and Vga(2) = (1,1)".
Note that F(u) N G(u) = () and hence v may be an optimal solution but this cannot be
guaranteed from F'(u) N G(u) = 0 as it only a necessary condition.

Effect of the Form of Constraints

Utility of necessary conditions of the above theorem, ie.

F(u) N G(u) = 0, may depend on how the constraints are expressed.
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Example 3.3.
Minimize  (z — 1)% + (y — 1)2
subject to (z+y—1)2<0

z,y >0
In this case, the necessary condition will hold good for each feasible (z,y) satisfying

x4+ y = 1. Now consider the same problem expressed as
Minimize (z —1)2+ (y — 1)?
subject to x+y <1

z,y >0

Verify that the necessary condition is satisfied only at the point (1,1

3:3):
Note that when Vf(z) = 0 or Vg;(z) = 0 for i € I, the necessary condition developed

above is of no use.
Fritz John Conditions

Theorem 3.7. Consider the problem PI stated earlier. Suppose z is a feasible point
to the problem. Let I = {i: ¢;(z) = 0}. Assume f and g;s for ¢ € I are differentiable
at z and that g;s for ¢ & I are continuous at z. If z is a local optimal solution to the
problem, then there exist constants ug and u; for ¢ € I such that

uVf(z)+> wiVgi(z) = 0

iel
ug,u; > 0, foriel

(UOa ul) 7£ 0

Furthermore, if g;s for ¢ € I are also differentiable at z, then there exist ugp € R and

u € R™ such that

ugVf(z)+ Y uiVgi(z) = 0 (26)
- uigi(z) = 0, fori=1,2,...,m, (27)

ug,u; > 0, fori=1,2,...,m, (28)

(uo, u') # 0 (29)

Proof. Let k =| I | and let A be the n x (k 4+ 1) matrix with its first column as

Vf(z) and its i*" column as Vg;(z), i € I. From the previous theorem, we know that
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F(z)NG(z) = 0. This is equivalent to saying there exists no d satisfying Vf(z)'d < 0
and Vg;(2)td < 0 for each i € I. In other words, the system Afd < 0 has no solution.
By Gordan’s theorem, there exists a nonzero nonnegative vector p € R¥*1 satisfying
Ap = 0. Taking ug = p1, u; = p;+1, the first assertion of the theorem follows. For the

second assertion, take u; = 0 for i & I.

The u;s in (26) in the statement of theorem are called the Lagrangian multipliers.
The condition u;g;(z) =0, i = 1,2,...,m, is called the complementary slackness con-

dition.

Example 3.4.
Minimize  (z —3)2 + (y — 2)?
subject to 224+ 1y% <5
r+2y <4
z,y >0
r I Vi) | Vgi(z) | Vgi,(2)
p= (20 i =1, =2 | (—=2,-2)" | (4,2 | (1,2)
w= (0,0 | i1 =3, o =4 | (—=6,—4)" | (=1,0)" | (0,-1)"

Example 3.5.
Minimize —x
subject to y— (1—2)2<0
y=>0

Note that z = (1,0)? is the optimal solution to the problem (draw the feasible region
and check this) and the Fritz John conditions hold good at this point. Here I = {1,2},
Vf(z) =(-1,0), Vgi(2) = (0,1)" and Vga(z) = (0,—1)". For the Fritz John condition

we must have

which holds good only if ug = 0.

Example 3.6.
Minimize —x
subject to xz+y <0

y>0
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Note that Fritz John condition holds good at z = (1,0)* with ug = u; = ug = « for any
real o > 0.

Vf(z)=(=1,0)" Vgi(2) = (1,1), Vga(z) = (0,-1)".
Kuhn-Tucker Necessary Conditions

Note that in examples 3.4 and 3.6, ug is positive. But in example 3.5, up = 0. In
example 3.5, the Vg;(z)s for ¢ € I are linearly dependent, but not in the other two
examples. Note that when uy = 0 in Fritz John condition, the condition only talks
about the constraints. With an additional assumption, the Fritz John condition can be

improved. This is due to Kuhn and Tucker.

Theorem 3.8. Consider the problem PI stated earlier. Suppose z is a feasible point to
the problem. Let I = {i: g;(z) = 0}. Assume f and g;s for i € I are differentiable at z
and that g;s for i € I are continuous at z. Also assume that g;s for ¢ € I are linearly
independent. If z is a local optimal solution to the problem, then there exist constants

u; for i € Isuch that

Vi) + Y uVgi(z) = 0

iel

v

Us; 0, foriel.

Furthermore, if g;s for i ¢ I are also differentiable at z, then there exist © € R™

such that
Vi) +) wiVg(z) = 0 (30)
i=1
w;igi(z) = 0, fori=1,2,...,m, (31)
u; > 0, fori=1,2,...,m. (32)
(33)

Proof. Get uy and u;s as in the previous theorem. Note that ug > 0, as Vg;(z)s for
t € I would become linearly dependent otherwise. Since ug > 0, we can as well assume
that it is equal to one without loss of generality. The second assertion of the theorem

can be established as in the previous theorem.
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Note that a geometric interpretation of the Kuhn-Tucker conditions is that if z
is a local optimum, then the gradient vector of the objective function at z with its
sign reversed is contained in the cone generated by the gradient vectors of the binding

constraints (follows from (30) above).

Kuhn-Tucker Sufficient Conditions

Theorem 3.9. Consider the problem PI stated earlier. Suppose z is a feasible point
to the problem. Let I = {i : g;(2) = 0}. Assume f and g;s for i € I are differentiable
at z and that g;s for ¢ € I are continuous at z. Further, assume that f is pseudoconvex
at z and g; is differentiable quasiconvex at z for each ¢ € I. If the Kuhn-Tucker
conditions hold good at z, that is, there exist u; € R for each i € I such that Vf(z) +

Yot uiVgi(z) =0, then z is a global optimal solution to the problem.

Proof. Let x be any feasible solution to PI. Then, for i € I, g;(z) < 0 = g;(2). By

quasiconvexity of g; at z,

9i(z+ Mo = 2) = i\ + (1 = X)2) < max{gi(a), gi(2)} = gi(2)
for all A € (0,1). Thus g; does not increase in the direction  — z and hence we must
have Vg;(z)"(x — z) < 0. This implies Y, ;u;Vgi(2)'(x — z) < 0. Since Vf(z) +

S u;Vgi(z) = 0, it follows that V f(z)!(x — z) > 0. Since f is pseudoconvex, f(z) >

f(2). Tt follows that z is global minimum.

Consider the Problem (PIE):
Minimize f(x)
subject to
gi(x) <0,i=1,2,...,m,
hi(x)=0, i=1,2,...,1, reX CR"
Here, each of f, g;s and h;s is a function from R™ to R and X is a nonempty open set
in R".

So, the set of feasible solutions is given by

S={reX:g(x)<0,i=1,...,myhi(x) =0,i=1,...,1}.

Treating Equalities as Inequalities
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Consider the problem: Minimize f(z) subject to
g(z) =0, x € X, X is a nonempty subset in R"™.
Letting g1 (x) = g(z) and g2(x) = —g(x), the above problem can be stated as
Minimize f(x) subject to
9i(x) <0,i=1,2, z € X.
Note that, G(z) = 0 is true and hence the optimality conditions developed above are of

no use.

Optimality Conditions for PIE

Theorem 3.10. Consider the problem PIE stated above. Suppose z is a local optimal
solution to the problem. Let I = {i : g;(z) = 0}. Assume f and g;s for ¢ € I are
differentiable at z and that g;s for i € I are continuous at z. Further, assume that h; is
continuously differentiable at z for i = 1,2,...,1. If Vh;(2)s, i = 1,2,...,1, are linearly
independent, then F(z) N G(z) N H(z) = 0, where

F(z)={d:Vf(z)'d < 0}.

G(z) ={d:Vgi(2)'d <0, Vi e I}.

H(z)={d:Vhi(z)'d=0, for =1,2,...,1}.

Fritz John Necessary Conditions

Theorem 3.11. Consider the problem PIE. Suppose z is a feasible point to the problem.
Let I = {i: gi(z) = 0}. Assume f and g;s for ¢ € I are differentiable at z and that
gis for i ¢ I are continuous at z. Further, assume that h; is continuously differentiable
at z for e = 1,2,...,1. If z is a local optimal solution to the problem, then there exist

constants ug, u; for i € I and v;, i = 1,2,...1 such that

I
o

I
wVf(z)+ Z u; Vgi(z) + Z v; Vh;i(z)
iel i=1
ug,u; > 0, foriel
(U07 ur, ’U) 7é 07
where ur is the vector of U;S corresponding to I and

v=(v1,...,)%

44



Furthermore, if g;s for i € I are also differentiable at z, then there exist ug € R and

u € R™ such that

uwVf(z)+ i u; Vgi(z) + zl: v;Vhi(z) = 0 (34)
u:;l(z) =0, for i’::1 1,...,m, (35)

ug,u; >0, fori=1,...,m, (36)

(uo, u',v") #0, (37)

Proof. If Vh;(z),i = 1,...,1 are lineraly dependent, then there exist v;, i = 1,...,l,
not all of them equal to zero, such that Zi:l v;Vh;i(z) = 0. Taking ug and u;s to be

zero, we see that z satisfies the necessary conditions.

Suppose Vh;(z),i = 1,...,1 are lineraly independent. Let A be the matrix whose first
column is V f(z) and the remaining columns being Vg;(z), ¢ € I. Let B be the matrix
whose " column is Vh(z), i = 1,...,1. Then from the previous theorem, there is no d
which satisfies

Ald < 0 and B'd = 0.

Define the sets S = {(p,q) : p = Ald,q = B'd,d € R"} and T = {(p,q) : p < 0, ¢ = 0}.
Note that S and T are disjoint convex sets. Therefore, there exists a vector (ug, uf, v') #

0 such that
(ug, ub)Ald + v' Btd > (ug,ul)p +v'qvd € R™, ¥(p,q) € cl(T).

Since (p,0) € CI(T) for arbitrarily large negative, it follows that (ug,u%) > 0. Since
(0,0) € cl(T),

(ug, ub)Atd +v'B'd > 0 for all d € R™.

This implies (ug, u%)A* 4+ v*B' = 0. From this the theorem follows.

Remark 3.1. Note that the Lagrangian multipliers associated with h;s are unrestricted

in sign.
Exercise. Write the Fritz John’s conditions in the vector notation.

Example 3.7.
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Minimize (z —3)? + (y — 2)?
subject to 2% +y% <5
r+2y=4

z,y >0
Analyze at 2(2,1)%.

Example 3.8.
Minimize —x
subject to y—(1—2)>=0
y>0

Analyze at z(1,0)".
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Kuhn-Tucker Necessary Conditions

Theorem 3.12. Consider the problem PIE. Suppose z is a feasible point to the problem.
Let I = {i: gi(z) = 0}. Assume f and g;s for ¢ € I are differentiable at z and that g;s
for i ¢ I are continuous at z. Further, assume that h; is continuously differentiable at z
for i =1,2,...,1. Also assume that Vg;s for i € I and Vh;(2)s,i=1,...,1, are linearly

independent.

If z is a local optimal solution to the problem, then there exist constants u; for i € T

and v;, 1 = 1,2,...1 such that

I
o

!
Vi(z)+ ZuZ-Vgi(z) + Z v;Vhi(2)
icl i=1

u, > 0, foriel,

where Uy is the vector of  ws corresponding to 1 and

v=(v1,...,v)%
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Furthermore, if g;s for i € I are also differentiable at z, then there exist u € R™ and

v € R! such that

m l
Vi) + Y uwiVgi(z)+ > viVhi(z) = 0 (38)
i=1 i=1
u;gi(z) =0, fori=1,...,m, (39)
u; >0, fori=1,...,m, (40)

Example 3.9.
Minimize —x
subject to x+y <0

y=>0
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Kuhn-Tucker Sufficient Conditions

Theorem 3.13. Consider the problem PIE. Suppose z is a feasible point to the problem.
Let I = {i: gi(z) = 0}. Suppose that the Kuhn-Tucker conditions hold good at z, i.e.,

there exist scalers u;, ¢ € I and v;, ¢ =1,...,1[, such that

l
Viz)+ Zungi(z) + Zvthi(z) =0.

iel
Let J = {i:v; >0} and K = {i : v; < 0}. Assume that f is pseudoconvex at z,
g;s are quasiconvex at z for ¢ € I, h;s are quasiconvex at z for ¢ € J and that h;s are

quasiconcave at z for ¢ € K. Then z is a global optimal solution to the problem.
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Kuhn-Tucker Sufficient Conditions

Theorem 3.14. Consider the problem PIE. Suppose z is a feasible point to the problem.
Let I = {i: gi(z) = 0}. Suppose that the Kuhn-Tucker conditions hold good at z, i.e.,

there exist scalers u;, ¢ € I and v;, ¢ =1,...,1[, such that
l
Vi(z)+ Zungi(z) + Zvthi(z) =0.
il i=1
Let J = {i:v; >0} and K = {i : v; < 0}. Assume that f is pseudoconvex at z,
g;s are quasiconvex at z for ¢ € I, h;s are quasiconvex at z for ¢ € J and that h;s are

quasiconcave at z for ¢ € K. Then z is a global optimal solution to the problem.

Proof. Let x be any feasible solution to PIE. Then, for i € I, g;(x) < 0 = g;(2). By

quasiconvexity of g; at z,
gi(z+AMx—2)) =g Az + (1 —N)z) <max{g;(x),9:(2)} = g:(2)

for all A € (0,1). Thus g; does not increase in the direction = — z and hence we must
have Vg;(z)"(x — z) < 0. This implies >, ; u;Vg;(2)"(x — z) < 0.
Similarly, using quasiconvexity of h;s for ¢ € J and quasiconcavity of h;s for i € K, we
can show that
Vhi(2)!(z —2) <0 fori € J and
Vhi(z)'(z —2) >0 fori € K.

From the above inequalities, we can conclude

!
> uiVgi(z) + > viVhi(2)]'(z — 2) < 0.
iel i=1
Since V f(2) + > e uiVgi(2) + Zfi:l v;Vh;i(z) = 0 it follows that V f(2)!(x — z) > 0.

Since f is pseudoconvex, f(x) > f(z). It follows that z is global minimum.
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4. Duality in NLP

We shall refer to PIE as the Primal Problem. We shall write this problem in the
vector notation as
Minimize f(x)
subject to
g(x) <0,
h(z) =0, =xe€X CR"
Here g(z) = (g1(2), g2(), - .., gm(x))" and
h(z) = (hi(x), ha(z), ..., hi(x))!
A number of problems closely associated with primal problem, called the dual problems,
have been proposed in the literature. Lagrangian Dual problem is one of these problems

which has played a significant role in the development of algorithms for
e large-scale linear programming problems,

e convex and nonconvex nonlinerar problems,

e discrete optimization problems.
The Lagrangian Dual Problem of PIE

Maximize 0(u,v)
subject to

u > 0, where

m l
O(u,v) = inf{f(z) + Zuzgz(x) + Zvth(m) rx e X}
i=1 i=1

In the vector notation, the Lagrangian dual is written as Maximize 6(u,v)
subject to u > 0,

where 0(u,v) = inf{f(z) + u'g(z) + v*h(z) : z € X}.

Since the dual maximizes the infimum, the dual is sometimes called the max-min prob-

lem.
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Note that

the lagrangian dual objective function 6(u, v) incorporates constraint functions of
the primal, the objective function of the primal, and the lagrangian multipliers of

the primal encountered in the optimality conditions,

e the lagrangian multipliers associated with ‘<’ constraints (g(z) < 0), namely the

u;s are nonnegative and those associated with the ‘=’ constraints (h(z) = 0),

namely v;s are unrestricted in sign,

e the lagrangian dual objective function 6(u,v) may be —oo for a fixed vector (u,v),

because it is the infimum of a functional expression over a set X,

e the lagrangian dual of a PIE is generally not unique as it depends on which
constraints we treat as g¢;s, which constraints as h;s and which constraints as

X,

e the choice of a lagrangian dual would affect the solution process using the dual

approach to solve the primal.

Geometric Interpretation of Lagrangian Dual

Consider the problem
Minimize f(z)
subject to

g(x) <0,

re X CR"
Here, both f and g are functions from R™ to R. There is only one inequality constraint
and no equality constraints.
For each z € X, the two-tuple (g(x), f(x)) can be plotted on the two dimensional plane.
Let G = {(z1, 2z2) : 21 = g(x), 22 = f(x), v € X}. A solution to the primal problem is
that = which corresponds to (z1, 22) in G such that z; <0 and 29 is minimum.
The lagrangian dual objective function for this problem is given by 0(u) = inf{f(z) +
ug(x) : x € X}, where u is nonnegative. That is, 6(u) = inf{ze +uz1) : (21, 22) € G},

where u is nonnegative.
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Note that for each u > 0 fixed, the dual objective value is the intercept of the line zo+uz;
supporting G (from below) on the z5 axis. Therefore, the dual problem is equivalent to
finding the slope of the supporting hyperplane of G such that the intercept on the 2z
axis is maximal. Note that at (Z1,Z2) the dual objective function attains its maximum
with @ as the dual optimal solution. Also, in this case, the optimum dual objective value

coincides with the optimum primal objective value.

Example 4.1.
Minimize  f(z,y) = 2% + 2
subject to  g(z,y) = - —y+4<0
z, y >0

Verify that (2,2) is the optimum solution to this problem with optimal objective value
equal to 8.
Taking X = {(z,y) : © > 0, y > 0}, the dual function is given by

O(u) = inf{a® +y* +u(—z—y+4):2>0, y>0}
= inf{a? —uzx:2 >0} +inf{y* —uy:y > 0} + 4u
—2u? +4u, foru>0;

4u, for u < 0.

B(x)

N
/7

o
Supporting hyperplane
with slope —4 o
Optimal primal and ——>

dual objective val ue

=
s
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Duality Theorems and Saddle Point Optimality
Theorem 4.1 (The Weak Duality Theorem). Let x be a feasible solution to PIE
an let (u,v) be a solution to its Lagrangian dual. The f(z) > 0(u,v).
Corollary 4.1. inf{f(z) : z € X, g(z) <0, h(z) =0} > sup{f(u,v) : u > 0}.

Corollary 4.2. If z is a feasible solution to PIE and (u, v) is a solution to its Lagrangian
dual such that f(z) < 6(u,v), then z is optimal for PIE and (u,v) is optimal for the
dual.

Corollary 4.3. If inf{f(z) : z € X, g(x) <0, h(z) = 0} = —oc0, then 6(u,v) = —o0

for each u > 0.

Corollary 4.4. If sup{6(u,v) : w > 0} = oo, then PIE has no feasible solution.

Duality Gap

Remark: Note that in PIE, it was assumed that the set X was a nonempty open set.
However, for the dual formulation, the openness of X is not required. In fact, X may
even be a dicrete/finite set. Check that the weak duality theorem and its corollaries hold
good for any nonempty set X. Henceforth, we shall refer to PIE without the openness

assumption of X as the primal problem.

The dual optimal objective value may be a strictly less than the primal optimal objec-

tive value. In this case we say that there is duality gap. Analyze the following example.
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Example 4.2.
Minimize  f(z,y) = -2z +vy
subject to  h(z,y)=z+y—3=0
(2, y) € X = {(0,0),(0,4), (4,4),(4,0), (1,2), (2, 1)} .

5

letxk £ixil

Optimal primal objective
Optimal dual objective

v

The Strong Duality Theorem asserts that, under some convexity assumptions and a
constraint qualification, the primal optimal objective value is equal to the dual optimal

objective value.

Theorem 4.2 (The Strong Duality Theorem). Let X be a nonempty convex set
in R”, let f: R* — R and g : R* — R™ be convex, and let h : R" — R! be affine, that
is, h is of the form h(x) = Az — b. Suppose that the following constraint qualification
holds true. There exists a z € X such that g(z) < 0 and h(z) = 0, and 0 € int(h(X)),
where h(X) = {h(z) : © € X}. Then

inf{f(z):x € X, g(x) <0, h(x) =0} =sup{f(u,v) : u > 0}

Furthermore, if the infimum is finite, then the sup{f(u,v) : © > 0} is attained at (u, )

with @ > 0. If the infimum is attained at z, then u'g(z) = 0.
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Lemma: Let X be a nonempty convex set in R, let o : R — R and g : R® — R™

be convex, and let h : R" — R! be affine. Consider the two systems:
System 1.  a(z) <0, g(x) <0, h(zx) =0 for some z € X

System 2.  wpa(z) +ulg(x) +vth(z) >0Ve € X

(u07u) > Oa (UO,’U,, U) 7é 0
If System 1 has no solution, then System 2 has a solution. The converse is true if uy > 0.

Proof. Suppose that System 1 has no solution. Consider the set

A={(p,q,7):p>alx), ¢ > g(z), r = h(z) for some z € X}

Since o and g are convex and h is affine;, A is convex. Since System 1 has no
solution, the vector (0,0,0) € R**™*! does not belong to A. By a separation theorem,

there exists a non-zero vector (ug,u,v) € R+ such that

upp +u'q+v'r >0V (p,q,7) € cl(A) (41)
Fix any z € X. Note that (a(z),g(z),h(x)) € cl(A) and (p,q, h(z)) € cl(A) for all

(P, q) > (a(2), ().

From this and (16), it follows that (ug,u) > 0. It follows that (ug,u,v) is a solution to

System 2.
To prove the converse, assume System 2 has a solution (ug,u,v) with ug > 0.

Let € X be such that g(x) < 0 and h(z) = 0. Since (ug, u,v) solves System 2, we
have

upa(z) + u'g(w) + v*h(x) > 0.

Since g(z) <0, h(z) =0 and u > 0, it follows uga(x) > 0. Since ug > 0, we must have

a(z) > 0. Tt follows that System 1 has no solution.

Proof of Strong Duality Theorem.

Let p = inf{f(z) : z € X, g(z) <0, h(x) = 0}. If p = —o0, then by a corollary

of weak duality theorem, sup f(u,v) : u > 0} = —co. So, let us consider the case, p is
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finite. Consider the system:

fl@)—pu<0, glx) <0, h(z) =0, z € X.

By the definition of u, this system has no solution. Hence, from the Lemma, there

exists a nonzero vector (ug,u,v) € R+ with (ug,u) > 0 such that
ug(f(x) — p) +ulg(z) +v'h(z) >0V e X (42)

We first show that ug > 0. To the contrary, assume ug = 0. From the hypothesis of
the theorem, that z € X satisfies g(z) < 0 and h(z) = 0. Substituting z in the above
inequality, we get ulg(z) > 0. This implies, as v > 0 and g(z) < 0, v = 0. From (17),
it follows v'h(z) > 0 Vo € X. Since 0 € int(h(X)), there exists an z € X such that
h(z) = —X\v where X is a small positive real. This implies, v*(—Av) > 0 which in turn
implies v = 0. Thus, (ug,u,v) = 0 which is a contradiction. Hence, ug > 0. Without

loss of generality, we may assume that ug = 1 and write

f(z) +u'g(x) +v'h(x) > p Vo € X. (43)

This implies
O(u,v) = inf{f(x) +u'g(x) +v'h(z): € X} > p.

From weak duality theorem, it follows that
inf{f(z):z € X, g(x) <0, h(zx) =0} = sup{f(u,v) : u >0}

Finally, suppose Z is an optimal solution to the primal problem, that is, z € X, g(z) <
0, h(z) = 0 and f(Z) = p. Sustituting in (18), we get u'g(z) > 0. Since @ > 0 and
g9(z) <0, u'g(z) = 0.

Remark. The constraint qualification that 0 € int(h(X)) used in Strong Duality
Theorem automatically holds good if X = R™. To see this, note that we may assume
without loss of generality that the matrix A defining h(x) is of full row rank. If y €
R™, then y = h(z) where x = A'(AA*)~(y + b) and hence h(X) = R™. Therefore,
0 € int(h(X)).

Saddle Point Optimality criteria
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An important consequence of strong duality theorem is the saddle point optimality
criteria. The existence of a saddle point asserts optimal solutions to both the primal
and dual problems and that the optimal objective values of the two problems are equal.
This does not require any convexity assumptions made in the strong duality theorem.

However, under the convexity assumptions one can assert the existence of a saddle point.

Saddle Point Theorem. Let X be a nonempty set in R™, and let f : R" — R,
g:R" — R™and h: R" — R'. Suppose there exist z € X and (@,?) with @ > 0 so
that

o(z,u,v) < ¢(Z,4,0) < ¢(z,4,7) (44)
for all z € X, for all u > 0 and for all v, where ¢(z,u,v) = f(z) + ulg(z) + v'h(x).

Then, Z and (u,?) are optimal solutions to the primal and dual problems respectively.

Conversely, suppose that X, f, g are convex and that h is affine (i.e., h(x) = Az — b).
Further, assume that there exists a z € X such that g(z) < 0 and h(z) = 0, and that
0 € int(h(X)). If Z is optimal solution to the primal problem, then there exists (u,7)
with @ > 0, so that (19) hold true.

Proof. Suppose there exist Z € X and (u,?) with @ > 0 such that (19) hold good.
Since

F(@) +u'g(z) +v'h(2) = ¢(2,u,v) < (7,1, V)
for all w > 0 and all v € R/, it follows that g(Z) < 0 and h(Z) = 0. Therefore, Z is a
solution to the primal problem. Putting v = 0 in the above inequality, it follows that

u'g(z) > 0. Since u > 0 and ¢g(z) < 0, a'g(x) = 0. From (19), for each z € X, we have

f@) = f@) +u'g@) +0'h(z)

IN

$(x,0,0) = f(z) + @'g(x) + 0'h(w) (45)

Since (20) holds good for all z € X, it follow that f(Z) < (@, ). Since Z is feasible to
the primal and u > 0, from a corollary to the weak duality theorem it follows that T

and @'g(Z) = 0. are optimal to the primal and the dual problems respectively.

Conversely, suppose that & is an optimal solution to the primal problem. By strong

duality theorem, there exists (@, v) with @ > 0 such that f(z) = 0(a,v) and a'g(z) = 0.
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By definition of 6, we must have

£(&) = 0(a,0) < f(x) + 'g(x) + 0 h(z)Ve € X

Again,

Relationship Between Saddle Point Criteria and Kuhn-Tucker Conditions

Theorem. Let S = {z € X : g(x) < 0, h(z) = 0}, and consider the primal prob-
lem, minimize f(x) subject to x € S. Suppose that € S satisfies the Kuhn-Tucker

conditions, that is, there exist @ > 0 and v such that
Vf(z)+ Vg(z)u+ Vh(z)o =0, u'g(x) =0 (46)
Suppose that f, g;,i¢ € I are convex at Z, where I = {i : g;(Z) = 0}. Further suppose
that if v; # 0, then h; is affine. Then, (Z,u,?) is a saddle point, that is,
(T, u,v) < ¢(Z,0,0) < ¢z, u,v)
for all z € X, for all u > 0 and for all v, where ¢(z,u,v) = f(x) + u'g(z) + v'h(z).
Conversely, suppose that (Z,4,?), with Z € int(X) and @ > 0, is a saddle point. Then

Z is feasible to the primal problem and furthermore, (z, @, v) satisfies the Kuhn-Tucker

conditions given in (21).

Proof. Suppose that (Z,u,7) with Z € S and @ > 0 satisfy Kuhn-Tucker conditions,

(21). By convexity of f, g;,i € I at Z, and since h;s are affine for v; # 0, we have

flx) > f@)+Vf@)(z-7) (47)
gi(x) > ¢i(T)+Vg(@)(x—7)foriecl (48)
hi(z) = hi(Z)+ Vhi(2)'(z — 7) for v; #0 (49)
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for all € X. Multiplying (23) by 4;

> 0, (24) by 7; and adding, and using the
hypothesis (20), it follows that ¢(Z, @, v) < ¢(z, u,v) for all x € X.

Since g(z) <0, h(z) = 0 and u'g(z) = 0, it follows that ¢(Z,u,v) < ¢(T,u,v) for

all u > 0. Hence, (T, u,v) satisfies the saddle point condition.

To prove the converse, suppose that (z,a,v), with Z € int(X) and @ > 0, is a saddle
point. Since ¢(Z,u,v) < ¢(Z,a,v) for all w > 0 and all v, it follows ¢g(z) < 0, h(Z) =0
and u'g(z) = 0. This shows that Z is a feasible solution to the primal. Since ¢(z, u,v) <
o(x,u,v) for all x € X, T is a local optimal solution to the problem: minimize ¢(z,,v)
subject to x € X. Since z € int(X), V,¢(Z,u,0) = 0, that is, Vf(z) + Vg(z)u +
Vh(Z)v = 0. It follows that (21) holds good.

Remark. We see that under certain convexity assumptions, the Lagrangian multipliers
of Kuhn-Tucker conditions also serve as the multipliers in the saddle point criteria.
Conversely, the multipliers of the saddle point criteria are the Lagrangian multipliers
of the Kuhn-Tucker conditions. Also, note that the dual varibles turn out to be the

Lagrangian multipliers.
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Properties of the Dual Function

For the problems with zero duality gap, one way of solving the primal problem is to
obtain the solution via the dual problem. In order to solve the dual problem one has to
understand the properties of the dual objective function. We shall derive some properties
of the dual under assumption that the set X is a compact set. As one can always impose

boundary conditions on the variables z, this assumption is a reasonable one to make.

For ease of notation, we shall combine the vector functions g and h into f, i.e., f(x) =

(9(z)t, h(x)")! and combine the dual variable vectors u and v into w, i.e., w = (u?,v?)t.

The first property of the dual objective function is that it is concave over the entire
R™*! which in turn asserts that any local optimal solution is global optimal solution to

the dual maximization objective.
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Theorem. Let X be a nonempty compact set in R". Let f: R* — R, and 8 : R" —
R™*! be continuous. Then, # defined by

O(w) = inf{f(z) +w'B(x): v€ X
is concave over R™ !,

Proof. Since X is compact and since f and 3 are continuous, 6 is a real valued function

on R™*. For any wy, wy € R™*! and for any A € (0,1), we have

O wy + (1 — X)ws]

=inf{f(z) + M1 + (1 = Nws]'B(x) : z € X}

= inf{A[f(z) + wiB(@)] + (1 = N)[f(z) + wyB(x)] : x € X}
> Ainf{f(z) + wiB(z) : x € X}

+(1 =N inf{f(z) + wiB(x) : x € X}
= M(wy) + (1 — N)O(ws).
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When X is compact and the f and 8 are continuous, the infimum defined by 6(w) =
inf{f(z) + w'B(z) : * € X} is attained at some z € X for each w. We shall define
the set X (w) = {z € X : f(z) + w'B(z) = 6(w)}. If X(w) is a singleton set, then 6 is

differentiable at w.

Lemma. Let X be a nonempty compact set in R” and let f : R* = R, f: R* — R
be continuous. Let w € R™* be such that X (w) is a singleton, say {Z}. If w* is any
sequence such that w* — w, then for any sequence x*, with ¥ € X (w") for each k,

converges to .

Proof. Suppose z* does not converge to Z. Since X is compact, we may assume without

loss of generality that z* converges to z € X where z # #. For each k, as z¥ € X (w*)
F(a*) + Bk wh < f(@) + B(2) 0"

Taking the limit as k& — oo, we get f(z) + 8(2)'w < f(z) + B(z)'w. This implies

z € X(w) = {Z}, contradiction.
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Theorem. Let X be a nonempty compact set in R™ and let f : R - R, §: R" —
R™* be continuous. Let w € R™* be such that X(w) is a singleton. Then @ is

differentiable at @ with gradient VO(w) = B(z).

Proof. Since f and § are continuous, and X is compact, for any w there exists x,, €

X (w). From the definition of 6, the following inequalities hold good:

O(w) —0(w) < f(@)+w'B(@)— f(z)+w'p(7)

= (w-u)'8(z) (50)
O(w) —0(w) < flw)+ a0 Bxw) — f(@w) — w'Bzw)
= (0 —w)'B(ww) (51)

From (25) and (26) and Schwartz inequality, it follows that

o
v

O(w) — 0(w) — (w — )" B(z)
(w — @) [B(zw) — B(Z)]
—[fw=a [ || B(zw) — B(z) ||

v

v

This further implies that

O(w) — (w) — (w — )" B(Z)

0> -
| w—w |

> = || Blazw) = B(@) || (52)

As w — w, then by by Lemma and by continuity of 8, 8(x,) — B(Z). From (27), we

get
i 60) = 6(@) — (w — @)"3(%)

w—w | w—w |

=0

Hence 0 is differentiable at @ with gradient 3(Z).
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