MATH 260 - MULTIVARIATE DATA ANALYSIS By TANUJIT CHAKRABORTY

Chapter 1: Sampling Distributions and Statistical Inference

1 Some general concepts

Random sample - If X3, ..., X,, be independently and identically distributed random variables each having distribution
function F, then (X3,...,X,,) constitutes a random sample drawn from a theoretical distribution F.

Sample space - Let (X1, ..., X,) be a random sample drawn from a theoretical distribution having distribution function
F. Suppose (z1,...,2,) be a realization on (Xy,...,X,). Then (z1,...,2,) is known as a sample point as it specifies
a point in an n-dimensional space. Clearly, a sample point may vary from one occasion to the other. The totality of all
such sample points constitute the sample space X.

Statistic - Let (Xi,...,X,,) be a random sample drawn from a theoretical distribution having distribution function Fy
( F is characterized by a parameter §). Consider T (X7, ..., X,,) such that T : R" — RE k> 1, and T is independent of
any unknown 6. Then T is said to be a statistic.

In other words, a statistic is a function of sample observations which is independent of any unknown parameter. Here,
if k = 1, we get real valued statistics, e.g., X, the sample mean; S2, the sample variance, etc. For k > 1, we get vector
valued statistics, e.g., (X,5?%), (3 Xi, > X?), etc.

1.1 Sampling from a finite population

Suppose we have a population consisting of a finite number, say N, of identifiable units, namely T3,...,Ty. A sam-
ple S is a non-empty collection of units from {T1,...,Tn} with or without replacement, that is, a sample of size n is
(Tiy, .-, T5,) .05 €{1,...,N} ¥V j. Let t1,...,tn be the variate values (values corresponding to some variable of interest)
of T, ..., Ty respectively. Consider the variate values for the sample units to be X1,..., X,,.

If the sample units are drawn one by one without replacement (WOR), then the sampling distribution will be

p(s)zl/(iv),SES.

Consider the sample mean X = £ 3" | X;. Let the observed value of X corresponding to s be X (s). Clearly, X (s) occurs
with probability p(s). The distribution of X will be called the sampling distribution of X.

Standard error of a statistic is the standard deviation of the sampling distribution of that statistic.

In sampling WOR from a finite population, the independence condition in the definition of a random sample is not satisfied.

Here,
1
P(XIZtl):N,
1
PXo=t | X1=t) = ——
(X2 2 | X1 1) N_1’

P(Xo=t | X;=1t)=0.

Thus the pmf of X5 depends on X, violating the notion of independence. However,

N
P(Xy=t)=>» P(Xa=t| X1 =1;) P (X1 =1t;)

j=1
=Y P(Xa=ty| X1 =1;) P(X1 =1;)

72

1
:NZP(X2:t2|X1 =t;)

72

1 1 1
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Hence, X; 4 X5 (identically distributed). Similarly we can show that Xi,..., X, all have the same distribution, but
they are not independent. Random variables which are identically distributed but not necessarily independent are called
exchangeable random variables.

1.2 Expectation and standard error of sample mean

Suppose a sample of size n is drawn from a finite population of size N. Let the variate values be t1, ..., ty. The population
mean is
| N
p=5 2t
j=1

and the population variance is

=|

1 N
2
o? == (t;—p)?.
i=1

Let us denote the sample by X1, ..., X,,. The sample mean is X. Then, we have,

Var(X) = E{X — E(X)}?

= iZE{Xi—E(Xi)}%%ZZE{Xi—E(Xi)}{xj ~- B(X;)}

n2
i=1 i=1 j=1
i7’
1 A
:EZVM(XL)+EZZCOV(X"’XJ')' (2)
i=1 i=1 j=1
i#]
Case I. Sampling with replacement (WR).
Note that,
1
P(XZ:t]):N’Vi:]-v ana]:]-v 7N
Hence,
N 1 N
E(X;) = ZtJP(Xi —t;) = Nztﬂ' —u¥i=1,...,n
j=1 j=1
And,
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Also,

I
2|~
] =
] =
=
=

ji=1ja=1
LN N
=Nz Z (tj, —m) Z (tj, — 1)
J1=1 Jj2=1
=0

Thus, using Eqns. and , we get,

n-
i=1
V(R = 5> =7
ar(X)=— » o°=—.

e K
Standard error of X is %
Case II. Sampling without replacement (WOR).
As in Case I, E(X;) = p and Var (X;) = 02, since distribution of X7,...,X,, are identical. The covariance term needs

special attention. For i # j,

P(Xi=t;,,X; =1t;,) =P (Xi=t;, | X; =t;,) P(X; =t},)
:{ NI N L # 2
0,71 = J2
Hence,
N N
Cov (Xi, X;) = > > (tj, —p) (tj, —p) P(Xi = t5,, X; = 15,)
Ji=1j2=1
N N 1
Ji=1 jo=1
J17)2
1 N N
o iy St =) Y (i — ) = (L, — )
J1=1 J2=1
1 N N N
2
= Y- SN )ty — )= Y (g, — )
J1=172=1 j1=1
1 9 —o?
N(N —1) (0-No*) = 5
Thus, _
BE(X)=n
_ , g2
Var(X) = — (na +n(n— 1)N_ 1)
N —nf
T N-1n

Standard error of X is % %:TIL The factor %:’f is called the finite population correction factor. As N — oo, n fixed,
n

the factor goes to unity.
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1.3 Exact sampling distributions
1.3.1 Chi-squared distribution

Suppose
X1,..., X0 N0, 1)

Then, > 1" | X? is said to follow a chi-squared distribution with n degrees of freedom (df). We write,

Y = zn:Xf ~ X
i=1

If Y ~ x2, then the pdf of Y is given by

1

_ n/2—1_—y/2 > 0.
2T (ny2)? ¢ Y

f()

Also,
E(Y)=mn, Var(Y) = 2n.

~ X1
o

Remark 1.1. 1. Let X ~ N (,u,az). Then,

2. If X1,..., X, N (1, 02), then,
(a) ,
S (F) o
g
=1
(b)

1.3.2 Student’s t-distribution.

Let X ~ N(0,1),Y ~ x2, and X,Y are independent. Then, the statistic T = \/);7 is said to follow a Student’s
n
t-distribution with n df, and we write,
T~t,
The pdf of T is given by
T (L) 2\
ft) = 2 (1 + )
1/ nml (5)
If T ~ t,, then, E(T) =0, for n > 1, otherwise undefined.
s,n > 2
Var(T) = ¢ oo, 1 <n<2

undefined, n <1

1.3.3 F-distribution

Let
X ~x2,Y ~ X2,

and X,Y are independent. Then, the statistic
X
p=p
Y/q

is said to follow an F-distribution with (p, q) df. We write,

F~Fpy
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The pdf of F' is given by

L) ()" AN
= = p/2=1 (1 >0
1 r<s>r<z><q) o (14 2) e
If X ~ F,, then,
E(X) %,q>2
2¢*(p+q—2)

:p(q—2)2(q—4)’Q>4'

1.4 Sampling distribution of X and S? in case of Normal population

Let
Xty X "N (1,07
Define
coiv iy oo LNy x)
an;Xz, S’n—1;(Xl X)°.
Then,

and, X and S? are independent.

1.5 Convergence in Probability Theory

A sequence of random variables X1, X5, ..., converges in probability to a random variable X if, for every e > 0,
lim P (| X, —X|>e¢€) =0.
n—oo

Frequently, statisticians are concerned with situations in which the limiting random variable is a constant and the random
variables in the sequence are sample means (of some sort). This leads to an important result as below.

1.5.1 Weak Law of Large Numbers (WLLN)

Let X1, Xo,..., be iid random variables with E (X;) = p and Var (X;) = 02 < co. Define X,, = %Z?:l X;.
Then, for every e > 0, -
lim P(‘Xn—u’ <e) =1

n—oo

that is, X,, converges in probability to s.
The proof is a straighforward application of Chebychev’s inequality.

We have, for every € > 0, ~
, Var (Xn) o2
P([Xn—nlze) s —5—= ==
Hence,
_ _ o
P(Xo—pl<e)=1=P(Xn—p|z€e) 21— =1,
as n — co. The WLLN quite elegantly states that, under general conditions, the sample mean approaches the population
mean as n — oQ.
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1.5.2 Central Limit Theorem (CLT)

DeMoivre-Laplace CLT: Let {X,} be a sequence of iid Bernoulli random variables with P (X,, = 1)
P (X, =0), 0<p< 1. Define the partial sums S,, = ;" | X;. Then,

|
S
|
—
I

S, — np
np(l —p)

Lindeberg-Levy CLT: Let {X,} be a sequence of iid random variables with Var (X,,) = 0% < 00, and common mean .
Let S, = >, Xi, X,y = Sn/n,n=1,2,... Then, for every z € R,

Sn —np X, —
< —
Jim P (Tt <o) = i p (T <) = o)
where ®(-) is the CDF of a N(0,1) distribution.
Remark 1.2.

~ N(0,1), asymptotically.

Asymptotic distribution of X,, is given by

X, —u
o/ vn N(0,1).

Lindeberg Levy CLT directly implies DeMoivre-Laplace CLT (Note that E (X;) = p, Var(X;) = p(1 — p))

CLT is concerned with the convergence of random variables to normality under certain general conditions. Initially,
the theorems have been stated by several statisticians for a sequence of independent random variables.

Whatever the exact distribution of S, may be, discrete or continuous, the limiting distribution is continuous.

2 Point Estimation
In many scenarios, finding a natural estimator for a parameter of interest is a trivial problem, and can be found using

intuitive reasoning. However, in many complex scenarios, such natural estimators are not available easily, for which we
need to resort to specific techniques of finding estimators. We shall discuss two such important methods in this course.

2.1 Method of Moments Estimator

Consider a random sample Xy, ..., X, from a population with distribution function Fy, where § = (61,...,6). Method
of moments estimators are found by equating the first £ sample moments to the corresponding population moments, and
solving the system of equations simultaneously. More precisely, define

1 n

mé:*ZX“/Q (X2)7

mgc:*ZXm 1y, = (Xk)~

The population moments are ideally functions of the populatlon parameters, so that we can explicitly express them as

fr =y (01,5 Og) 7 = k.
The Method of Moments estimator (MOME) 6=164,...,0 ) is given by the solution to the system of equations
mll ::u’/l (017 79k)7
m/2::u’/2 (917 70k)7



Example 2.1.1. (Sampling from Normal). Let X1,..., X, I (,u,UQ). The parameter is given by 0 = (01, 62), where

01 = p and 65 = o*. We have, m} = X and mhy = 31" | X2/n. Also, p} = p and py = o* + p?. Thus, the system of
equations for obtaining the MOME is:

X—pu
1 & 2 2 2
~Y Xi=p'to
ni—l

Solving for u and o? gives the MOME as:

=X
&2:li){2_)‘(2:li(}(,_)‘(>2
i ' [t Z .
Example 2.1.2. (Sampling from Uniform). Let Xi,...,X, it U(0,0). The system of equations for obtaining the
MOME is:
B
X ==
27

so as to get the MOME of 6 as 6=2X.

2.1.1 Exercises
1. Consider a random sample of size n from the Exponential distribution with rate A\. Find the MOME of A.

2. Consider a random sample of size n from the Gamma(a, 8) distribution. Find the MOME of («, 3)

2.2 Maximum Likelihood Estimator

We shall start with the concept of a likelihood function, which forms the core of a maximum likelihood estimator.

Definition 2.1. (Likelihood function). Let f (z1,...,x, | 0) denote the joint pmf or pdf of a random sample X1,...,X,.
Then, given that (X1,...,Xn) = (21,...,2y,) is observed, the likelihood function of 0 is given by

L(O;xy,...,20) = f(z1,...,2, | 0)

If the pmf/pdf of the underlying random variable is given by f(x | 8), then the joint likelihood is given by

n

fay,. x| 0)=T] f(xi]0)

i=1
so that the likelihood function of # can be expressed as

n

L(9;m1,...,xn)=Hf(xi|9)

i=1
Example 2.2.1. Let X ud Bin(10,p), 0 < p < 1. Then for the observation x = 2, the likelihood function of p is given by

1
fme=2= (1} )ra-po<p<i
This is a polynomial function in p of degree 10.
Example 2.2.2. Let Xq,...,X, 9N (,u,UQ). Then, for observations X1 = x1,..., X, = xn, the likelihood function of
(,u,az) 18 given by

| 1
L(,u,UQ;xh...,xn):H exp{—w(xi_M)Q}’ueR,a>0

oV 2T
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Example 2.2.3. Consider a random sample X1, ..., X, from the Uniform (0,0) distribution. The likelihood function of
0 is given by

1

L(6;x1,...,2,) = (9> ,0 > max (21,...,2,)

Note the domain of the parameter 6 in the above example. The pdf of an Uniform (0, ) distribution is given by

1
f(x|9)=5,0<a:<9,

so that while defining the likelihood as a function of #, one has to take care of the constraint that the joint pdf is positive
only when 0 is greater than each of the observations x1,...,z,. This immediately reduces to the condition that 6 must
exceed the maximum of the observations.

Definition 2.2. (Mazimum Likelihood Estimator (MLE)). For each sample point x1,...,x,, let é(zl, ..., Zn) be a pa-
rameter value at which the likelihood function L (0;x1,...,x,) attains its mazimum as a function of 0, with x1,..., z,
held fized. A mazimum likelihood estimator (MLE) of the parameter 0 based on a random sample X1, ..., X,, is then given
by (X1, ..., X,)

Intuitively, the MLE is a reasonable choice as a point estimator in the sense that it gives the parameter point expressed
as a function of the sample at which the outcomes (observations) are most likely. The general strategy for finding an MLE
is to differentiate the likelihood function with respect to the parameter(s), and find the point where global maximum is
attained. However, there are many situations where resorting to differentiation will not be possible. We shall explore
these different scenarios below.

In many scenarios, we will see that working with the logarithm of the likelihood function is easier. The logarithm of
the likelihood, also called the log-likelihood is monotone increasing function of the likelihood, and hence the maximizer of
the latter will be exactly equal to that of the former.

Example 2.2.4. (Normal MLE; known variance). Let Xy,..., X, N (u, 00) € R o9 >0, where og is known, but u

is unknown. We need to find the MLE of p based on the above random sample. Let us first write the likelihood function
of u.

L(M;.’El,...,xn)

~::1§

A

Notice that it will be easier for us to differentiate the log-likelihood instead of working with the likelihood itself. The
log-likelihood is given by

1 n
L1,y Tp) = 2—2 2+ constant

where the constant involves terms free of u. Differentiating both sides of the above equation and equating it to zero, we
get,

50 as to get the solution i = X. Note that

d2 d n
dszl(M;xh---wn) = {QZ(Xi—M)} =—2n <0,

s0 that the solution gives the global maximum. Hence the MLE of ju is X.

Example 2.2.5. (Bernoulli MLE). Consider a random sample X1, ..., X, from a Bernoulli distribution unknown prob-
ability of success p, where 0 < p < 1. The likelihood function is given by

Lponseesn) = [0 = p

= pE?:l m1(]_ _ p)n_Z:;l Ti
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The log-likelihood is given by,

L(p;x1,...,Tpn) = inln(p) + (n—Zx,) In(1 — p).

Differentiating both sides wrt p, we get,

d 1 ¢ 1 -
—Il(p;x1,...,2p) = — r,—— |(n— o I
o = S i (0 2)

FEquating the above to zero gives the solution

Hence the MLE is given by the sample proportion of success. [Check the double-derivative]
Example 2.2.6. (Uniform MLE). Let X1,...,X, i U(0,0). The likelihood function is given by
1 n
L(0;x1,...,2,) = (9) ,0 > max (z1,...,2,).

Note that the above likelihood function is positive only in the range (max (z1,...,%,),00) and zero otherwise. Also,
the function is monotone decreasing in 0, so that the supremum is attained at the point where 6 attains its infimum, so
that the MLE 1is given by

2.2.1 Exercises

1. Consider sampling n random variables from a N (u, 02) distribution with both the parameters unknown. Find the
MLE of p and o2.

2. Let X1,..., X, “ U(6,0+1). Find the MLE of .

2.2.2 Invariance property of MLE
Theorem 2.1. (Invariance property of MLE). Let 6 be the MLE of the parameter 6. Then, for any function g(8), the

MLE of g(0) is given by g(0).

Example 2.2.7. Consider sampling from an exponential distribution with rate \. We need to find the MLE of the mean
parameter u, given by p = 1/X. Let us find the MLE of X first. The likelihood functio based on a random sample of size
n is given by

L(Nx1,...,2,) = A" exp (—AZ@) ;A > 0.
i=1
The log-likelihood function is
L(Nx1,. ., xn) =nln(N) — )\in.
i=1

Differentiating both sides and equating to zero, we get,

n n
32 wi=0,
i=1
s0 as to obtain the MLE of A as A =n/ (3.7, Xi). [Check the double-derivative condition].
Thus, by the invariance property of MLE, the MLE of u = 1/X is given by

1 _
ﬂ:*:X.

P
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3 Confidence Intervals

A confidence interval is the mean of the estimate F the variance of the estimate. This is the range of values that we
expect to include our estimate with a predefined probability:

3.1 Computing normal confidence interval:

From the standard normal table, we have the following:

P(~1.96 < Z < 1.96) = P(Z < 1.96) — P(Z < —1.96) = 0.9750 — 0.0250 = 0.95.

i.e., there exists 95% probability that a standard normal variable will fall between -1.96 to 1.96.
Now, if X; ~ N(pu,02);i=1,2,...,n

X—p
7 = ~ N(0,1
A SN0
X—up
S P(—1.96 < ——= < 1.96) = 0.95
( Y )
o - o
=P(-1.96— < X — 1.96—) = 0.95
(1967% < X —p < 1.9675)
_ o — g
=P(X —1.96— X +1.96—) = 0.95.
( Jn s X196
Hence, (X F 1.96%) is the confidence interval for .
4 Testing of Hypothesis
4.1 Testing univariate sample
Tests for Normal mean
Random sample:
Xty X N (p,0%)
Case I: Population variance o2 known.

H, H, Test Statistic Rejection rule
w<po | p> o Z = ff\%’ obsvd. (Z) > z4
w>po | p<po| Z= f/_\% obsvd. (Z) < —zq,
p=po | p#p | Z=70 | obsvd. (|Z]) > zay

Table 1: Testing univariate samples: variance o> known

Case II: Population variance o2 unknown.

Tests for proportion: large samples
Random sample:
Xi,..., X, Ber(p)

Test statistic:

lel Xi

SN
Il

Sample size n is large.
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Hy H, Test Statistic Rejection rule

w<po | p>po | T = S/_\;%O obsvd. (T') > tan-1

> | g < po T = % obsvd. (T) < —ta,n-1

p=po | pFpo | T=572 | obsvd (IT]) > tajan—

n

Table 2: Testing univariate samples: variance o? unknown

Hy H, Test Statistic Rejection rule
P<po|P>Po Z:\/ﬁ obsvd. (Z) > z,
p>po | p<po | Z= % obsvd. (Z) < —zq
pP=po | P#Po Zzﬁ obsvd. (|Z]) > za/2

Table 3: Testing univariate Bernoulli samples

4.2 Testing two independent samples

Testing Normal means

Random sample: -
X17...,Xn IHN(,U/Xao%()
Yl;n-aYm%iN(ﬂngi%)

Case I: 0%, 0% are known.

H, H, Test Statistic Rejection rule

fx — By < po | X — By > Ho Z:\/% obsvd. (Z) > z4
X Y

Ux — Py > po | px — py < fo Z:% obsvd. (Z) < —z4
X Y

BX — Py = Ho | pX — By F Mo Z:\/% obsvd. (|Z]) > 242

Table 4: Testing two independent univariate samples: variances known.

Case II: 0%, 0% are unknown.
Here, the degrees of freedom of the t-distribution is given by

_ (S&/n+ S /m)”
(s%/m)" | (s3/m)”

n—1 m—1

This is known as Satterthwaite approximation formula.

Case III: 0%, 0% are unknown but equal.
Sf) is the pooled variance, given by

(n—1)S% + (m —1)S2
n+m-—2 '

52 =

Testing two proportions from independent samples: large samples
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Hy

H,

Test Statistic

Rejection rule

bx — py < fo

Hx — My 2= Mo

Hx — py = Ho

BXx — Py > Mo

pux — py < po

Kx — py 7 Ho

XV —po

V5% /n+S% /m
XV —po
/5% /n+5% /m
X—Y—po
S% /n+S5% /m

T =

T =

T =

obsvd. (T') > ta,.

obsvd. (T) <

_ta,u

obsvd. (|T]) > tay2,

Table 5: Testing two independent univariate samples: variances unknown

Hy

H,y

Test Statistic

Rejection rule

px — py < o

KX — [y Z Ho

HXx — Hy = Mo

Mx — Ky > o

Bx — py < Ho

Hx — 1y 7 Ho

XV —po

\/SE(1/n+1/m)

XY —po

VSE(1/n+1/m)

XY —po

T =

T =

T =

\/SZ(1/n+1/m)

obsvd. (T') > to n+m—2

obsvd. (T) < —tantm—2

obsvd. (|T|) > ta/g’ner,Q

Table 6: Testing two independent univariate samples: variances unknown but equal

Random sample:

Test statistic:

where

X1
Yi,..

ooy Xn iri\leer(pl)

iid
. 7Ym ~ Ber (p2)

D1 — Po,

]51 = y D2
n m
Sample sizes n and m are large.
Hy H, Test Statistic Rejection rule
PL—p2<po | pL—p2>po | Z=—Labapo obsvd. (Z) > z,
\VP1d1/n+p2dz/m
_ _ _ P1—pP2
pr—p2<0 | pr—p2>0 T obsvd. (Z) > zq
PL—Dp2>po | p1—pa<po | Z=—2L2b0 | obsvyd. (Z) < —24
V/P1d1/n+p2g2/m
_ _ _ P1—P2 . _
pr—p22>20 | p1—p2<0 VS obsvd. (Z) < —z4
PL—P2=po | p1—p2 £ Do | = —LZL2Pe | ohsvd. (12]) > zay2
VD141 /n+p2g2/m
_ — _ _ D1—P2
pr—p2=0 | pr—p2#0 T obsvd. (|Z]) > 242

Table 7: Testing proportions from two independent populations. Note the difference in the test statistic

Jor po # 0.

Here p is the pooled estimator of proportion, given by
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np1 +mpy _ S Xi+ 3L Y

p= n-+m n-+m

4.3 Testing means of paired Normal data
Random sample: (X1,Y7),...,(Xn,Yn) ”N(i Ny g,uX,Luy,ag{, J%,,p) .
Define Z; = X; —Y;, i=1,...,n. Then, Z = X — Y. Denote expecation and variance of Z;’s as

iz =px — Py, 0% =0%+0y —2poxoy.
Note that, Zi, ..., Zn ~ N (1z,0%)
Case I: 0%, 0%, p are known.

Hy Hy Test Statistic Rejection rule
Bz <po | Bz >po | Z= Ui;% obsvd. (Z) > z,
Bz > o | pz <pg | Z= é;% obsvd. (Z) < —z4

Hz = Wo Wz 7é o Z = O'ZZ_% obsvd. (‘Z|) > Za/g

Table 8: Testing means of bivariate samples: all other parameters known

Case II: 0%, 0%, p are unknown.

Hy H, Test Statistic Rejection rule

pz <po | pz >po | T= SZ_/’\‘/OE obsvd. (T) > tan-1

hz > po | pz <po | T= SZZ_/‘\‘/% obsvd. (T') < —tamn—1

Pz =po | pz Fpo | T = S, n obsvd. (|T]) > ta/2n-1

Table 9: Testing means of bivariate samples: all other parameters unknown
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