
 

 

IIT−JAM  Mathematical Statistics (MS) 2006 

SECTION –A 

 

1. If 𝒂𝒏 > 0 𝑓𝑜𝑟 𝑛 ≥ 𝑎𝑛𝑑 𝐥𝐢𝐦𝒏→∞ 𝒂𝒏 𝟏/𝒏 − 𝑳 > 1, then which of the following series is not 

convergent?  

(a)   𝒂𝒏𝒂𝒏+𝟏
∞
𝒏=𝟏  

(b)  𝒂𝒏
𝟐∞

𝒏=𝟏  

(c)   𝒂𝒏
∞
𝒏=𝟏  

(d)  𝟏/ 𝒂𝒏
∞
𝒏=𝟏  

Solution: (d) 

  lim𝑛→∞  𝑎𝑛𝑎𝑛+1 
1/𝑛

= lim𝑛→∞  𝑎𝑛
1/𝑛

𝑎𝑛+1
1/𝑛

 = lim𝑛→∞  𝐿. 𝐿 = 𝐿 < 1 

lim
𝑛→∞

 𝑎𝑛
2 1/𝑛 = lim

𝑛→∞
 𝑎𝑛

1

𝑛  

2

= 𝐿2 < 1 

lim
𝑛→∞

 
1

 𝑎𝑛

 

1/𝑛

=
1

 𝐿
> 1    𝑛𝑜𝑡 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑡  

 

2. Let E and F be two mutually disjoint events. Further, let E and F be independent of G. If 

𝒑 = 𝑷 𝑬 + 𝑷 𝑭  𝒂𝒏𝒅 𝒒 = 𝑷 𝑮 , 𝒕𝒉𝒆𝒏 𝑷 𝑬 ∪ 𝑭 ∪ 𝑮  is 

(a) 1−pq 

(b) 𝒒 + 𝒑𝟐 

(c) 𝒑 + 𝒒𝟐 

(d) 𝒑 + 𝒒 − 𝒑𝒒 

Solution:   (d) 

 𝑃 𝐸 ∪ 𝐹 ∪ 𝐺 = 𝑃 𝐸 + 𝑃 𝐹 + 𝑃 𝐺 − 𝑃 𝐸 ∩ 𝐹 − 𝑃 𝐸 ∩ 𝐺 − 𝑃 𝐹 ∩ 𝐺 + 𝑃 𝐸 ∩ 𝐹 ∩ 𝐺  

                            = 𝑝 + 𝑞 − 𝑝𝑞 

𝑎𝑠 𝑃 𝐸 ∩ 𝐹 = 0   𝑑𝑖𝑠𝑗𝑜𝑖𝑛𝑡  

𝑎𝑛𝑑 𝑃 𝐸 ∩ 𝐺 = 𝑃 𝐸 𝑃 𝐺  

𝑃 𝐹 ∩ 𝐺 = 𝑃 𝐹 𝑃 𝐺  

 

 

 



 

 

3. Let X be a continuous random variable with the probability density function symmetric about 

0. If 𝑽 𝑿 < ∞, then which of the following statements is true?  

(a) 𝑬  𝑿  = 𝑬 𝑿  

(b) 𝑽  𝑿  = 𝑽 𝑿  

(c) 𝑽  𝑿  < 𝑉 𝑿  

(d) 𝑽  𝑿  > 𝑉 𝑿  

Solution: (d)    

𝑇𝑕𝑒𝑛 𝐸 𝑋 = 0   ;      𝑉 𝑋 = 𝐸 𝑋2  

⇒ 𝐸 𝑋2 = 𝐸  𝑋 2  

𝐸  𝑋  > 0 

⇒ 𝑉  𝑋  = 𝐸 𝑋2 −  𝐸  𝑋   2 > 𝑉 𝑋  

 

4. Let 𝒇 𝒙 = 𝒙 𝒙 +  𝒙 − 𝟏 , −∞ < 𝐱 < ∞.  Which of the following statements is true? 

(a) f is not differentiable at 𝒙 = 𝟎 𝒂𝒏𝒅 𝒙 = 𝟏 

(b) f is differentiable at 𝒙 = 𝟎 but not differentiable at 𝒙 = 𝟏 

(c) f is not differentiable at 𝒙 = 𝟎 but differentiable at 𝒙 = 𝟏 

(d) f is differentiable at 𝒙 = 𝟎 𝒂𝒏𝒅 𝒙 = 𝟏 

Solution: (b) 

   𝑓 𝑥 = −𝑥2 − 𝑥 + 1   ;    𝑥 ≤ 0 

             =  𝑥2 − 𝑥 + 1  ;    0 ≤ 𝑥 ≤ 1 

             =  𝑥2 + 𝑥 − 1  ;   𝑥 ≥ 1 

At 𝑥 = 0, 𝐿𝐻𝐷 = 𝑅𝐻𝐷 = −1 

At 𝑥 = 1, 𝐿𝐻𝐷 1; 𝑅𝐻𝐷 = 2 

So, f is differentiable at 𝑥 = 0 𝑏𝑢𝑡 𝑛𝑜𝑡 𝑎𝑡 𝑥 = 1 

 

5. Let 𝑨 𝒙 = 𝒃  be a non−homogeneous system of linear equations.    The augmented matrix [A: 

𝒃 ] is given by 

 
𝟏 𝟏 −𝟐 𝟏

−𝟏 𝟐 𝟑 −𝟏
𝟎 𝟑 𝟏 𝟎

 
𝟏
𝟎

−𝟏

   

Which of the following statements is true? 

(a) Rank of A is 3 

(b) The system has no solution 



 

 

(c) The system has unique solution. 

(d) The system has infinite number of solution. 

Solution: (b)  

 
1 1 −2 1

−1 2 3 −1
0 3 1 0

 
1
0

−1

  ~  
1 1 −2 1
0 3 1 0
0 3 1 0

 
1
1

−1

   

By 𝑅1 ← 𝑅2 + 𝑅1 

~  
1 1 −2 1
0 3 1 0
0 0 0 0

 
1
1

−2

  ; 𝑏𝑦 𝑅3 ← 𝑅3 − 𝑅2 

Thus the system is inconsistent i.e. has no solution.  

 

6. An archer makes 10 independent attempts at a target and his probability of hitting the target 

at each attempt is 5/6, then the conditional probability that his two attempts are successful 

given that he has a total of 7 successful attempts is 

(a) 𝟏/𝟓𝟓 

(b) 
𝟕

𝟏𝟓
 

(c) 25/36  

(d) 
𝟖!

𝟑!𝟓! 
 

𝟓

𝟔
 

𝟕
 

𝟏

𝟔
 

𝟑

 

Solution:  (b)     P(last two successful attempts  7  success).  

          =
 8

5
 ×  

5

6
 

5
 

1

6
 

3
×  

5

6
 

2

10𝑐7
 

5

6
 

7
 

1

6
 

3  

=
8 × 7 × 6

10 × 9 × 8
=

7

15
 

 

7. Let f(x) =  𝒙 − 𝟏  𝒙 − 𝟐  𝒙 − 𝟑  𝒙 − 𝟒  𝒙 − 𝟓 , −∞ < 𝑥 < ∞. 

The number of distinct real roots of the equation 
𝒅

𝒅𝒙
𝒇 𝒙 = 𝟎 is exactly 

(a) 2 

(b) 3 

(c) 4 

(d) 5 

Solution:  (c)  
𝑑

𝑑𝑥
𝑓 𝑥  has 4 distinct roots between (1, 2), (2, 3), (3, 4) & (4, 5).  

See the graph below: 



 

 

 

8. Let 𝒇 𝒙 =
𝒌 𝒙 

 𝟏+ 𝒙  𝟒   , −∞ < 𝒙 < ∞. 

Then the value of k for which f(x) is a probability density function is 

(a) 1/6 

(b) ½ 

(c) 3 

(d) 6 

Solution:   (c) 𝑓 𝑥  will be probability density function, if  

 𝑓 𝑥 𝑑𝑥 = 1
∞

−∞

 

⇒  
𝑘 𝑥 

 1 +  𝑥  4
𝑑𝑥 = 1

∞

−∞

 

⇒ 2  
𝑘𝑥

 1 + 𝑥 4
= 1

∞

0

 

⇒ 2𝑘𝛽 2,2 = 1 

⇒ 2𝑘
 2  2 

 4 = 1 

⇒
2𝑘

6
= 1 

⇒ 𝑘 = 3 

 

9. If 𝑴𝑿 𝒕 = 𝒆𝟑𝒕+𝟖𝒕𝟐
 is the moment generating function of a random variable X, then 

𝑷 −𝟒. 𝟖𝟒 < 𝑿 ≤ 𝟗. 𝟔𝟎  is 

(a) Equal to 0.700 

(b) Equal to 0.925 

(c) Equal to 0.975 

(d) Greater than 0.999 

Solution:  (b) 𝑀𝑋 𝑡 = 𝑒3𝑡+8𝑡2
 ⇒ 𝐸 𝑒𝑡𝑋  = 𝑒3𝑡+8𝑡2

 

𝑑

𝑑𝑡
𝑀𝑋 𝑡 =  3 + 16𝑡 𝑒3𝑡+8𝑡2

 



 

 

𝑑2

𝑑𝑡2
 𝑀𝑋 𝑡  =  3 + 16𝑡 2𝑒3𝑡+8𝑡2

+ 16𝑒3𝑡+8𝑡2
 

𝑃𝑢𝑡𝑡𝑖𝑛𝑔 𝑡 = 0, 𝑤𝑒 𝑐𝑎𝑛 𝑔𝑒𝑡 𝐸 𝑋 =
𝑑

𝑑𝑡
𝑀𝑋 𝑡  = 3  

𝑃𝑢𝑡𝑡𝑖𝑛𝑔 𝑡 = 0, 𝑤𝑒 𝑐𝑎𝑛 𝑔𝑒𝑡 𝐸 𝑋2 =
𝑑2

𝑑𝑡2
𝑀𝑋 𝑡  = 25  

𝑉 𝑋 = 25 − 9 = 16 

⇒ 𝜎 = 4 

𝑃(−4.84 < 𝑋 < 9.60) 

= 𝑃(−7.84 < 𝑋 − 3 < 6.60) 

= 𝑃(− 1.96 𝜎 < 𝑋 − 𝜇 ≤  1.65 𝜎) 

=
0.95

2
+

0.9

2
= 0.475 + 0.45 = 0.925 

 

10. Let X be a binomial random variable with parameters n and p, where n is a positive integer 

and 𝟎 ≤ 𝒑 ≤ 𝟏. 𝑰𝒇 𝜶 = 𝑷  𝑿 − 𝒏𝒑 ≥  𝒏 , then which of the following statements hold true 

for all n and p? 

(a) 𝟎 ≤ 𝜶 ≤
𝟏

𝟒
 

(b) 
𝟏

𝟒
≤ 𝜶 ≤

𝟏

𝟐
 

(c) 
𝟏

𝟐
≤ 𝜶 ≤ 𝟑/𝟒 

(d) 
𝟑

𝟒
≤ 𝜶 ≤ 𝟏 

Solution:  (a)  

𝑃  𝑋 − 𝑛𝑝 ≥ 𝑘𝜎 <
1

𝑘2
 

(By Chebyshev’s inequality) 

𝐴𝑠 𝜎 =  𝑛𝑝𝑞 

⟹  𝑛 =
𝜎

 𝑝𝑞
 

⟹ 𝑝  𝑋 − 𝑛𝑝 ≥  𝑛 <
1

𝑝𝑞
 

⟹ 0 ≤ 𝛼 ≤
1

4
 

 



 

 

11. Let 𝑿𝟏, 𝑿𝟐, … , 𝑿𝒏 be a random sample from a Bernoullin distribution with parameter 

𝒑;   𝟎 ≤ 𝒑 ≤ 𝟏. The bias of the estimator  

 𝒏 + 𝟐 𝑿𝒊
𝒏
𝒊=𝟏

𝟐 𝒏 +  𝒏 
 

For estimating p and is equal to  

(a) 
𝟏

 𝒏+𝟏
 𝒑 −

𝟏

𝟐
  

(b) 
𝟏

𝒏+ 𝒏
 

𝟏

𝟐
− 𝒑  

(c) 
𝟏

 𝒏+𝟏
 

𝟏

𝟐
+

𝒑

 𝒏
 − 𝒑 

(d) 
𝟏

 𝒏+𝟏
 

𝟏

𝟐
− 𝒑  

Solution: (b)    

𝐸  
 𝑛 + 2  𝑋𝑖

𝑛
𝑖=1

2 𝑛 +  𝑛 
 =

 𝑛 + 2𝑛𝑝

2 𝑛 +  𝑛 
 =

1 + 2 𝑛𝑝

2 1 +  𝑛 
 

𝐵𝑖𝑎𝑠 = 𝐸 𝐸𝑠𝑡𝑖𝑚𝑎𝑡𝑜𝑟 − 𝑝 =
1 + 2 𝑛𝑝

2 1 +  𝑛 
− 𝑝 =

1 − 2𝑝

2 1 +  𝑛 
=

1

 𝑛 + 1
 

1

2
− 𝑝  

 

12. Let the joint probability density function of X and Y be 

𝒇 𝒙, 𝒚 =  
𝒆−𝒙 ,         𝟎 ≤ 𝒚 ≤ 𝒙 < ∞
𝟎, 𝒐𝒕𝒉𝒆𝒓𝒘𝒊𝒔𝒆

  

Then E(X) is 

(a) 0.5 

(b) 1 

(c) 2 

(d) 6 

Solution: (c)   

𝑓 𝑥 =  𝑓 𝑥, 𝑦 𝑑𝑦 =  𝑒−𝑥𝑑𝑦
𝑥

0

𝑥

0

 

          = 𝑥𝑒−𝑥 ; 0 ≤ 𝑥 < ∞ 

⟹ 𝐸 𝑋 =  𝑥𝑓 𝑥 𝑑𝑥 =  𝑥2𝑒−𝑥
∞

0

∞

0

 

𝐸(𝑋) = −𝑥2𝑒−𝑥 − 2𝑥𝑒−𝑥 − 2𝑒−𝑥  
∞

0
 = 2 

 



 

 

13. Let 𝒇 ∶  be defined as 

𝒇 𝒕 =  
𝒕𝒂𝒏 𝒕

𝒕
, 𝒕 ≠ 𝟎

𝟏, 𝒕 = 𝟎

  

Then the value of  

𝐥𝐢𝐦
𝒙→𝟎

𝟏

𝒙𝟐
 𝒇 𝒕 𝒅𝒕

𝒙𝟑

𝒙𝟐

 

(a) Is equal to 1 

(b) Is equal to 0 

(c) Is equal to 1 

(d) Does not exists 

Solution: (a)  

lim⁡
𝑥→0

1

𝑥2
 𝑓 𝑡 𝑑𝑡 = lim

𝑥→0

1

𝑥2
 

tan 𝑡

𝑡
𝑑𝑡

𝑥 3

𝑥 2

𝑥 3

𝑥 2
 

It is  
0

0
𝑐𝑎𝑠𝑒  

= lim
𝑥→0

3𝑥2 tan 𝑥 3

𝑥 3 − 2𝑥 
tan 𝑥 2

𝑥 2

2𝑥
, 𝑢𝑠𝑖𝑛𝑔 𝐿′𝐻𝑜𝑠𝑝𝑖𝑡𝑎𝑙𝑅𝑢𝑙𝑒. 

= lim
𝑥→0

3 tan 𝑥3 − 2 tan 𝑥2

2𝑥2
    

0

0
𝑐𝑎𝑠𝑒  

= lim
𝑥→0

9𝑥2𝑠𝑒𝑐2𝑥3 − 4𝑥𝑠𝑒𝑐2𝑥2

4𝑥
= −1 

 

14. Let X and Y have the joint probability mass function: 

𝑷 𝑿 = 𝒙, 𝒀 = 𝒚 =
𝟏

𝟐𝒚+𝟐 𝒚 + 𝟏 
 
𝟐𝒚 + 𝟏

𝟐𝒚 + 𝟐
 

𝒙

 

Then the marginal distribution of Y is 

(a) Poisson with parameter 𝝀 = 𝟏/𝟒 

(b) Poisson with parameter 𝝀 = 𝟏/𝟐 

(c) Geometric with parameter 𝒑 = 𝟏/𝟒 

(d) Geometric with parameter 𝒑 = 𝟏/𝟐 

Solution: (d)   



 

 

𝑃 𝑌 = 𝑦 =  𝑃 𝑋 = 𝑥, 𝑌 = 𝑦 

∞

𝑥=0

 

=  
1

2𝑦+2 𝑦 + 1 
 

2𝑦 + 1

2𝑦 + 2
 

𝑥∞

𝑥=0

 

=
1

 𝑦 + 1 2𝑦+2
 

1

1 −  
2𝑦+1

2𝑦+2
 
  

=
1

2𝑦+1
; 𝑦 = 0, 1, 2, … 

Which is geometric with parameter 𝜆 = 1/2 

 

15. Let 𝑿𝟏, 𝑿𝟐, 𝒂𝒏𝒅 𝑿𝟑 be a random sample from N(3, 12) distribution. If  

𝑿 =
𝟏

𝟑
 𝑿𝒊, 𝒂𝒏𝒅 𝑺𝟐 =

𝟏

𝟐
  𝑿𝒊 − 𝑿  𝟐

𝟑

𝒊=𝟏

𝟑

𝒊=𝟏

 

Denote the sample mean and the sample variance respectively, then  

𝑷 𝟏. 𝟔𝟓 < 𝑿 ≤ 𝟒. 𝟑𝟓, 𝟎. 𝟏𝟐 < 𝑺𝟐 ≤ 𝟓𝟓. 𝟐𝟔  𝒊𝒔 

(a) 0.49 

(b) 0.50 

(c) 0.98 

(d) None of the above 

Solution:  (b)  

𝑋 =
1

3
 𝑋𝑖

3

𝑖=1

=
𝑋1 + 𝑋2 + 𝑋3

3
 

⇒ 𝐸 𝑋  = 3 

𝑉 𝑋  = 4 

⇒ 𝜎 = 𝑧 

So, 𝑃(1.65 < 𝑋 ≤ 4.35) 

= 𝑃(−1.35 < 𝑋 − 3 ≤ 1.35) 

= 𝑃(−0.675𝜎 < 𝑋 − 𝜇 ≤ 0.675𝜎) 

= 0.50 



 

 

16. (a) Let 𝑿𝟏, 𝑿𝟐, … , 𝑿𝒏 be a random sample from an exponential distribution with the probability 

density function; 

𝒇 𝒙;  𝜽 =  
𝜽𝒆−𝜽𝒙 , 𝒊𝒇 𝒙 > 0

𝟎, 𝒐𝒕𝒉𝒆𝒓𝒘𝒊𝒔𝒆
  

Where 𝜽 > 0. Obtain the maximum likelihood estimator of P(X > 10). 

       (b) Let 𝑿𝟏, 𝑿𝟐, … , 𝑿𝒏 be a random sample from a discrete distribution with the probability 

mass function given by 

𝑷 𝑿 = 𝟎 
𝟏 − 𝜽

𝟐
; 𝑷 𝑿 = 𝟏 =

𝟏

𝟐
;   𝑷 𝑿 = 𝟐 =

𝜽

𝟐
 

𝟎 ≤ 𝜽 ≤ 𝟏 

Find the method of moments estimator for 𝜽. 

Solution:  

(a)  𝑓 𝑥, 𝜃 = 𝜃𝑒−𝜃𝑥 , 𝑥 > 0 

⟹ 𝑃 𝑋 > 10 =  𝜃𝑒−𝜃𝑥 𝑑𝑥
∞

10

=
𝜃𝑒−𝜃𝑥

 −𝜃 
 
∞

10
 =  0 −

𝜃𝑒−10𝜃

 −𝜃 
= 𝑒−10𝜃   

𝐿 𝑥, 𝜃 = 𝜃𝑛𝑒−𝜃  𝑥𝑖  

⟹ log 𝐿 =  𝑛 log 𝜃 − 𝜃  𝑥𝑖  

⟹
1

𝐿
.
𝜕𝐿

𝜕𝜃
=

𝑛

𝜃
−  𝑥𝑖 = 0 

⟹ 𝜃 =
𝑛

 𝑥𝑖
 

⟹ 𝜃 =
𝑛

 𝑥𝑖
 

⟹ 𝑀𝐿𝐸 𝑜𝑓 𝑃 𝑋 > 10  𝑖𝑠 = 𝑒−10𝜃 = 𝑒−10𝑛/( 𝑥𝑖) 

 

(b)  

𝐸 𝑋 = 1.
1

2
+ 2.

𝜃

2
= 𝜃 +

1

2
 

𝐸 𝑋2 = 1.
1

2
+ 4.

𝜃

2
= 2𝜃 +

1

2
 

⇒ 𝑉 𝑋 = 2𝜃 +
1

2
−  𝜃 +

1

2
 

2

= 𝜃 +
1

4
− 𝜃2 =

1

2
−  

1

4
− 𝜃 + 𝜃2 =

1

2
−  𝜃 −

1

2
 

2

 



 

 

Which is maximum when 𝜃 = 1/2 and minimum when 𝜃 =
1

2
+

1

 2
  𝑜𝑟 

1

2
−

1

 2
  (not possible). 

⇒ 𝜃 =
1

2
 

 

17. (a)  Let A be a non−singular matrix of order n(n>1), with  𝑨 = 𝒌. If adj(A) denotes the adjoint 

of the matrix A, find the value of the  𝒂𝒅𝒋 (𝑨) . 

      (b) Determine the values a, b and c so that (1, 0, −1) and (0, 1, −1) are eigenvectors of the 

matrix, 

 
𝟐 𝟏 𝟏
𝒂 𝟑 𝟐
𝟑 𝒃 𝒄

  

Solution:  

(a) 𝐴. 𝑎𝑑𝑗. 𝐴 =  𝐴 𝐼   ⇒  𝑎𝑑𝑗 𝐴 =  𝐴 𝑛−1    ⇒  𝑎𝑑𝑗 𝐴 = 𝑘𝑛−1 

 

(b)  

 
2 1 1
𝑎 3 2
3 𝑏 𝑐

  
1
0

−1
 =  

1
𝑎 − 2
3 − 𝑐

 = 𝜆  
1
0

−1
  

⇒ 𝜆 = 1, 𝑎 − 2 = 0, 3 − 𝑐 = −1, 𝑎 = 2, 𝑐 = 4 

 
2 1 1
2 3 2
3 𝑏 4

  
0
1

−1
  = 𝜆  

0
1

−1
  

⇒  
0
1

𝑏 − 4
 = 𝜆  

0
1

−1
  

⇒ 𝜆 = 1  

And 𝑏 − 4 = −1 

⇒ 𝑏 = 3 

⇒ 𝑎 = 2, 𝑏 = 3, 𝑐 = 4. 

 

 

 

 



 

 

18.  (a) Using Lagrange’s mean value theorem, prove that  

𝒃 − 𝒂

𝟏 + 𝒃𝟐
< 𝒕𝒂𝒏−𝟏𝒃 − 𝒕𝒂𝒏−𝟏𝒂 <

𝒃 − 𝒂

𝟏 + 𝒂𝟐
 

Where 𝟎 < 𝒕𝒂𝒏−𝟏𝒂 < 𝒕𝒂𝒏−𝟏𝒃 < 𝜋/2 

       (b) Find the area of the region in the first quadrant that is bounded by 𝒚 =  𝒙, 𝒚 = 𝒙 − 𝟐 and 

the x−axis. 

Solution:  

(a)   𝑓 𝑥 = 𝑡𝑎𝑛−1 4     ⇒ 𝑓′ 𝑥 =
1

1+𝑥 2 

By lagrange’s mean value theorem in [a, b], we have 

⇒ 𝑓′  𝑐 =
𝑓 𝑏 − 𝑓 𝑎 

𝑏 − 𝑎
 

⇒
𝑡𝑎𝑛−1𝑏 − 𝑡𝑎𝑛−1𝑎

𝑏 − 𝑎
=

1

1 + 𝑐2
  ;      𝑎 ≤ 𝑐 ≤ 𝑏 

𝐴𝑠,
1

1 + 𝑏2
<

1

1 + 𝑐2
<

1

1 + 𝑎2
 

⇒
1

1 + 𝑏2
<

𝑡𝑎𝑛−1𝑏 − 𝑡𝑎𝑛−1𝑎

𝑏 − 𝑎
<

1

1 + 𝑎2
 

⇒
𝑏 − 𝑎

1 + 𝑏2
< 𝑡𝑎𝑛−1𝑏 − 𝑡𝑎𝑛−1𝑎 <

𝑏 − 𝑎

1 + 𝑎2
 

 

(b) 

 

  𝑥 = 𝑥 − 2    ⇒ 𝑥 = 𝑥2 − 4𝑥 + 4    ⇒ 𝑥2 − 5𝑥 + 4 = 0   ⇒  𝑥 − 1  𝑥 − 4 = 0   ⇒ 𝑥 = 1.4 

𝑅𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑎𝑟𝑒𝑎 =   𝑑𝑥𝑑𝑦 

𝑦−2

𝑥=𝑦2

2

𝑦=0

=   𝑦 − 2 − 𝑦2 𝑑𝑦 =
𝑦2

2
− 2𝑦 −

𝑦3

3
 
2

0
 

2

0

= 2 − 4 −
8

13
= −

14

3
 

𝐴𝑟𝑒𝑎 =  
−14

3
 =

14

3
 . 



 

 

19.   Let X and Y have the joint probability density function: 

𝒇 𝒙, 𝒚 =  𝒄𝒙 𝒚𝒆− 𝒙𝟐+𝟐𝒚𝟐 , 𝒊𝒇 𝒙 > 0, 𝑦 > 0
𝟎, 𝒐𝒕𝒉𝒆𝒓𝒘𝒊𝒔𝒆

  

Evaluate the constant c & 𝑷 𝑿𝟐 > 𝒀𝟐 .  

Solution:    

We know that  f(x,y) will be joint probability density function if 

  𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦 = 1 

⇒   𝑐𝑥 𝑦𝑒− 𝑥 2+2𝑦2 𝑑𝑥 𝑑𝑦 = 1

∞

𝑦=0

∞

𝑥=0

 

⇒ 𝑐   𝑥𝑒−𝑥 2
𝑑𝑥

∞

0

   𝑦𝑒−2𝑦2
𝑑𝑦

∞

0

 = 1 

⇒ 𝑐  −
1

2
𝑒−𝑥 2

 
∞

0
   −

1

4
𝑒−2𝑦2

 
∞

0
  = 1 

⇒ 𝑐 ×
1

2
×

1

4
= 1 

⇒ 𝑐 = 8 

𝑃 𝑋2 > 𝑌2 = 𝑃 𝑋 > 𝑌 + 𝑃 𝑋 < −𝑌  

= 𝐴𝑠 𝑋, 𝑌 > 0 𝑠𝑜 

𝑃 𝑋2 < 𝑌2 = 𝑃 𝑋 > 𝑌 𝑜𝑛𝑙𝑦  

=   8𝑥𝑦𝑒−𝑥 2
𝑒−2𝑦2

𝑑𝑥 𝑑𝑦

∞

𝑥=𝑦

∞

𝑦=0

 

=  8𝑦 𝑒−2𝑦2
.  −

1

2
 𝑒−𝑥 2

 
∞

0
 𝑑𝑦 

∞

0

 

=  4𝑦 𝑒−3𝑦2
𝑑𝑦 

∞

0

 

= 4  −
1

6
 𝑒−3𝑦2

 
∞

0
 =

4

6
=

2

3
 

 



 

 

20. Let PQ be a line segment of length 𝜷 and midpoint R. A point S is chosen at random on PQ. Let 

X, the distance from S to P, be a random variable having the uniform distribution on the 

interval (𝟎, 𝜷). Find the probability that PS, QS and PR form the sides of a triangle.  

Solution:   Let 𝑃𝑆 = 𝑥 

𝑃 𝑋 = 𝑥 =
1

𝛽
; 0 < 𝑥 < 𝛽 

𝑃𝑆 = 𝑥 

⇒ 𝑆𝑄 = 𝛽 − 𝑋 𝑎𝑛𝑑 𝑃𝑅 = 𝛽/2 

PS, SQ and PR will form a triangle if 

𝑥 +
𝛽

2
> 𝛽 − 2   ⇒      𝑥 >

𝛽

4
 

𝐴𝑛𝑑  𝛽 − 𝑥 +
𝛽

2
> 𝑥  ⇒     𝑥 <

3𝛽

4
 

𝑇𝑕𝑢𝑠 𝑓𝑜𝑟 𝑡𝑟𝑎𝑖𝑛𝑔𝑙𝑒   
𝛽

4
< 𝑥 <

3𝛽

4
 

𝑅𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 =

3𝛽

4
−

𝛽

4

𝛽 − 0
=

1

2
 

 

21. Let 𝑿𝟏, 𝑿𝟐, … . , 𝑿𝒏 be a random sample from a 𝑵 𝝁, 𝟏  distribution.  

For testing 𝑯𝟎: 𝝁 = 𝟏𝟎 𝒂𝒈𝒂𝒊𝒏𝒔𝒕 𝑯𝟏 ∶  𝝁 = 𝟏𝟏, the most powerful critical region is 𝑿 ≥ 𝒌,  

𝒘𝒉𝒆𝒓𝒆 𝑿 =
𝟏

𝒏
 𝑿𝒊.

𝒏

𝒊=𝟏

 

Find k in terms of n such that the size of this test is 0.05. 

Further determine the minimum sample size n so that the power of this test is at least 0.95.  

Solution:   Size of test, 𝛼 = 0.05 

⟹ 𝑃(𝑟𝑒𝑗𝑒𝑐𝑡𝑠  𝐻0  𝑖𝑠 𝑡𝑟𝑢𝑒)  = 0.05 𝑃𝑜𝑤𝑒𝑟 𝑜𝑓 𝑡𝑒𝑠𝑡, 1 − 𝛽 ≥ 0.95  

⟹ 𝛽 ≤ 1 − 0.95 

⟹ 𝛽 ≤ 0.05 

𝐸 𝑋  = 𝜇 

𝐻0  𝑖𝑠 𝑡𝑟𝑢𝑒 

⟹ 𝐸 𝑋  = 𝜇 = 100 



 

 

𝑋 ≥ 𝐾 

⟹  
1

 2𝜋
𝑒−

 𝑥−10 2

2 𝑑𝑥 = 0.05 …… 𝑖 
𝐾

0

 

𝐴𝑙𝑠𝑜  
1

 2𝜋
𝑒−

 𝑥−11 2

2 𝑑𝑥 ≤ 0.05 … … (𝑖𝑖)
∞

𝐾

 

In integration (i)  

𝐿𝑒𝑡 
𝑥 − 10

 2
= 𝑦 

⟹
𝑑𝑥

 2
= 𝑑𝑦  

⇒  
1

 𝜋
𝑒−𝑦2

𝑑𝑦 = 0.05 …… .  𝑖𝑖𝑖 
(𝑘−10)/ 2

0

 

Thus K is solution of equation (ii) & equation (iii)  

 

22. Consider the sequence  𝑺𝒏 , 𝒏 ≥ 𝟏, of positive real numbers satisfying the recurrence relation 

𝑺𝒏−𝟏 + 𝑺𝒏 = 𝟐𝑺𝒏+𝟏    𝒇𝒐𝒓 𝒂𝒍𝒍    𝒏 ≥ 𝟐. 

(a) Show that  𝑺𝒏+𝟏 − 𝑺𝒏 =
𝟏

𝟐𝒏−𝟏
 𝑺𝟐 − 𝑺𝟏    𝒇𝒐𝒓 𝒂𝒍𝒍   𝒏 ≥ 𝟏 

(b) Prove that  𝑺𝒏  is a convergent sequence. 

Solution: (a)  

𝑆𝑛−1 + 𝑆𝑛 = 2𝑆𝑛+1 

⇒ 𝑆𝑛+1 =
𝑆𝑛 + 𝑆𝑛−1

2
 

⇒ 𝑆𝑛 =
𝑆𝑛−1 + 𝑆𝑛−2

2
 

⇒ 𝑆𝑛+1 − 𝑆𝑛 =
𝑆𝑛 − 𝑆𝑛−2

2
 

=
 𝑆𝑛 − 𝑆𝑛−1 +  𝑆𝑛−1 − 𝑆𝑛−2 

2
 

=

 𝑆𝑛−1−𝑆𝑛−2 + 𝑆𝑛−2−𝑆𝑛−3 

2
+  𝑆𝑛−1 − 𝑆𝑛−2 

2
 

𝑝𝑟𝑜𝑐𝑒𝑒𝑑𝑖𝑛𝑔 𝑖𝑛 𝑠𝑖𝑚𝑖𝑙𝑎𝑟 𝑤𝑎𝑦 𝑤𝑒 𝑔𝑒𝑡 

 𝑆𝑛+1 − 𝑆𝑛  =
1

2𝑛−1
 𝑆2 − 𝑆1  



 

 

(b)      Also, 

lim
𝑛→∞

 𝑆𝑛+1 − 𝑆𝑛  = lim
𝑛→∞

1

2𝑛−1
 𝑆2 − 𝑆1 = 0 

⟹ lim
𝑛→∞

𝑆𝑛+1 = lim
𝑛→∞

𝑆𝑛  

⟹  𝑆𝑛   𝑖𝑠 𝑎 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑡 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒. 

 

23. The cumulative distribution function of a random variable X is given by 

𝑭 𝒙 =

 
 
 

 
 𝟎, 𝒊𝒇 𝒙 > 0

𝟏/𝟓 𝟏 + 𝒙𝟑 𝒊𝒇 𝟎 ≤ 𝒙 < 1

𝟏/𝟓 𝟑 +  𝒙 − 𝟏 𝟐 

𝟏,

𝒊𝒇 𝟏 ≤ 𝒙 > 2
𝒊𝒇 𝒙 ≥ 𝟐

  

Find P(0 < X < 2), 𝑷 𝟎 ≤ 𝑿 ≤ 𝟏 𝒂𝒏𝒅 𝑷 
𝟏

𝟐
≤ 𝑿 ≤

𝟑

𝟐
 . 

Solution:    

P(0<X<2) = 𝑃(𝑋 < 2) − 𝑃 𝑋 ≤ 0 =
1

5
 3 +  2 − 1 2 −  

1

5
 1 + 0 3 =

4

5
−

1

5
=

3

5
 

𝑃 0 ≤ 𝑋 ≤ 1 = 𝑃 𝑋 ≤ 1 − 𝑃 𝑋 < 0  = 𝑃 𝑋 < 1 + 𝑃 𝑋 = 1 − 𝑃 𝑋 < 0  

=  
1

5
 1 + 13  +  

1

5
 3 + 2 1 − 1   −

3

5
− 0 

=
2

5
𝑃  

1

2
≤ 𝑋 ≤

3

2
 = 𝑃  𝑋 ≤

3

2
 − 𝑃  𝑋 <

1

2
  

= 𝑃  𝑋 ≤
3

2
 − 𝑃  𝑋 <

1

2
  

=
1

5
 3 +  

3

2
− 1 

2

 −  
1

5
 1 +  

1

2
 

3

 −
3

5
 

1

2
 

2

  

=
13

20
−  

9

40
−

3

20
 =

23

40
 

 

 24.  Let A and B be two events with 𝑷 𝑨 𝑩  = 𝟎. 𝟑 𝒂𝒏𝒅 𝑷 𝑨 𝑩𝑪   = 𝟎. 𝟒. Find 

𝑷 𝑩 𝑨   𝒂𝒏𝒅 𝑷 𝑩𝑪 𝑨𝑪    in terms of P(B). If 
𝟏

𝟒
≤ 𝑷 𝑩 𝑨  ≤ 𝟏/𝟑 and 

𝟏

𝟒
≤ 𝑷 𝑩𝑪 𝑨𝑪   ≤

𝟗

𝟏𝟔
, then 

determine the value of P(B).  

Solution:  

𝑃(𝐴  𝐵) =
𝑃 𝐴 ∩ 𝐵 

𝑃 𝐵 
= 0.3  



 

 

⟹ 𝑃 𝐴 ∩ 𝐵 = 0.3𝑃 𝐵  

𝑃 𝐴 𝐵𝐶   =
𝑃 𝐴 ∩ 𝐵𝐶 

𝑃 𝐵𝐶 
= 0.4 

⟹ 𝑃 𝐴 ∩ 𝐵𝐶 = 0.4 1 − 𝑃 𝐵   

 𝑃 𝐴 = 𝑃 𝐴 ∩ 𝐵 + 𝑃 𝐴 ∩ 𝐵𝐶  = 0.4 − 0.1𝑃 𝐵  

 𝑃 𝐵𝐶 ∩ 𝐴𝐶 = 𝑃 𝐵𝐶 − 𝑃 𝐵𝐶 ∩ 𝐴  = 1 − 𝑃 𝐵 − 0.4 + 0.4𝑃 𝐵  

                        = 0.6 1 − 𝑃 𝐵  𝑃 𝐵 𝐴   

                        =
𝑃 𝐵∩𝐴 

𝑃 𝐴 
=

0.3𝑃 𝐵 

0.4−0.1𝑃 𝐵 
 

𝑃(𝐵𝐶 𝐴𝐶) =
𝑃 𝐵𝐶 ∩ 𝐴𝐶 

𝑃 𝐴𝐶 
 =

0.6 1 − 𝑃 𝐵  

0.6 + 0.1𝑃 𝐵 
 

𝐴𝑠   
1

4
 ≤

0.3𝑃 𝐵 

0.4 − 0.1𝑃 𝐵 
 ≤  

1

3
 

⟹ 0.4 − 0.1𝑃 𝐵 ≤ 𝑃 𝐵  

⟹ 𝑃 𝐵 ≥
4

13
 …… .  𝑖  

&0.9𝑃 𝐵 ≤ 0.4 − 0.1𝑃 𝐵  

⟹ 𝑃 𝐵 ≤
2

5
… … 𝑖𝑖  

1

4
≤

 0.6 1 − 𝑃 𝐵  

0.6 + 0.1𝑃 𝐵 
 ≤

9

16
 

⟹ 𝑃 𝐵 ≤
18

25
 ; 𝑃 𝐵 ≥

2

5
… .  𝑖𝑖𝑖  

From the requirements, we have 𝑃 𝐵 =
2

5
 

 

 

 

 

 

 

 



 

 

SECTION−B 

 

25. Solve the initial value problem  𝒚′ − 𝒚 + 𝒚𝟐 𝒙𝟐 + 𝟐𝒙 + 𝟏 = 𝟎, 𝒚 𝟎 = 𝟏 

Solution: 

 𝑦′ − 𝑦 + 𝑦2 𝑥2 + 2𝑥 + 1 = 0; 𝑦 0 = 1 

⇒
𝑑𝑦

𝑑𝑥
− 𝑦 = −𝑦2 𝑥 + 1 2 

⇒ −
1

𝑦2

𝑑𝑦

𝑑𝑥
+

1

𝑦
=  𝑥 + 1 2 

𝐿𝑒𝑡 
1

𝑦
= 𝑧 

⇒ −
1

𝑦2
.  

𝑑𝑦

𝑑𝑥
=

𝑑𝑧

𝑑𝑥
 

⇒
𝑑𝑧

𝑑𝑥
+ 𝑧 =  𝑥 + 1 2 

⇒ 𝑧𝑒𝑥 =  𝑒𝑥 𝑥 + 1 2𝑑𝑥 + 𝑐 

=   𝑥 + 1 2 − 2 𝑥 + 1 + 2 𝑒𝑥 + 𝑐 

⇒ 𝑧 =  𝑥2 + 1 + 𝑐𝑒−𝑥  

⇒
1

𝑦
=  𝑥2 + 1 + 𝑐𝑒−𝑥  

𝑦 0 = 1 

⇒ 1 = 1 + 𝑐 ⇒ 𝑐 = 0 

⇒
1

𝑦
= 𝑥2 + 1 𝑖𝑠 𝑡𝑕𝑒 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛.  

 

26. Let 𝒚𝟏 𝒙  and 𝒚𝟐 𝒙  be linearly independent solutions of  

𝒙𝒚′′ + 𝟐𝒚′ + 𝒙𝒆𝒙𝒚 = 𝟎 

If 𝑾 𝒙 = 𝒚𝟏 𝒙 𝒚𝟐
′ 𝒙 

− 𝒚𝟐 𝒙 𝒚𝟏
′  𝒙 𝒘𝒊𝒕𝒉 𝑾 𝟏 = 𝟐, find W(5).  

Solution: 

   𝑊 5 = 𝑊 1 𝑒∫ −
2

5
𝑑𝑥

5
1 = 2. 𝑒∫ −

2

𝑥
𝑑𝑥

5
1 = 2. 𝑒−2 ln 𝑥 5

1
 
 = 2. 𝑒[−2 ln 5]  =

2

𝑒 ln 52 =
2

𝑒 ln 25 =
2

25
 



 

 

27. (a) Evaluate  

  𝒙𝟐𝒆𝒙𝒚𝒅𝒙 𝒅𝒚
𝟏

𝒚

𝟏

𝟎

. 

       (b) Evaluate 

 𝒛 𝒅𝒙 𝒅𝒚 𝒅𝒛
𝑾

 

where W is the region bounded by the planes 𝒙 = 𝟎, 𝒚 = 𝟎, 𝒛 = 𝟎, 𝒛 = 𝟏 and the cylinder 

𝒙𝟐 + 𝒚𝟐 = 𝟏 𝒘𝒊𝒕𝒉 𝒙 ≥ 𝟎, 𝒚 ≥ 𝟎.  

Solution:  

(a)  

 

  𝑥2𝑒𝑥𝑦 𝑑𝑥 𝑑𝑦

1

𝑦

1

0

 =   𝑥2𝑒𝑥𝑦 𝑑𝑦 𝑑𝑥 

𝑥

𝑦=0

1

𝑥=0

=  𝑥𝑒𝑥𝑦  
𝑥

0
 𝑑𝑥 =  𝑥𝑒𝑥 2

𝑑𝑥

1

0

1

0

 =
1

2
𝑒𝑥 2

 
1

0
  =

1

2
 𝑒 − 1  

 

(b)  

 𝑧𝑑𝑥 𝑑𝑦 𝑑𝑧

𝑊

 

=    𝑧 𝑑𝑧 𝑑𝑦 𝑑𝑥

1

𝑧=0

 1−𝑥 2

𝑦=0

1

𝑥=0

 

=
1

2
  𝑑𝑦 𝑑𝑥 =

1

2
  1 − 𝑥2𝑑𝑥

1

0

 1−𝑥 2

0

1

0

 

=
1

2
 
𝑥 1 − 𝑥2

2
+

1

2
𝑠𝑖𝑛−1𝑥  

1

0
      

=
1

2
×

1

2
×

𝜋

2
=

𝜋

8
 



 

 

28. A linear transformation 𝑻 ∶  𝑹𝟑 → 𝑹𝟐 is given by 𝑻 𝒙, 𝒚, 𝒛 =  𝟑𝒙 + 𝟏𝟏𝒚 + 𝟓𝒛, 𝒙 + 𝟖𝒚 + 𝟑𝒛 . 

Determine the matrix representation of this transformation relative to the ordered bases:    

{(1, 0, 1), (0, 1, 1), (1, 0, 0)}, {(1,1), (1,0)}. Also find the dimension of the null space of this 

transformation.  

Solution: 

 𝑇 𝑥, 𝑦, 𝑧 = 0 ⇒  3𝑥 + 11𝑦 + 5𝑧, 𝑥 + 8𝑦 + 3𝑧 =  0,0  

⇒ 3𝑥 + 11𝑦 + 5𝑧 = 0     &    𝑥 + 8𝑦 + 3𝑧 = 0 

⇒ 13𝑦 + 4𝑧 = 0 

⇒ 𝑦 =
−4

13
𝑧 

⇒ 𝑥 =

44

13
𝑧 − 5𝑧

3
=

−7𝑧

13
 

𝑇  
−7

13
𝑎,

−4

13
𝑎, 𝑎 =  0,0  

𝑁𝑢𝑙𝑙 𝑠𝑝𝑎𝑐𝑒 =   −
7

13
𝑎, −

4

13
𝑎, 𝑎  𝑎 ∈ 𝑅   

So, dimension of null space= 1 

𝑁𝑜𝑤 𝑇 1, 0, 1 =  8,4 = 4 1,1 + 4 1, 0  

𝑇 0, ,1,1 =  16,11 = 11 1,1 + 5 1,0  

𝑇 1,0,0 =  3,1 = 1 1,1 + 2 1, 0  

Hence required transformation in matrix representation is  

𝑇 =  
4 4

11 5
1 2

       𝑜𝑟    𝑇′ =  
4 11 1
4 5 2

  

 

29. (a) Let  

𝒇 𝒙, 𝒚 =  

𝒙𝟐 + 𝒚𝟐

𝒙 + 𝒚
, 𝒊𝒇 𝒙 + 𝒚 = 𝟎

𝟎, 𝒊𝒇 𝒙 + 𝒚 = 𝟎

  

Determine if f is continuous at the point (0,0). 

       (b) Find the minimum distance from the point (1, 2, 0) to the cone 𝒛𝟐 = 𝒙𝟐 + 𝒚𝟐.  

Solution: 

(a)  



 

 

lim
 𝑥,𝑦 → 0,0 

𝑓 𝑥, 𝑦 = lim
𝑥→0

𝑥2  1 +  
𝑦

𝑥
 

2
 

𝑥  1 +  
𝑦

𝑥
  

= lim
𝑥→0

𝑥  
1 +  

𝑦

𝑥
 

2

1 +  
𝑦

𝑥
 

 = 0 

Along any line or curve. 

𝐴𝑠 𝑓 0,0 = 0 

So, f(x,y) is continuous at (0,0)  

 

(b)     Any point on the cone 

𝑧2 = 𝑥2 + 𝑦2 𝑖𝑠  𝛼, 𝛽,  𝛼2 + 𝛽2  

Distance of (1, 2, 0) from point in (i) is  

𝐷 =   𝛼 − 1 2 +  𝛽 − 2 2 + 𝛼2 + 𝛽2 

⇒ 𝐷2 = 2𝛼2 + 2𝛽2 − 2𝛼 − 4𝛽 + 5 

For D to be maximum, 𝐷2 will be maximum.  

⇒ 𝐷𝛼
2 = 4𝛼 − 2 = 0 ⇒ 𝛼 = 2 

𝐷𝛽
2 = 4𝛽 − 4 = 0 ⇒ 𝛽 = 1 

𝐷𝛼𝛼
2 = 4; 𝐷𝛽𝛽

2 = 4; 𝐷𝛼𝛽
2 = 0 

𝐷𝛼𝛼
2 𝐷𝛽𝛽

2 −  𝐷𝛼𝛽
2  

2
> 0 𝑎𝑛𝑑 𝐷𝛼𝛼

2 < 0 

𝑠𝑜,  2, 1,  5  is the point whose distance is minimum. 

Minimum distance =  1 + 1 + 5 =  7.  

 

 

 

 

 

 

 

 



 

 

SECTION –C 

30. Let 𝑿𝟏, 𝑿𝟐, … , 𝑿𝒏 be a random sample from an exponential distribution with the probability 

density function; 

𝒇 𝒙, 𝜽 =  
𝟏

𝜽
𝒆−

𝒙

𝜽 , 𝒊𝒇 𝒙 > 0

𝟎, 𝒐𝒕𝒉𝒆𝒓𝒘𝒊𝒔𝒆

  

Where 𝜽 > 0. Derive the Cramer−Rao lower bound for the variance of any unbiased estimator of 

𝜽. Hence prove that  𝑻 =
𝟏

𝒏
 𝑿𝒊

𝒏
𝒊=𝟏 is the uniformly minimum variance unbiased estimator of 𝜽.  

Solution:  

𝐿 𝑥, 𝜃 =
1

𝜃𝑛
𝑒−

 𝑥𝑖
𝜃  

⇒ log 𝐿 = −𝑛 log 𝜃 −
 𝑥𝑖

𝜃
 

⇒
1

𝐿

𝜕𝐿

𝜕𝜃
=–

𝑛

𝜃
+

 𝑥𝑖

𝜃2
= 0 

⇒ 𝜃 =
 𝑥𝑖

𝑛
 

⇒ 𝜃 = 𝑠𝑎𝑚𝑝𝑙𝑒 𝑚𝑒𝑎𝑛 

𝐻𝑒𝑛𝑐𝑒 𝐸 𝑇 = 𝐸  
1

𝑛
 𝑋𝑖

𝑛

𝑖=1

 = 𝜃  

Hence T is minimum variance unbiased estimator.  

 

31. Let 𝑿𝟏, 𝑿𝟐, … , 𝑿𝒏 be a random sample from an exponential distribution with the probability 

density function;  

𝒇 𝒙 =  
𝟏

𝟐
𝒙𝟐𝒆−𝒙 , 𝒊𝒇 𝒙 > 0

𝟎, 𝒐𝒕𝒉𝒆𝒓𝒘𝒊𝒔𝒆

  

Show that 𝐥𝐢𝐦𝒏→∞ 𝑷 𝑿𝟏 + ⋯ + 𝑿𝒏 ≥ 𝟑 𝒏 −  𝒏 ≥
𝟏

𝟐
 . 

Solution:  𝐸 𝑋 = 𝑋 = 𝜇 = ∫ 𝑥𝑓 𝑥 𝑑𝑥
∞

0
 

          =  
𝑥3

2
𝑒−𝑥𝑑𝑥

∞

0

=
1

2
 −𝑥3 − 3𝑥2 − 6𝑥 − 6 𝑒−𝑥  

∞

0
= 3  



 

 

𝐸 𝑋2 =  𝑥2𝑓 𝑥 𝑑𝑥 =  
𝑥4

4
𝑒−𝑥𝑑𝑥

∞

0

 

∞

0

=
1

2
 −𝑥4 − 4𝑥3 − 12𝑥2 − 24𝑥 − 24 𝑒−𝑥  

∞

0
 = 12 

⇒ 𝑉 𝑋 = 𝐸 𝑋2 −  𝐸 𝑋  2 = 12 −  3 2 = 3 

𝐸 𝑋1 + 𝑋2 + ⋯ + 𝑋𝑛 = 3𝑛  

𝑉 𝑋1 + 𝑋2 + ⋯ + 𝑋𝑛 = 3𝑛 

⇒ 𝜎 𝑋1 + 𝑋2 + ⋯ + 𝑋𝑛 =  3𝑛 

𝑃 𝑋1 + 𝑋2 + ⋯ + 𝑋𝑛 − 3𝑛 +  3 3𝑛 ≥ 0 
1

2
 

As more than ½ area  is covered. 

⇒ 𝑃  𝑋1 + 𝑋2 + ⋯ + 𝑋𝑛 ≥ 3 𝑛 −  𝑛  ≥
1

2
 

 

32. Let 𝑿𝟏, 𝑿𝟐, … , 𝑿𝒏 be a random sample from a 𝑵 𝝁, 𝝈𝟐  distribution, where both m and 𝝈𝟐 are 

unknown. Find the value of b that minimizes the mean squared error of the estimator  

𝑻𝒃 =
𝒃

𝒏 − 𝟏
  𝑿𝒊 − 𝑿  𝟐

𝒏

𝒊=𝟏

 

For estimating  𝝈𝟐, where  𝑿 =
𝟏

𝒏
 𝑿𝒊

𝒏
𝒊=𝟏  

Solution:    

Mean squared error of the estimator 

𝑇𝑏 =
𝑏

𝑛 − 1
  𝑋𝑖 − 𝑋  2

𝑛

𝑖=1

 

If we take 𝑏 = 1, then 

𝑇1 =
1

 𝑛 − 1 
  𝑋𝑖 − 𝑋  2,

𝑛

𝑖=1

 

is the unbiased estimator of sample variance, so 𝑏 = 1 is required for unbiased estimate of for 

estimating 𝜎2.  

 

 

 



 

 

33. Let 𝑿𝟏, 𝑿𝟐, … , 𝑿𝟓 be a random sample from a 𝑵 𝟐, 𝝈𝟐  distribution, where 𝝈𝟐 is unknown. 

Derive the most powerful test of size 𝜶 = 𝟎. 𝟎𝟓 𝒇𝒐𝒓 𝒕𝒆𝒔𝒕𝒊𝒏𝒈 𝑯𝟎: 𝝈𝟒 = 𝟒  𝑽𝒔.  𝑯𝟏: 𝝈𝟐 = 𝟏. 

Solution:          

Size, 𝛼 = 0.05 

⟹ 𝑃(𝑟𝑒𝑗𝑒𝑐𝑡𝑠  𝐻0  𝑖𝑠 𝑡𝑟𝑢𝑒) = 0.05   ⟹ 𝑃(𝑟𝑒𝑗𝑒𝑐𝑡𝑠  𝜎2 = 4) = 0.05   ⟹ 𝐹𝑜𝑟 𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 = 0.05   

Area of acceptance = 95% 

⟹ 𝜇 − 1.96𝜎 < 𝑋 < 𝜇 + 1.96𝜎 

⟹  −1.92, 5.92  𝑖𝑠 𝑎𝑐𝑐𝑒𝑝𝑡𝑎𝑛𝑐𝑒 𝑟𝑎𝑛𝑔𝑒. 

Rest region is rejection region  

𝛽 = 𝑃 𝑎𝑐𝑐𝑒𝑝𝑡𝑎𝑛𝑐𝑒  𝐻1
 𝑖𝑠 𝑡𝑟𝑢𝑒  

= 𝑃 2 − 3.92𝜎, < 𝑋 < 2 + 3.92𝜎  

⟹ 𝛽 = 0.001 (𝑎𝑝𝑝𝑟𝑜𝑥) 

⟹ 𝑝𝑜𝑤𝑒𝑟, 1 − 𝛽 = 0.999 (𝑎𝑝𝑝𝑟𝑜𝑥). 

 

34. Let 𝑿𝟏, 𝑿𝟐, … , 𝑿𝒏 be a random sample from a continuous distribution with the probability 

density function; 

𝒇(𝒙; 𝝀) =  
𝟐𝒙

𝝀
𝒆−𝒙𝟐/𝝀 , 𝒊𝒇 𝒙 > 0

𝟎, 𝒐𝒕𝒉𝒆𝒓𝒘𝒊𝒔𝒆

  

where 𝝀 > 0. Find the maximum likelihood estimator of 𝝀 and show that it is sufficient and an 

unbiased estimator of 𝝀.   

Solution:  

𝑓 𝑥, 𝜆 =  
2𝑥

𝜆
𝑒−𝑥 2/𝜆 , 𝑖𝑓 𝑥 > 0

0, 𝑥 ≯ 0

  

Likelihood function 

𝐿 𝑥, 𝜆 =  𝑓 𝑥, 𝜆 

𝑥

=
2𝑛  𝑥𝑖

𝜆𝑛
𝑒−

 𝑥𝑖
2

𝜆  

⇒ log 𝐿 = 𝑛 log 2 − 𝑛 log 𝜆 +  log 𝑥𝑖 −
 𝑥𝑖

2

𝜆
 

⇒
1

𝐿
.
𝜕𝐿

𝜕𝜆
= − 

𝑛

𝜆
+

1

𝜆2
 𝑥𝑖

2  



 

 

𝜕𝐿

𝜕𝜆
= 0 

⇒
𝑛

𝜆
 =

1

𝜆2
 𝑥𝑖

2  

⇒ 𝜆 =
 𝑥𝑖

2

𝑛
 

Hence maximum likelihood estimator of 𝜆 is 

𝜆 =
 𝑥𝑖

2

𝑛
 

𝐴𝑙𝑠𝑜, 𝐸  
 𝑥𝑖

2

𝑛
 = 𝜆 

And as values of x and 𝜆 can be written separately so, 
 𝑥𝑖

2

𝑛
 is sufficient and unbiased estimate of 𝜆. 

 


