
 

ISS Study Material By Ctanujit Classes 

 
Statistics 3 (Descriptive) : 200 Marks 

(Time : 3 Hours) 
 
Remaining Syllabus :  
 

Econometrics: (Marks : 60 Marks Approx.) 

Nature of econometrics, the general linear model (GLM) and its extensions, 

ordinary least squares (OLS) estimation and prediction, generalized least squares 

(GLS) estimation and prediction, heteroscedastic disturbances, pure and mixed 

estimation. Auto correlation, its consequences and tests. Theil BLUS procedure, 

estimation and prediction, multi-collinearity problem, its implications and tools 

for handling the problem, ridge regression. Linear regression and stochastic 

regression, instrumental variable estimation, errors in variables, autoregressive 

linear regression, lagged variables, distributed lag models, estimation of lags by 

OLS method, Koyck’s geometric lag model. Simultaneous linear equations model 

and its generalization, identification problem, restrictions on structural 

parameters, rank and order conditions. Estimation in simultaneous equations 

model, recursive systems, 2 SLS estimators, limited information estimators, k-

class estimators, 3 SLS estimator, full information maximum likelihood method, 

prediction and simultaneous confidence intervals.  

 

Reference Book : Econometric Analysis by Greene 

 

Applied Statistics: (Marks : 60 Marks Approx.) 

Index Numbers: Price relatives and quantity or volume relatives, Link and chain 

relatives composition of index numbers; Laspeyre's, Paasches’, Marshal 

Edgeworth and Fisher index numbers; chain base index number, tests for index 

number, Construction of index numbers of wholesale and consumer prices, 

Income distribution-Pareto and Engel curves, Concentration curve, Methods of 



estimating national income, Inter-sectoral flows, Inter-industry table, Role of 

CSO. Demand Analysis.  

Time Series Analysis: Economic time series, different components, illustration, 

additive and multiplicative models, determination of trend, seasonal and cyclical 

fluctuations. Time-series as discrete parameter stochastic process, auto 

covariance and autocorrelation functions and their properties. Exploratory time 

Series analysis, tests for trend and seasonality, exponential and moving average 

smoothing. Holt and Winters smoothing, forecasting based on smoothing. 

Detailed study of the stationary processes: (1) moving average (MA), (2) auto 

regressive (AR), (3) ARMA and (4) AR integrated MA (ARIMA) models. Box-

Jenkins models, choice of AR and MA periods. Discussion (without proof) of 

estimation of mean, auto covariance and autocorrelation functions under large 

sample theory, estimation of ARIMA model parameters. Spectral analysis of 

weakly stationary process, periodogram and correlogram analyses, computations 

based on Fourier transform.  

 

Reference Book : Fundamental of Statistics 2 by Gun Gupta Dasgupta & 

Applied Statistics by Gupta Kapoor. 
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(1)

(2)

(3)

(4)

(5)

Restricted Least Squares, Hypothesis Testing, and Prediction in the Classical Linear Regression
Model

A. Introduction and assumptions

The classical linear regression model can be written as

or 

twhere x N is the tth row of the matrix X or simply as

twhere it is implicit that x  is a row vector containing the regressors for the tth time period.  The classical
assumptions on the model can be summarized as 

Assumption V as written implies II and III.  With normally distributed disturbances, the joint density
(and therefore likelihood function) of y is 

The natural log of the likelihood function is given by 



2

(6)

(7)

(8)

(9)

Maximum likelihood estimators are obtained by setting the derivatives of (6) equal to zero and solving
the resulting k+1 equations for the k $’s and F .  These first order conditions for the M.L estimators are2

Solving we obtain

The ordinary least squares estimator is obtained be minimizing the sum of squared errors which is
defined by

The necessary condition for to be a minimum is that
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(10)

(11)

(12)

(13)

(14)

This gives the normal equations which can then be solved to obtain the least squares estimator

The maximum likelihood estimator of  is the same as the least squares estimator.

B. Restricted least squares

1. Linear restrictions on $

Consider a set of m linear constraints on the coefficients denoted by

Restricted least squares estimation or restricted maximum likelihood estimation consists of
minimizing the objective function in (9) or maximizing the objective function in (6) subject to the
constraint in (12).  

2. Constrained maximum likelihood estimates

Given that there is no constraint on F , we can differentiate equation 6 with respect to F  to get an2 2

estimator of F  as a function of the restricted estimator of $.  Doing so we obtain’2

where $  is the constrained maximum likelihood estimator.  Now substitute this estimator for Fc 2

back into the log likelihood equation (6) and simplify to obtain
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(15)

(16)

(17)

(18)

(19)

(20)

Note that the concentrated likelihood function (as opposed to the concentrated log likelihood
function) is given by

The maximization problem defining the restricted estimator can then be stated as

 Clearly we maximize this likelihood function by minimizing the sum of squared errors (y - X$ )N(y -c

X$ ).  To maximize this subject to the constraint we form the Lagrangian function where 8N is an mc

× 1 vector of Lagrangian multipliers

Differentiation with respect to $ N and 8 yields the conditionsc

Now multiply the first equation in (18) by R(XNX)  to obtain-1

Now solve this equation for 8 substituting  as appropriate

The last step follows because R$  = r.  Now substitute this back into the first equation in (18) toc

obtain
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(21)

(22)

(23)

(24)

(25)

With normally distributed errors in the model, the maximum likelihood and least squares estimates
of the constrained model are the same.

We can rearrange (21) in the following useful fashion

Now multiply both sides of (22) by to obtain

We can rearrange equation 21 in another useful fashion by multiplying both sides by X and then
subtracting both sides from y.  Doing so we obtain

where u is the estimated residual from the constrained regression.  Consider also uNu which is the
sum of squared errors from the constrained regression.  

where e is the estimated residual vector from the unconstrained model.  Now remember that in
ordinary least squares XNe = 0 as can be seen by rewriting equation 10 as follows
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(26)

(27)

(28)

(29)

(30)

Using this information in equation 25 we obtain

Thus the difference in the sum of squared errors in the constrained and unconstrained models can

be written as a quadratic form in the difference between  and r where   is the
unconstrained ordinary least squares estimate.

Equation 21 can be rearranged in yet another fashion that will be useful in finding the variance of the
constrained estimator.  First write the ordinary least square estimator as a function of $ and g as
follows

Then substitute this expression for in equation 21 as follows

Now define the matrix M  as followsc

We can then write $   - $ as c
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(31)

(32)

(33)

(34)

3. Statistical properties of the restricted least squares estimates

  a. expected value of $c

b. variance of $c

The matrix M  is not symmetric, but it is idempotent as can be seen by multiplying it by itself.c

Now consider the expression for the variance of $  We can write it out and simplify to obtainc.  
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(35)

(36)

(37)

(38)

We can also write this is another useful form

The variance of the restricted least squares estimator is thus the variance of the ordinary least squares
estimator minus a positive semi-definite matrix, implying that the restricted least squares estimator
has a lower variance that the OLS estimator.  

4. Testing the restrictions on the model using estimated residuals

We showed previously (equation 109 in the section on statistical inference) that

Consider the numerator in equation 37.  It can be written in terms of the residuals from the
restricted and unrestricted models using equation 27

Denoting the sum of squared residuals from a particular model by SSE($) we obtain
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(39)

(40)

Rather than performing the hypothesis test by inverting the matrix [R(XNX) RN] and then pre and-1

post multiplying by , we simply run two different regressions and compute the F statistic 
from the constrained and unconstrained residuals.  

The form of the test statistic in equation 39 is referred to as a test based on the change in the
objective function.  A number of tests fall in this category.  The idea is to compare the sum of
squares in the constrained and unconstrained models.  If the restriction causes SSE to be
significantly larger than otherwise, this is evidence that the data to not satisfy the restriction and we
reject the hypothesis that the restriction holds.   The general procedure for such tests is to run two
regressions as follows.

1)  Estimate the regression model without imposing any constraints on the vector $.  Let the
associated sum of squared errors (SSE) and degrees of freedom be denoted by SSE and (n - k),
respectively.

2)  Estimate the same regression model where the $ is constrained as specified by the

hypothesis.  Let the associated sum of squared errors (SSE) and degrees of freedom be denoted

by SSE($ ) and (n - k)  , respectively.c c

3) Perform test using the following statistic

where m = (n-k)  - (n-k)  is the number of independent restrictions imposed on $ by thec

o 2 3 4hypothesis.  For example, if the hypothesis was  H :  $  + $  =4, $  = 0, then the numerator
degrees of freedom (q) is equal to 2.  If the hypothesis is valid, then SSE($ ) and (SSE) shouldc

not be significantly different from each other.  Thus, we reject the constraint if the F value is
large.  Two useful references on this type of test are Chow and Fisher.

 
5. Testing the restrictions on the model using a likelihood ratio (LR) test

a. idea and definition

The likelihood ratio (LR) test is a common method of statistical inference in classical statistics.  
The LR test statistic reflects the compatibility between a sample of data and the null hypothesis
through a comparison of the constrained and unconstrained likelihood functions.  It is based on
determining whether there as been a significant reduction in the value of the likelihood (or log-
likelihood) value as a result of imposing the hypothesized constraints on the parameters 2 in the

1 2 nestimation process.  Formally let the random sample (X , X , . . . , X ) have the joint probability
1 2 n 1 2 ndensity function f(x , x , . . . , x ; 2) and the associated likelihood function L(2; x , x , . . . , x  ). 

The generalized likelihood ratio (GLR) is defined as
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(41)

(42)

(43)

(44)

(45)

where sup denotes the supremum of the function over the set of parameters satisfying the null
0 ahypothesis (H ), or the set of parameters that would satisfy either the null or alternative (H )

o ahypothesis.  A generalized likelihood ratio test for testing H  against the alternative H  is given
by the following test rule:

where c is the critical value from a yet to be determined distribution.  For an " test the constant
c is chosen to satisfy

where B(2) is the power function of the statistical test.

We use the term “generalized” likelihood ratio as compared to likelihood ratio to indicate that
the two likelihood functions in the ratio are “optimized” with respect to 2 over the two different
domains.  The literature often refers to this as a likelihood ratio test without the modifier
generalized and we will often follow that convention.

b. likelihood ratio test for the classical normal linear regression model

Consider the null hypothesis in the classical normal linear regression model R$ = r.  The
likelihood function evaluated at the restricted least squares estimates from equation 15 is 

In an analogous manner we can write the likelihood function evaluated at the OLS estimates as

The generalized likelihood ratio statistic is then
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(46)

(47)

(48)

(49)

We reject the null hypothesis for small values of 8 or small values of the right hand side of
equation 46.  The difficulty is that we not know the distribution of the right hand side of
equation 46.  Note that we can write it in terms of estimated residuals as

This can then be written as

So we reject the null hypothesis that R$ = r if
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(50)

(51)

(52)

(53)

Now subtract  from both sides of equation 49 and simplify

Now multiply by  to obtain

We reject the null hypothesis if the value in equation 51 is greater than some arbitrary value

.

The question is then finding the distribution of the test statistic in equation 51.  We can also
write the test statistic as 

We have already shown that the numerator in equation 52 is the same as the numerator in
equations 37-39.  Therefore this statistic is equivalent to the those statistics and is distributed as
an F.  Specifically, 

Therefore the likelihood ratio test and the F test for a set of linear restrictions R$ = r in the
classical normal linear regression model are equivalent.
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(54)

(55)

(56)

(57)

(58)

c. asymptotic distribution of the likelihood ratio statistic

We show in section on non-linear estimation that 

where R  is the value of the log-likelihood function for the model estimated subject to the nullc

hypothesis, R is the value of the log-likelihood function for the unconstrained model, and there
are m restrictions on the parameters in the form R(2) = r.   

6. Some examples

a. two linear constraints

Consider the unconstrained model 

o 2 3with the usual assumptions.  Consider the null hypothesis H : $  = $  = 0 which consists of
two restrictions on the coefficients.  We can test this hypothesis by running two regressions and
then forming the test statistic.

1) Estimate

and obtain SSE = (n - 4)s  where s  is the estimated variance from the unrestricted2 2

model.

2) Estimate

and obtain SSE  = (n - 2)s  where s  is the estimated variance from the unrestrictedc 2 2

model.

3) Construct the test statistic
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(59)

(60)

(61)

(62)

b. equality of coefficients in two separate regressions  (possibly different time periods)

We sometimes want to test the equality of the full set of regression coefficients in two
regressions.  Consider the two models below

oWe may want to test the hypothesis H :  $  = $  where there are k coefficients and thus k1 2

restrictions.  Rewrite the model in stacked form as 

1 2and estimate as usual to obtain SSE (no restriction).  Note that   (n - k) = n  + n   - 2k.  Then
impose the restriction (hypothesis that $  = $  = $) by writing the model in equation 60 as1 2

Estimate equation 61 using least squares to obtain the constrained sum of squared errors SSEc

1 2with degrees of freedom (n - k)  = n  + n  - k.   Then construct the test statisticsc
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(63)

(64)

(65)

C. Forecasting 

1. introduction

Let

t t t1 tkdenote the stochastic relationship between the variable y  and the vector of variables x  = (x ,..., x ). 
$ represents a vector of parameters.  Forecasts are generally made by estimating the vector of

tparameters , determining the appropriate vector x  (sometimes forecasted by  )and then

evaluating

The forecast error is given by

There are at least four factors which contribute to forecast error.  

a. incorrect functional form
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(66)

(67)

(68)

tb. the existence of the random disturbance g  

tEven if the "appropriate" value of x  were known with certainty and the parameters $ were
tknown, the forecast error would not be zero because of the presence of g .  The forecast error is

given by

tConfidence intervals for y  would be obtained from

We can see this graphically as

c. uncertainty about $ 

0 0Consider a set of n  observations not included in the original sample of n observations.  Let X
0 0denote the n  observations on the regressors and y  the observations on y.  The relevant model

for this out of sample forecast is

0 0where E(g ) = 0 and  and g  is independent of g from the sample period. 
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(69)

(70)

(71)

(72)

(73)

0Now consider a forecast for y  given by

0where  is the OLS estimator obtained using the initial n observations.  Then let v  be the set of
forecast errors defined by

0We can show that v  has an expectation of zero as follows

Now consider the variance of the forecast error.  We can derive it as

0 0Now note that g  and  are independent by the independence of g  and g and the

independence of g and  which we proved earlier in the section on statistical inference
(equations 59-62).  As a result the middle two terms in (72) will have an expectation of zero.  We
then obtain

This indicates the sampling variability is composed of two parts, that due to the equation error,
0g , and that due to the error in estimating the unknown parameters.   We should note that

0 0 can be viewed as an estimator of E(y ) and as a predictor of y .  In other words

0 is the best predictor we have of the regression line, and of an individual y .  The least

0squares estimator of E(y ) is  which has expected value .  Now consider the covariance
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(74)

(75)

(76)

(77)

(78)

(79)

(80)

matrix for the random vector .  To simplify the derivation write it as

 Then we can compute this covariance as

This is less than the covariance in equation 73 by the variance of the equation error F I.  Now2

0 0 0 0consider the case where n  = 1 and we are forecasting a given y  for a given x , where x N is a row
0 0vector.  Then the predicted value of y  for a given value of x  is given by

The prediction error is given by

The variance of the prediction error is given by

0 0The variance of E(y |x ) is

0 0 0Based on these variances we can consider confidence intervals for y  and E(y |x ) where we
0 0estimate F  with s .  The confidence interval for E(y |x )is2 2

0where is the square root of the variance in equation 78.  The confidence interval for y  is given

by

where is the square root of the variance in equation 77.  Graphically the confidence bounds in

0 opredicting an individual y  are wider than in predicting the expected value of y .



19

d. uncertainty about X.  In many situations the value of the independent variable also needs to be
tpredicted along with the value of y.  A "poor" estimate of x  will likely result in a poor forecast

for y.

e. predictive tests

One way to consider the accuracy of a model is to estimate it using only part of the data.  Then
use the remaining observations as a test of the model.  

11) Compute  using observations 1 to n .

12) Compute  using the observations on the x's from n  to n.

3) Compare the predicted values of y with the actual ones from the sample for
1observations n  to n.
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(81)

That equation 38 is distributed as an F random variable can also be seen by remembering that an F is
the ratio of two chi-square random variable, each divided by its degrees of freedom.  We have

previously shown (equation 177 in the section on Statistical Inference) that is distributed as

a P (n-k) random variable.  Note that the vector is distributed normally with a mean of zero. 2

Its variance is given by



    

Two Stage Least Square Estimation 
 

The advantages of using 2SLS over maximum likelihood (ML) method for 

SEM include:  

 

• It does not require any distributional assumptions for RHS independent 

variables; they can be non-normal, binary, etc.  

 

• In the context of a multi-equation non-recursive SEM it isolates 

specification errors to single equations, see Bollen (2001).  

 

• It is computationally simple and does not require the use of numerical 

optimization algorithms.  

 

• It easily caters for non-linear and interactions effects, see Bollen and 

Paxton (1998).  

 

• It permits the routine use of often ignored diagnostic testing procedures for 

problems such as heteroscedasticity and specification error. 

 

• Simulation evidence from econometrics suggests that 2SLS may perform 

better in small samples than ML.  

 

There are however some disadvantages in using 2SLS compared to ML, these 

include:  

 

• The ML estimator is more efficient than 2SLS given its simultaneous 

estimation of all relationships, hence ML will dominate 2SLS always in 

sufficiently large samples if all assumptions are valid and the model 

specification is correct. Effectively ML is more efficient (if the model is 

valid) as it uses much more information than 2SLS.  

 

• Unlike the ML method, the 2SLS estimator depends upon the choice of 

reference variable. The implication being that different 2SLS estimates 

result given different scaling variables.  

 

• Programs with diagram facilities such as EQS do not exist for 2SLS. One 

needs to logically work through the structure of the model to specify 

individual equations for all the relationships for the 2SLS estimator.  

 

 

 
 

 



    

2SLS Estimation Basics 
 

Consider a simple regression model:      Y =α + βx + u,                                         (1) 

where y is the dependent variable, x is the independent variable, α and β are 

estimable parameters and u is the error term. 

  

If x and u are correlated then this violates an assumption of the regression 

framework. Applying OLS to eqn (1) under these circumstances results in 

inconsistent estimates, that is, even as the sample size approaches infinity the 

estimates of the parameters on average will not equal the population estimates. 

To remedy this problem one can apply 2SLS, also called the instrumental 

variables (IV) procedure. To implement 2SLS we need to identify one or more 

instruments for x. These instruments (call them z) must satisfy two conditions:  

1. z must be uncorrelated with u.                           2. z must be correlated with x.  

 

In any software package which supports 2SLS/IV simply specify x as the 

independent (explanatory) variable and z as the instrumental variables. This 

method will produce consistent parameter estimates even given the correlation 

between x and u. The only condition for identification is that the number of 

instruments is greater than or equal to the number of independent variables.  

There are two ways to get 2SLS/IV estimates. The first is through a direct 

2SLS/IV option available in packages such as SPSS and SHAZAM. These are 

based on a single IV expression which involves matrix algebra. This approach 

will produce consistent estimates and accurate standard errors.  

The second method (as the 2SLS name suggests) to get the parameter estimates 

is to run two OLS regressions:  

 

1. OLS regression x on z and get predictions for x, say xˆ 

 

2. OLS regression y on . xˆ  

 

By forming predictions for x in the 2
nd 

stage through the instruments z we 

correct for the correlation between the error term and the independent variable. 

This will produce 2SLS parameter estimates, the same as the estimates 

produced by the direct 2SLS/IV option. However the standard errors from the 

two-step procedure will be incorrect. Effectively, employing in the second stage 

rather than x, inaccurately measures the standard error estimates. It is 

recommended therefore that the direct 2SLS/IV option be employed to get 

parameter and standard error estimates. xˆ  

 
In choosing the number of instruments to employ in 2SLS asymptotically (as n 

approaches infinity) the larger the no of instruments the better in terms of 

efficiency. However, the small sample bias of the estimator may get worse as the 

number of instruments increases. Further as more instruments are employed 

degrees of freedom are lost and this will weaken the power of statistical tests. 

 



    

 

 

Multicollinearity 
 

         Model         Y=XB + ,u                                     2

nu~N 0, nI  

Exact multicollinearity occurs if the columns of the matrix X are linearly 

dependent: at least one of the columns can be written as a linear combination 

of the other columns. This case is always due to model specification errors, or 

to transformation errors. For example, if the there are dummy variables 

among the x variables like seasonal dummies that add up to 1, and if also an 

intercept is included, these dummy variables will be exactly multicollinear 

with the column on 1-s in the matrix X. The solution is to delete either one of 

the dummy variables or the intercept itself. 

 

Another common error is where you want to specify a quadratic model, for 

example 
2

0 1 2Y= + + ,  j j jx x u   and instead of making the variable 
2

jx by 

using the option “multiplicative transformation" you use the option "linear 

transformation", with coefficient 2. Then the transformed variable will be 

2 jx rather than 
2

jx  and obviously jx  and 2 jx  are exactly multicollinear. 

 

Note that in the case of exact multicollinearity the matrix XTX is singular, 

hence we cannot compute the least squares estimator  
1

ˆ T TX X X Y


 . If the 

matrix 
TX X  is nonsingular but the smallest Eigen value is very small, we 

have a case of near-multicollinearity. 

 

 

 

Multicollinearity: (2nd def) If an exact linear relationship exits among two or 

more of the independent variables. Then we can say that there is perfect 

multicollinearity. So multicollinearity exists in any model, it is difficult to 

estimate the parameters. 

 

Consequences: (1) Unstable parameter estimates (2) High standard errors for 

the estimated coefficients on the affected variables.  

 

 



    

Diagnosis: (1) Examine pairwise correlations among the independent 

variables. (2) Use F-test to examine joint significance of set of variables that 

are individuality insignificant. (3) Estimate auxiliary regression equations or 

an equivalent approach examine the variance inflation factors (VIFs) defined  

as 
2

1
( ) ,

1
j

jVar
R

 


       where 
2

j
R  is the value of 

2R  for the jth auxiliary 

regression. High VIF suggest the presence of a multicollinearity problem. A 

VIF > 30 usually indicates a severe multicollinearity problem. 

 

Autocorrelation: In the classical regression model, it is assumed that 

( ) 0t sE     if t is not equal to s.  

Suppose we are suffering from 1st order autocorrelation as given below 

0 1 1 2 2 ......t t t k kt tY X X X u          where 1t t tu u    with ( ) 0tE   , 

( ) 0t sE     for t s , | | 1   and 
2 2( )tE   . 

This type of relationship violates the assumption of classical regression 

models because  

 
1

2 2

1 1 1( ) ( )( ) ( ) 0
tt s t t t t tE u u E u u E u u    
         

1( )t tCorr u u   . 

 

Consequences: (1) OLS estimates are unbiased and consistent. (2) OLS 

estimators are not BLUE. (3) Estimated variance of residuals is biased. (4) 

Biased estimators of standard errors of residuals (usually a downward bias). 

(5) Biased t-ratio (usually an upward bias). 

 

Detection: Durbin Watson test 

 

 

 



    

 

 

Assumptions in Linear Regression: 

Model Y X    

(1) ( | ) 0E X   

(2) 2( ' | )E X I   

(3) X is non stochastic matrix of rank p+1 (if intercept is included) 

(4)  2~ 0,N I    

 

Homoscedasticity:   

Covariance matrix of Error vector is a constant multiplied by the identity 

matrix (constant on the diagonal and no autocorrelation i.e. all off-diagonal 

elements are zero.) 

 

 Heteroscedasticity:  

It is the case where all diagonal terms of covariance matrix are not equal, i.e. 

2( )tV    for all t.  
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Simultaneous Equation Model 

When the dependent variable in one equation is also an explanatory variable in some 

other equation, we have simultaneously-equation system or model. The dependent 

variables in a system of simultaneous equation are called endogenous variables. The 

variables determined by factors outside the model are called exogenous variable. Using 

OLS to estimate the structural equations results in biased and inconsistency parameter 

estimates. To obtain consistence parameters estimates, the reduced-form equations of the 

model must first be obtained. These express each endogenous variable in the system only 

as a function of the exogenous variable of the model. 

 

Example1: The following two equations represent a simple macroeconomic model. 

0 1 1t t tM a aY u    

0 1 2 2t t t tY b b M b I u      

Where tM  is the money supply in the time period t, Y is investment and I is investment. 

Since M depends on Y in the first equation and Y depends on M (and I) in the second 

equation, M and Y are jointly determined, so we have a simultaneous-equation model. M 

and Y are the endogenous variable, while I is exogenous or determined outside the 

model. A change in 1tu  affects tM  in the first equation. This, in turn, affects tY  in the 

second equation. As a result tY  and  1tu   are correlated, leading to biased and inconsistent 

OLS estimates of the M (and Y) equations.  

 

Example2: The first reduced form equation can be derived by substituting the second 

equation into the first and rearranging: 

  0 1 0 1 2 2 1( )t t t t tM a a b b M b I u u       

      0 1 0 1 1 21 2

1 1 1 1 1 11 1 1

t t
t

a a b u a ua b
I

a b a b a b

 
  

  
 

0 1 1t t tM I v     

 



 

2 

 

The second reduced-form equation can be derived by substituting the first equation into 

the second and rearranging: 

 

  
0 1 0 1 1 2 2( )t t t t tY b b a aY u b I u       

        0 1 0 1 1 22

1 1 1 1 1 11 1 1

t t
t

a b b bu ub
I

a b a b a b

 
  

  
 

2 3 2t t tY I v    . 

 

Identification: Identification refers to the possibility of calculating the structural 

parameters of a simultaneous-equations model from the reduced-form parameters. An 

equation of a system is exactly identified if the number of excluded exogenous variables 

from the equation is equal to the number of endogenous variables in the equation minus 

1. 

However an equation of a system is over identified (or under identified) if the number of 

excluded exogenous variables from the equation exceeds (or is smaller than) the number 

of endogenous variables including in the equation minus 1. Although this is only a 

necessary rather than a sufficient condition for identification, it usually gives the correct 

answer.  

 

Example3: The following two equations (example1 above) represent a simple 

macroeconomic model. 

0 1 1t t tM a aY u    

0 1 2 2t t t tY b b M b I u    . 

Here the money supply (M) equation os exactly identified because it excludes one 

exogenous variable (I) and includes two exogenous variables (M and Y). However, the 

income, Y,  equation in under-identified because it excludes no exogenous variable. If 

this second equation has included the additional exogenous variable G (government 

expenditures), the first, or M, equation would have been over-identified because the 

number of excluded exogenous variables would then have exceeded the number of 
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endogenous variable would then have exceeded the number of endogenous variables 

minus 1. 

 

 

Estimation: Indirect Least squares 

Indirect least squares (ILS) is a method of calculating structural-parameter value for 

exactly identified equations. ILS involves using OLS to estimate the reduced-form 

equations of the system and then using the estimated coefficients to calculate the 

structural parameters.  However, it is not easy to calculate the standard errors of the 

structural parameters and it is rather complicated to calculate them. Another disadvantage 

of ILS is that it cannot be used to calculate unique and consistence structural-parameter 

estimates from the reduced-form coefficients for the over-identified equations of a 

simultaneous-equation model. 

 

Estimation: Two Stage Least squares 

Two-stage least squares (2SLS) is a method of estimating consistent structural-

parameters for over-identified (for exactly identified equations, 2SLS gives the same 

results as ILS, but it also gives the standard errors of the estimated  structural-

parameters). 2SLS involves regressing each endogenous variable on all the exogenous 

variables of the system and then suing the predicted values of the endogenous variables to 

estimate the structural-equations of the model. 

2SLS estimation involves the application of OLS in two stages. In the first stage, each 

endogenous variable is regarded on all the predetermined variables of the system. These 

are now the reduced form equations. In the second stage, the predicted rather than the 

actual values of the endogenous variables are used to estimate the structural equations of 

the model. The predicted values of the endogenous variables are obtained by substituting 

the observed values of the exogenous variables into the reduced form equations. The 

predicted values of the endogenous variables are uncorrelated with the error terms, 

leading to consistent 2SLS structural parameter estimates. 

One advantage of 2SLS over ILS is that 2SLS can be used to obtained consistent 

structural-parameter estimates for the over identified as well as for the exactly identified 
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equations in a system of simultaneous equations. Another important advantage is that 

2SLS (but not ILS) gives the standard error of the structural parameters directly. Since 

most identified models are in fact overidentified, 2SLS is very useful. Indeed, 2SLS is the 

simplest and one of the best and most common of all simultaneous equations estimates.  

 

Question: What is Simultaneous-equation system or model? 

Ans: A Simultaneous-equations system or model refers to the case in which the 

dependent variable in one or more equations is also an explanatory variables in some 

other equation of the system. Specifically, not only are the Y’s determined by the X’x, 

but some of the X’s are, in turn, determined by the Y’s, so that the Y’s and the X’s are 

jointly or simultaneously determined. 

 

Question: What is a Reduced-form equation? 

Ans: Reduced form equations are obtained by solving the system of structural equation so 

as to express each endogenous variable of the system as a function only of the exogenous 

or predetermined variables of the system. Since the exogenous variables of the system are 

uncorrelated with the errors terms, OLS gives consistent reduced-form parameter 

estimates. These measure of the total direct and indirect effects of a change in the 

exogenous variables on the endogenous variables and may be used to obtain consistent 

structural parameters. 

 

Question: The following two structural equations represent a simple demand-supply 

model: 

 Demand:  0 1 2 1 1 20 0t t t tQ a a P a Y u a and a       

 Supply:    0 1 2 1 0t t tQ b b P u b     

Where, Q is quantity, P is price, and Y is consumers’ income. It is assumed that the 

market is cleared in every year so that tQ represents both quantity bought and sold 

in year t. 

(a) Why is this, a simultaneous-equation model? 

(b) Which are the endogenous and exogenous variables of the system? 
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(c) Why would the estimation of the demand and supply function by OLS give 

biased and inconsistent parameter estimation? 

(d) Find the reduced-form equations corresponding to the above structural 

equations? 

(e) Why are these reduced-form equations important? What do the reduced-

form coefficients measure in this market model? 

Ans: (a) The given demand-supply model represents a simple simultaneous-equations 

market system because Q and P are mutually or jointly determined. If price were below 

equilibrium, the quantity demanded would exceed the quantity supplied, and vice versa. 

At equilibrium, the (negative sloped) demand curve crosses the (positively sloped) curve, 

jointly or simultaneously determining (the equilibrium) P and Q. 

(b) The endogenous variables of the model are Q and P. these are th variables determined 

within the model. Y is the only exogenous variable of the model (i.e. determined outside 

the model). 

(c) Since the endogenous variable P is also an explanatory variable in both the demand 

and supply equations, P is correlated with 1tu , in the demand equation and with 2tu  in the 

supply equation. This violates on of the assumption of OLS, which requires that the 

explanatory variable be uncorrelated with the error term. As a result, estimating the 

demand and supply function functions by OLS results in parameters estimates that are not 

only biased but also inconsistent (i.e. that do not coverage on the true parameter even as 

the sample size is increased). 

(d) To find the reduced form equations, the structural equations are solved for Q and P 

(the endogenous variables) as a function of only Y (the endogenous variable). Converting 

the supply equation into a function of P and substituting into the demand equation, we get 

   0 2

1

1
t t tP Q b u

b
    

 1
0 0 2 2 1

1

t t t t t

a
Q a Q b u a Y u

b
       

0 1 1 0 1 1 1 21 1
2

1 1 1

t t
t t

a b a b bu a ub a
Q a Y

b b b
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0 1 1 0 1 1 1 21 2

1 1 1 1 1 1

t t
t t

a b a b bu a ub a
Q Y

b a b a b a

      
       

       
 

0 1 1t t tQ Y v     

Substituting the demand equation into the supply equation as a function of P, we get 

  0 1 2 1 0 2

1

1
t t t t tP a a P a Y u b u

b
       

 1 1
0 2 1 0 2

1 1

1
t t t t

b a
P a a Y u b u

b b

 
     

 
 

0 0 1 22

1 1 1 1 1 1

t t
t t

a b u ua
P Y

b a b a b a

      
       

       
 

2 3 2t t tP Y v     

 

(e) Reduced form equations  

0 1 1t t tQ Y v     

2 3 2t t tP Y v     

are important because tY  is uncorrelated with 1 2t tv and v , so that consistent estimate of 

reduced form parameters 0 1 2 3, , and     can be obtained by applying OLS to the 

reduced-form equations. 1 3and   give, respectively, the total of the direct and indirect 

effects of a change in Y on Q and P. A change in Y causes a shift in the demand curve, 

which affects both the equilibrium P and Q. 

 

 

SIMULTANEOUS EQUATIONS: Simple macro model, Y=income, C=consump, 

I=inv 

Consider a simple example where eq 1 has consumption function, eq 2 is accounting 

identity.  How come error  is correlated with regressor y in eq (1)? 

1) C = a + b Y +    

2) Y = C + I 
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If  C from (2) Y also  correlation between  and Y is nonzero MPC = b is over 

estimated even as T   explanatory power of Y is exaggerated. Let us do some algebra 

to keep only I on the right side. 

Substitute (1) in (2)  Y = (a + bY +  + I).  Rearrange this by moving Y to left side 

 (1-b)Y = a + I +    or           

 
b1b1

I

b1

a
Y










         (3) 

 

Substitute (2) in (1)  C = a + b(C + I) +   Move C to left side to get (4) 


b

I
b

b

b

a
C










1

1

11
         (4) 

b1b1

I

b1

a
Y










    Reduced Form    (5) 

C and Y are JOINTLY DEPENDENT (Endogenous) variables 

 

Simultaneous Equations Bias: regression Errors and RHS variables are correlated, 

therefore, OLS is no good. 

uXy         uX)XX(uXXXXyXXXb 111
 

 

 

Proof of Inconsistency: 

 











 




 T

uX
limp

T

XX
limpblimp

1

T

inconsistent OLS QED 

                          (non zero) 

Successively Weaker Assumption: 

i) OLS is OK if X are non stochastic 

ii) If X are stochastic but uncorrelated with errors, then also OLS is OK 

iii) If X are contemporaneously uncorrelated with errors as T , then OLS is biased in 

small samples but OK if T  

If not OLS then what?   ILS (Indirect Least Squares) 2SLS, 3SLS, LIML, FIML 
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Let us simplify and rewrite the two-equation macro model without intercept for the 

consumption function.  If we retain the intercept we will need an additional column of 

ones as an exogenous variable in the Big X matrix below. 

Matrix Notation: 
ttt

tt

ICY

uYC




  

MTMKKTMMMT
UBXY


 ,    

M = 2 (2 equations), K=1 exogenous variable. (If we had retained intercept, there will be 

column of ones also). We have moved everything except errors to the left side.  Also we 

make sure that the first column is for C and second column is for Y.  The accounting 

identity Y=C+I  or Y-C –I =0.  Let us write the accounting identity as the first of the two 

equations before writing it in matrix notation.  Since error in accounting identity is zero 

big U matrix has a column of all zeros.  It is convenient to make this the first instead of 

the second equation in matrix notation:  Here M=2, K=1. 





















TT

22

11

YC

......

YC

YC

Y  

MM

1

11













  





















TI

I

I

X
...

2

1

  01B
21



 





















Tu

u

u

U

...

......

0

0

2

1

 

Y is T2, Γ is MM dimension, U is T2 

,
......

2222

1111



























TTTT YCYC

YCYC

YCYC

Y







 





















0...

......

0

0

2

1

TI

I

I

XB  





















Tu

u

u

U

0

......

0

0

2

1

, 

Thus  UXBY   

 

STRUCTURE This means the way the model is stated at the start in economic terms, 

except that we re arrange them a bit for matrix algebraic description. 

The structure in matrix notation is given as follows.  Big Y matrix has all endogenous 

variables collected together in M columns. If there are M=2 simultaneous equations, there 
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are only 2 variables in big Y.  Big X matrix has all exogenous and predetermined 

variables.  In the simplified model above, there is only one exogenous variable ‘I’ for 

investment so K=1.  Instead of keeping them on right side it is convenient to move them 

all to the left side here.  We keep only a big matrix U of errors in all equations arranged 

in columns on the right side. 

  VBXYUXYUXY 1111    

 ,B 1  has reduced form coefficients, 1UV   has reduced form errors. 

We move from the Structure to the reduced form to help estimate the structure. 

 

REDUCED FORM: VXY    only the exogenous variables are on right side of 

reduced form 

Why we need reduced form? It alone can be estimated without simultaneous equation 

bias. 

 

ASSUMPTION OF SIMULTANEOUS EQUATIONS 

(i) M equations, M jointly dependent variables, K pre-determined variables, T 

observations,  is non-singular,  at least one endogenous per equation (lagged 

endogenous = predetermined) 

(ii) Regressors, uncorrelated with errors 

(iii) X is non-stochastic etc. successively weaker 

(iv) Rank of X    T  i.e. (XX) is invertible 

Undersized sample problem if K > T 

     Exogenous Variables 

What is  in the simple example above? 

 

MM

















)1/(1)1/(1

)1/(1)1/(
1




,   01B

21



 

 = B
-1

=( /(1),  1/(1)  ) 
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1. Introduction 
 
 

Time series data is a collection of observations or data made sequentially in time. It has 

four components: Trend, Seasonality, Cyclical component & Irregular component. And 

Forecast is an estimate of the future value of some variable. 

There are some forecasting techniques that usually used to forecast data time series with 

trend and seasonality, including additive and multiplicative methods. Those methods are 

Winter’s exponential smoothing, Decomposition, Time series regression, and ARIMA models 

(see e.g. Bowerman and O’Connel (1993) or Hanke and Reitsch (1995)).  

Many business and economic time series are non-stationary time series that contain trend 

and seasonal variations. The trend is the long-term component that represents the growth or 

decline in the time series over an extended period of time. Seasonality is a periodic and recurrent 

pattern caused by factors such as weather, holidays, or repeating promotions. Accurate 

forecasting of trend and seasonal time series is very important for effective decisions in retail, 

marketing, production, inventory control, personnel, and many other business sectors 

(Makridakis and  Wheelwright, 1987). Thus, how to model and forecast trend and seasonal time 

series has long been a major research topic that has significant practical implications. 

In this study we examine the forecasting of incoming calls to Call Center. The two 

different approaches used for forecasting the daily call volume include Box and Jenkins 

(ARIMA) methodology and Smoothing methodology. Both methods are smoothing methods. 

Our objective is to use past data to develop a forecasting model for the closest days to come. 

We will to this end use data from Call Center to 

 
1. Develop different time series models for daily call volume.  

 
2. Make comparison of different forecasting techniques to suggest the better one. 

Our hope is that our findings will help to use better forecast model for Call Centre Data. 
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2. Review of Literature 

 

In this section we summarize some different research articles concerning the method of 

forecasting of volume of calls to call centers. 

 

2.1 Improving Forecasting For Telemarketing Centers by ARIMA Modeling With 
 
Intervention 
 
The incoming calls to telemarketing centers was analyzed for the purposes of planning and 

budgeting by Lisa Bianchi, Jeffrey Jarrett and R. Choudary Hanumara (1998). In their 

publication, they used Box–Jenkins (ARIMA) modeling with intervention analysis 

(Intervention analysis in time series refers to the analysis of how the mean level of a series 

changes after an intervention, when it is assumed that the same ARIMA structure for the 

series holds both before and after the intervention) and additive and multiplicative versions of 

Holt–Winters (HW) exponentially weighted moving average models. With aid of these models 

they forecasted the daily call volumes. The data used for analysis was from March 1, 1991 to 

June 26, 1991. 
 
Their first model was the ARIMA(p,d,q). Their second model was the multiplicative Holt-

Winter model 
 

Y (t) = (a (t) + b) s (t) + e (t) 
 
When seasonal variation is constant over time, an additive seasonal factor model is 

appropriate. Hence the third additive model used was 
 

Y (t) = (a (t) + b) + s (t) +e (t) 
 
The Root Mean Square Error (RMSE) is used to compare different model forecasts 

performance. It was found that ARIMA models with intervention analysis provided better 

forecasts for planning and control. 
 
A complete version of this study can be found from paper [1]. 

 

2.2 Wireless Traffic Modeling and Prediction 
 
In this article Yantai Shu, Minfang Yu, and Jiakun Liu (2003) studied wireless traffic. In their 

study to predict traffic, seasonal ARIMA model with two periodicities was used. The hourly 

traffic data from 0:00 June 1 2001 (Friday) to 0:00 April 27 2002(Saturday) was measured. A 

total of 330 days from the dial-up access network of China net-Tianjin. To trace the daily traffic 

the model ARIMA(1,0,1) and ARIMA(1,1,0) were found and for the hourly traffic 

ARIMA(0,1,1). For estimating the model the first 300 daily data was used. The last 30 days to 

evaluate the model. An adjusted traffic prediction method is proposed using seasonal ARIMA  
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Models. The comparison is repeated with many prediction experiments on the actual measured 

GSM traces of China Mobile of Tianjin.   

It is founded that the relative error between the actual values and forecasting values are all less 

than 0.02.Their study showed that the seasonal ARIMA model is a good traffic model capable 

of capturing the properties of real traffic.  
A complete version of this study can be found from paper [2]. 

 

2.3 The application of forecasting to modeling emergency medical system calls 

 
 
The emergency medical system calls of major Canadian city Alberta was analyzed by Nabil 

Channouf, Pierre L Ecuyer (2006). In their analysis two different methods was used, 

autoregressive model of data obtained after eliminating the trend, seasonality, special day effect 

and a double-seasonal ARIMA model with special day effect. Then the comparison of the both 

models is presented. For the purpose of analysis of the data for emergency medical calls was 

obtained from January 1, 2000 to March 16, 2004 including call priority, and the geographical 

zone where the call originated. The modeling is done on the first 1096 observations and the 

remaining 411 observation is used for evaluation. 
 
The model found was an ARIMA decomposed model with two seasonal cycles. 
 

𝑌𝑡 = 𝑁𝑡 + 𝑤1𝐻𝑡,1 + 𝑤2𝐻𝑡,2 
 
The ARIMA model with two seasonal cycles is suggested. They found that this model 

performed poorly when forecasting more than two weeks into the future. 
 
A complete version of this study can be found from paper [3]. 

 

 

2.4 Forecasting Police Calls during Peak Times for the City of Cleveland USA 
 
The police service calls during peak times for the city Cleveland, US was presented by the police 

department of the city. Professor John P.Holcomb Jr (2007) used autoregressive integrated 

moving average (ARIMA) modeling technique, Multiple Regression and different smoothing 

methods to analyze data. As a first step the data of call volume (per hour) is obtained and it was 

divided into 10 important categories. This provided 24,000 data points across all kinds of calls, 

further the calls are divided priority wise, priority 1 calls being the most important. Priority 1 

calls are the calls where crime is in progress: such as robbery or domestic violence. The 

researcher used different methodologies for building models. For model evaluation, the mean 

absolute percent error (MAPE) is used. 
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                 He suggested that multiple regression approach have difficulty. The final 
ARIMA(1,0,0) and ARIMA(5,1,0) model is used. This model produced an improved MAPE 
over the Holt-Winters method approximately 12%. A complete version of this study can be 
found from paper [4]. 

 

 

2.5 Predicting call arrivals in call centre 
 
The daily call volume of car damage insurance claims at Vrije University, Netherlands was 

analyzed by Koen Van Den Bergh (2006). In this publication he discussed four different 

methods:,ARIMA modeling, Dynamic Regression Modeling, Exponential smoothing and 

modeling by Regression. These four techniques are applied to the daily call center data to 

forecast the daily call volume. The models used for forecasting are given below. 
 
The ARIMA model is 

 

  𝑦𝑡 =  𝑐 + ∅1𝑦𝑡−1 + ∅2𝑦𝑡−2 + ⋯ + ∅𝑝𝑦𝑡−𝑝 + 𝜃1𝜖𝑡−1 + 𝜃2𝜖𝑡−2 + ⋯ + 𝜃𝑞𝜖𝑡−𝑞 

 

The dynamic regression model is 

 

 𝑦𝑡 =  𝛼 + 𝑣0𝑥𝑡 + 𝑣1𝑥𝑡−1 + ⋯ + 𝑣𝑘𝑥𝑡−𝑘 + 𝜇𝑡 
 
 
The single exponential smoothing model is 

 

𝑦�̂� =  𝑤0𝑦𝑡−1 + 𝑤1𝑦𝑡−2 + 𝑤2𝑦𝑡−3 + ⋯  
 

The regressions model is  

 

𝑌𝑡 =  𝑆𝑡 + 𝑇𝑡 + 𝑅𝑡 + ∑ 𝑏𝑖

𝑛

𝑖=1

𝑋𝑖 

 
 

 
It is presented that all of this methodology can at least deal with Randomness. Single 

Exponential smoothing is not good enough to deal with seasonality and trend pattern but this 

methodology can handle the random part which is a least result that a forecasting technique can 

give. The Dynamic Regression model and Regression model can deal with the interventions as 

well, where the ARIMA models can’t deal with intervention. 
 
A complete version of this study can be found from paper [5] 
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3. Methodology 

 

3.1 Necessity of Forecasting 
 
 
Uncertainty means that no clarity about future may be achieved when uncertain decisions are 

made upon historical experiences. Historical data can be smoothed in different ways. But the 

scientific approach is essential to make decision. The forecasting is one of the major scientific 

approaches that help in process of making decision in condition of uncertainty. Forecasting is 

based on the assumption that the past patterns and behavior of a variable will continue into the 

future. The objective is to use past data to develop a forecasting model for the future periods. 

To reach our goal of forecasting daily call volume of call center, the sophisticated forecasting 

techniques known as ARIMA (Auto Regressive Integrated Moving Average) and Smoothing 

Methodology are applied. 

 

3.2 Assumptions of Time Series Analysis 
 
A major assumption in time series analysis is the stationarity of the series, this means that the 

average value and the variation of the series should be constant with respect to time. If the series 

is not stationary then we make it stationary by the different transformations the most commonly 

used transformations are log and first difference. 

 

3.2.1 Stationarity Tests 

 
There are different tests for checking the stationarity of the data, two important 

tests are: Augmented Dickey- Fuller test (ADF Test) and Kwiatkowski Philips 

Schmidt Shin Test (KPSS Test). 
 
 

(i) Unit Root Test (ADF Test):- 
 
ADF Test checks whether any specific pattern exists in the data. Here small p-value 

suggests that the data is stationary. The unit root presence can be illustrated as follows 

by using a first order autoregressive process: 𝑦𝑡 = 𝜇 + 𝜌𝑦𝑡−1 + 𝜖𝑡  --------- (1) 

 where, 𝜖𝑡 ∼ 𝑁(0, 𝜎𝜖
2) 

  
The basic Dickey- Fuller test examines whether 𝜌 < 1  
 
After subtracting 𝑦𝑡−1 from both sides in equation above, 

 

 ∆𝑦𝑡 = 𝜇 + (𝜌 − 1)𝑦𝑡−1 + 𝜖𝑡    
 

 ∆𝑦𝑡 = 𝜇 + 𝜃𝑦𝑡−1 + 𝜖𝑡 ----------- (2) 
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𝐻0:  𝜃 = 0 (there is a unit root in 𝑦𝑡) 
 

𝐻1 : 𝜃 < 0 
 
Equation (1) and (2) are the simplest case where the residual is white noise. In general, there 

is serial correlation in the residuals and ∆𝑦𝑡 can be represented as an autoregressive process: 

 

∆𝑦𝑡 = 𝜇 + 𝜃𝑦𝑡−1 + ∑ ∅𝑖

𝑝

𝑖=1

∆𝑦𝑡−𝑖 + 𝜖𝑡 − − − −(3) 

----- 
 
 
Corresponding to equation (3), Dickey-Fuller procedure becomes the Augmented Dickey-

Fuller test. We can also include a deterministic trend in equation (2). Altogether, there are 

four test specification with regard to the combination of an intercept and a deterministic 

trend. [6] 

 
(ii) KPSS Test:-  
 
This is another test for stationary which check especially the existence of trend in the data set.  
 

𝐻0:  data is stationary 
 

𝐻1 : data is not stationary 

 

Larger p-value suggests data is stationary. 

 

 

3.2.2 Differencing Method 

 

 A method for making series stationary. A differenced series is the series of difference between 

each observation 𝑌𝑡 and the previous observation 𝑌𝑡−1  

    

Yt’ = Yt – 𝑌𝑡−1 
 
A series with trend can be made stationary with 1st differencing  
A series with seasonality can be made stationary with seasonal differencing 
 
3.2.3 White Noise & Lag 
 
 It describes the assumption that each element in a series is a random draw from a population 
with mean zero and constant variance. 
 
Lag shift a series down by a specific number of rows in the worksheet. 
 
3.3 Box-Jenkins modelling 
 
The methodology introduced 1970 by Box and Jenkins assumes that the data is dependent on 

itself. And the very first thing to decide on is the number of lags. Then a number of parameters 

are estimated, the residuals are checked and finally a forecast is made.  
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The general ARIMA(p,q,d) model looks like.   

 

  𝑦𝑡 =  𝑐 + ∅1𝑦𝑡−1 + ∅2𝑦𝑡−2 + ⋯ + ∅𝑝𝑦𝑡−𝑝 + 𝜃1𝜖𝑡−1 + 𝜃2𝜖𝑡−2 + ⋯ + 𝜃𝑞𝜖𝑡−𝑞 

 

Where  

 c: constant 

 1, 2, 1, 2 , - - - are model parameters 

 et-1 = yt-1 – st-1, et are called errors or residuals 

 st-1 : predicted value for the (t-1)th observation (yt-1) 

 

            p: number of auto regressive (AR) terms 

 q: number of moving average (MA) terms 

 d: level of differencing 

  

3. 3.1 Auto-Regressive (AR) Model 
 
In the pure AR (p) autoregressive with p lags model, we have  

 

𝑌𝑡 =  𝑈𝑡 + ∅1𝑌𝑡−1 + ∅2𝑌𝑡−2 + ⋯ + ∅1𝑝𝑌𝑡−𝑝 + 𝜖𝑡 

 

that is the series depend on itself up to p lags. The simplest and most widely used model with 

serial correlation is the first order autoregressive model of first order. The AR (1) model is 

specified by:   𝑌𝑡 =  𝑈𝑡 + ∅1𝑌𝑡−1 + 𝜖𝑡 

 

where, ∅1, ∅2, … , ∅𝑝are the parameters of the model, µt is constant with respect to t and 𝜖t 

is white noise. Many authors omit the constant term. 

 

3. 3.2 Moving Average (MA) model 
 
The moving average model models the error terms, which are not observed. The moving 

average model is defined as: 
 
 

𝑌𝑡 = 𝑈𝑡 + 𝜃1𝜖𝑡−1 + 𝜃2𝜖𝑡−2 + ⋯ + 𝜃𝑞𝜖𝑡−𝑞 + 𝜖𝑡 

 

Where 𝜃1, 𝜃2, … , 𝜃𝑞 are the parameters of the model, µt is a constant with respect to t and 𝜖t 

is white noise. Many authors omit the constant term. 

 

This model is useful when time series doesn’t exhibit a trend or a seasonal pattern.
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3. 3.3 Auto-Regressive Integrated Moving Average (ARIMA) model 
 
ARIMA (p, d, q) (P, D, Q) where (p is the order of AR process, q is the order of MA process 

and d is the order of differencing) is a regular model and (P, D, Q) are seasonal elements. The 

ARIMA models are generalization of the simple AR model that uses three tools for modeling 

series correlation in the disturbance. The first tool is the auto-regressive terms. The second tool 

is the integrated (difference) terms. A first order integrated component means that the 

forecasting model is designed for the first difference of the original series. A second order 

component difference of the original series and so on. The third tool is the moving average 

terms. A moving average forecasting model uses lagged values of the forecasted errors. A first 

order moving average term uses the forecasted errors from the two most recent periods, and so 

on [7]. 

 

3. 4 Exponential Smoothing 
 
There  are  several  exponential  smoothing  methods. The  majors which we use, are  Single 
 
Exponential  Smoothing,  Holt‟s  Linear  Model  (1957)  and  Holt-Winters Trend  and 
 
Seasonality Model.  

 

3.4.1 Single Exponential Smoothing 
 
The simplest form of exponential smoothing is single exponential smoothing, which may be 

used when data is without any systematic trend or seasonal components. Given such a time 

series, a logical approach is to take a weighted average of past values. So for a series 
 
𝑦1, 𝑦2, … , 𝑦𝑡−1, the estimate of the value of Yt , given the information available up to time t, is 

 

                              𝑌�̂� =  𝑤0𝑌𝑡−1 + 𝑤1𝑌𝑡−2 + 𝑤2𝑌𝑡−3 + ⋯  
 
 
 
Where wi = α (1 - α)i are the weights given to the past values of the series and they sum to 1. 
 
Here the “α” lies between 0 and 1. Since the most recent observations of the series are also the 

most relevant, it is logical that these forecasting observations should be given more weight 

than the observations further in the past. This is done by giving declining weights to the series. 

These decrease by a constant ratio. 

 

Single Exponential Smoothing gives more weight to recent values compared to the old values. 

More efficient for stationary data without any seasonality and trend.  
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3.4.2 Holt’s Linear Model 

 

Holt‟s linear model is an extension of single exponential smoothing. This method allowed 

forecasting data with trends. 
 
For a time series 𝑦1, 𝑦2, …. The estimate of the value of 𝑦𝑡−𝑘, is given by the formula: 

 

𝑦𝑡+�̂� =  𝑚𝑡 + 𝑏𝑡𝑘 where k = 1,2,3… 

 

Where mt denotes an estimate of the level of the series at time t and bt denotes an estimate of 

the slope of the series at time t. 

Where  𝑚𝑡 = 𝛼0𝑦𝑡 + (1 − 𝛼0)(𝑚𝑡+1 + 𝑏𝑡−1) 
 
𝑏𝑡 = 𝛼1(𝑚𝑡 + 𝑚𝑡−1) + (1 − 𝛼1)𝑏𝑡−1              with 0 < 𝛼0 < 1 and 0 < 𝛼1 < 1 

 

Holt’s Linear Model is useful when we smooth the series that gives weights to older 

observations and provide short-term forecasts. Useful when the series exhibits a seasonal 

pattern, with or without a trend. 

 

 

The following table presents a guideline of the different forecasting methods based on 

different conditions: 

 

Forecasting 

Method 

Data Pattern Data Points Forecast 

Horizon 

Quantitative 

Skills 

Moving 

Average  

Stationary At least the 

number of 

periods in MA 

Very Short Little 

Single 

Exponential 

Smoothing 

Stationary 5-10 Short Little 

Holt-Winter 

Method 

Trend & 

Seasonality 

4-5 per season Short to 

Medium 

Moderate 

ARIMA 

Methodology 

Stationary 

(Differencing/ 

Transformation) 

 

4-5 per season 

 

Medium 

 

High 
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3.5 Model Selection Criteria 
 
Here we discuss the few criteria we used in the study when selecting the best model among the 

competing models. Several criteria can be used for this purpose, here we discuss Akaike 

information criterion (AIC) and the Bayesian information criterion (BIC) or Schwarz 

information criterion (SIC). These criterions are used for measuring the goodness of fit of the 

model. These criterion are minimized over the choice of repressors, it will be minimum when 

the model is good fit and less complex. In comparing two or more models, the best model is the 

one having the least AIC and BIC values. 
 
In a regression setting, the estimates of the 𝛽𝐼 based on least squares and the maximum 

likelihood estimates are identical. The difference comes from estimating the common variance 

𝜎2 of the normal distribution for the errors around the true means. We have been using the best 

unbiased estimator of 𝜎2,  �̂�2 = 𝑅𝑆𝑆/(𝑛 − 𝑝), where there are p parameters for the means (p 

different 𝛽𝐼 parameters) and RSS is the residual sum of squares. This estimate does not tend to 

be too large or too small on average. The maximum likelihood estimate, on the other hand, is 

RSS/n. This estimate has a slight negative bias, but also has a smaller variance. Putting all of 

this together, we can write    -2 times the log-likelihood to be 

 

n + n log(2𝜋) + n log(RSS/n). 
 
 

In a regression setting. Now, AIC is defined to be -2 times the log-likelihood plus 2 times the 

number of parameters. If there are p different 𝛽𝐼 parameters, there are a total of p+1 parameters 

if we also count 𝜎2. The correct formula for the AIC for a model with parameters 
 
𝛽0, 𝛽1, … , 𝛽𝑝−1 and 𝜎2is  

 

𝐴𝐼𝐶 = 𝑛 + 𝑛𝑙𝑜𝑔2𝜋 + 𝑛𝑙𝑜𝑔 (
𝑅𝑆𝑆

𝑛
) + 2(𝑝 + 1) 

 
and the correct formula for BIC is 

 

𝐵𝐼𝐶 = 𝑛 + 𝑛𝑙𝑜𝑔2𝜋 + 𝑛𝑙𝑜𝑔 (
𝑅𝑆𝑆

𝑛
) + (𝑙𝑜𝑔𝑛)(𝑝 + 1) 
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3.6 Measurements of Forecasting Accuracy 
 
Before the forecasting results can be given, some measurements of forecasting accuracy must 

be determined. This section captures the equations of the most widely applied measurement 

methods. The following list of methods shall be utilized for assessing the accuracy of forecasts 

 
 
 

3.6.1 Mean Absolute Percentage Error (MAPE)  
 

𝑀𝐴𝑃𝐸 =
1

𝑛
∑ |

𝑒𝑡

𝑦𝑡
| × 100

𝑛

𝑖=1

 

 
3.6.2 Mean Square Error (MSE) 

 

𝑀𝑆𝐸 = ∑
𝑒𝑡

2

𝑛

𝑛

𝑖=1

 

 

3.6.3 Root Mean Square Error (RME) 

 

𝑅𝑀𝑆𝐸 = √∑
𝑒𝑡

2

𝑛

𝑛

𝑖=1

 

 
 
 

3.6.4 Mean Absolute Error (MAE)  

 

𝑀𝐴𝐸 =
1

𝑛
∑|𝑒𝑡|

𝑛

𝑖=1
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3.7 Residual Analysis 
 
Residuals are the difference between the predicted output from the model and the original 

values (data). Residuals basically represent the portion of the data not explained by the model. 

Residual analysis may be regarded to consist of two tests: Whiteness Test and Normality Test. 

 

3.7.1 Normality Test 
 
A good model is the one for which the residuals fulfil the assumption of normality. The 

histogram of the residuals gives a good idea about the normality. The Normal probability graph 

is also used to assess that the data set is approximately normally distributed. In a normal 

probability graph the data is plotted against the theoretical normal distribution in such a way 

that it makes a straight line. If the points depart from straight line, we have a departure from 

normality. The Anderson Darling test is one of the three generally known tests for the normality. 

It is the modified form of Kolmogorov-Smirnov test and gives more weight to the tails as 

compared to the Kolmogorov-Smirnov test. In the Kolmogorov-Smirnov test the critical values 

do not depend on the specific distribution being tested but the Anderson Darling test use the 

specific distribution for calculating the critical value. The test statistic of the test is given below: 

                                                                          A2 = −N−S 

𝑆 = ∑
(2𝑖 − 1)

𝑁
[𝑙𝑜𝑔𝐹(𝑌𝑖) + log{1 − 𝐹(𝑌𝑁=1−𝑖)}]

𝑖

 

 
Where F is the cumulative distribution function of interest. 

 

3.7.2 Whiteness Test 
 
The purpose of this test is to analyze the correlation between the residuals at different lags. 

According to the whiteness test criteria all autocorrelation should be zero. 

 

3.7.3 Ljung–Box test 
 

This is an objective way to test the null hypothesis that there is no autocorrelation. The Q-

statistic at lag k is a test statistic for the null hypothesis that there is no autocorrelation up to 

order k. It is computed as 

𝑄 = 𝑇(𝑇 + 2) ∑
𝑟𝑗

2

𝑇 − 𝑗

𝑘

𝑗=1

 

Where rj is the j-th autocorrelation and T is the number of observations. k is the number of 
 
lags being tested.


